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Abstract

The aim of this short paper is to introduce the j ;E"” (v, \) function
given by the following series

o0

a,y v (7)n+j7k()‘t%)nt%_l
kB (1, A) = (k) Z:% Li(an+a+v)(n+j5)"

where () is the Pochhammer k-symbol and I'y(2) is the k-Gamma
function. This function is a generalization of the Miller-Ross function
Ei(v,\) and of the k-a-Exponential function ke’\z We study various
properties of the j ;E;"”7 (v, A) function including its fractional derivative.
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1 Introduction and preliminary notes

As is well know, cf.[7] the Miller-Ross function E;(v,a) is defined as the v-th
integral of the exponential function i.e.

oo

Ey(v,\) = I"eM = Z n+y+ (1)
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where v and A are real numbers, v > 0, and [” is the Riemann-Liouville
fractional integral of order v given by the following expression

1 (1) = % / (t — 2)" f(a)de, 2)

where I'(v) is the classical Gamma function.
Let a and (8 be real numbers, the two parameters Mittag-Leffler function
E, s(t) is given by

oo

tn

If B =1, from (3) we obtain the one parameter Mittag-Leffler function

> 0. 4
;Fom—l— @ (4)

From (1) and (3), the Miller-Ross function may be written as
Ey(v, A) = t"Er 11, (A1), (5)

where in the right hand member Ej;1,(At) is the Mittag-Leffler of two
parameters when o = 1, and f = v + 1.

Other generalization of the Mittag-Leffler function is the one introduced
by us in [6] given by

()"
5(At) Wk 0 6
Z r( om+ﬁ T = (6)

where (), is the Pochhammer k-symbol (cf.[5])
(Nt =7y + k) (y + 2k)...(y + (n — k),

and I'x(z) denotes the k-Gamma function (cf.[5]), a one parameter deformation
of the classical Gamma function, that admit the following integral representa-
tion

oo tk
[(z) = / t*le wdt, ke RT, z € C. (7)
0

Let o and 7 be complex numbers that f(a) > 0, R(y) > 0 and k£ > 0. The
k-a-Exponential function is defined (cf.[3]) as

ke’\z = % kE’y ()\Z%) (8)

v,
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where ,E7 (AzF) is the k-Mittag-Leffler function given in (6).

In [2] formula (VI.1) we have introduced a new family of Mittag-Leffler type
functions obtained by a slight modification of the k-a-Exponential function
adding one more parameter. We have the family of functions

> Z(n+1)—

)\n
gl?,'ya n—i—jk 9
e Zrk n+j)! )

where a, 7y are complex numbers such that §R( ) >0, R(y) >0, k>0 and
z € C—{0}, and j € Ny. It can easy be seen that ké’?’%a()\z) reduces to the
k-a-Exponential function given by (8) when j = 0 is considered.

For the further development of this paper, we will need certain properties
of the functions kEf’”’a(/\z), which will be summarized in the following

Lemma 1.1 Let o and «y be complex numbers such that ®(a) > 0, R(y) >
0, k>0 and z € C— {0}, j € Ng. Then:

1. D} [kgj%a(xz)} = M EER(\2), j e N,

J+1

2. (D) (1e22) = (M F) 187 (\2)
For the proof we remit to [2]. We also need the following
Definition 1.2 The Riemann-Liouuville integral of order v of a function f
s given by
t
IF0) = o [ (6= 7 (10)
0
teRT,veC;Rw) >0
Definition 1.3 The Riemann-Liouville fractional derivative of order v of
a function f is given by
d n
Df(t) = (%) I"Vf(t); t e RY, n=[R()]+ 1 (11)

We also note the relationship between the k-Gamma function and the
Pochhammer k-symbol given by the following

Proposition 1.4 Given z € C\ kZ;k,s > 0 and n € N, the following
identity holds

1.

(2)n,s = (%)n (%)nk (12)
re= () () (13

For the proof we remit to Proposition 4 in [5].
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2 The generalized k-a-Miller-Ross function and
some of its properties

Based on the expression (1) that allows us to write the Miller-Ross function as
a Mittag-Leffler type function, and by using (9) which contains as particular
case the classical Mittag-LefHler function, we have the following

Definition 2.1 Let a and v be complex numbers such that R(a) > 0,
R(v) > 0, and k > 0. The k-a-generalized Miller-Ross function is given by

(e o]

T — tkkk
R ZFk om+ Ct—i—l/)](n—i-j)

n=

(14)

Easily it can be seen that when o« = 1, k = 1, v = 1, (14) coincides with

(1).

Also, it can be seen that (14) may be expressed as the {—integral of the
ké’f 4% function. In fact

I I )\"tk (n+1)-1
v gkaa} )y = I* nJrjk .
f: ('Y)n+j,k>\"F (@) tr )+ -1
n=0 Dk [a(n + 1)]T (a(n_+1> N %> Y
n+] kA" k= Fk( (n + 1)) L(n4+1)+%-1

G t
; Ty [ (n+1)]r<a"+l )(n+j)!
>

a(n+1)

pE )L

( )n+] k)\nk _ a(n+1

a n+1)+

o kT Tila(n+1)+v](n+7)!

- (V) b A" ngin (1)
= MXn <2+1> T )

_ s o ()
Iy lan+ (a+v)] (n+j)!
= kB (v, A)

2.1 Special cases of the function ; ;E“7 (v, \).

In this paragraph we will show that the function given by (14) fulfills to anal-
ogous properties verified by the classic Miller-Ross function.
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For particular choices of the values of the parameters, we have the following

cases:
1. When 7 = 0, we have
k,OE?N(Va )‘> = kktaJru_lkEa oz+V()‘ %)7 (15)

where ,E} ., (At%) is the k-Mittag-Leffler function given by (6).

2. When k = v = a = 1, we obtain

Et(y7 /\) = tVEl,V+1<)\t) (16)
that is the formula (E.36) from [7].
3. Forv=353=0
ROEXT(0,A) = e L EYT (MF) (17)
=t ED (At (18)
K€ (19)
which coincides with the k-a-Exponential function given by (8).
4. When t =0,
Ry (1, A) =0 (20)
5. When \ =0,
phe
E*(,0) = — 21
k,jiy (Va()) Fk( + )]' ( )
6. When k=a=~v=1;=A=0
t 22)

]ELI —
1,054 (V70) F(V—l—l)

which coincides with (E.41) from [7] and formula in page 70 of [4].

7. If v = —a, we have
kEST (—a, A) = Ak TE JEX(0,0) (23)
In fact
o e = Atk)
E )\ — & -1 (,y n"r] k
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) )\m-‘rlt%(erl)fl

kla(m+1)(m+1+7)!

_ g-ege & (’Y)m+(]+1)k<)‘t%)
= KRR Y Ramra) mt G

o -2 &T+0_1 - ()m+(1+1 k( %)
= A2 Famt (@t 0)mt G

m=—1

= Mo R EM(0,0)

Remark 2.2 Whena=~v=k=1; and j =0 (23) reduces to
1,0Etl’1(—1, A) = )\1,0Etl’1(0> A),
1.€.
Et(_17 /\) = /\Et(07 )‘)7 (24)
cf. [1], 3.3, pp.49 ; (E.39) from [7], and in page 69 from [4].
8. If v = —pa, it has
kBT (—pa, A) = )\pk*Tk ES7(0,0), p=0,1,2,... (25)

Proof.

o0

A ®
]E \) = k_ﬂtw_l n+]k ( )
kg7 (=pas A) et ;F(an—l—a pa)(n+ j)!

s AEEO D)
an+1—p))n+j)!

[
7
=3

()¢

=~

'7)m+p+j,k>\m+pt% (m+1)—-1

Cla(m+1)(m+p+j)!

I

=

=3
™

— k% APEEL i (V) mtp+ik ()‘t%)m
F(am + a)(m+p+ j)!
A

)

D

= Nk, EM(0,
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Remark 2.3 Whena=vy=k=1, and j =0, (25) reduces at

Et(_pa )‘) = )‘pEt(Oa )‘)7 (26)
cf. [1], 3.4, pp. 49 and formula in page 70 of [4].

2.2 Differentiation

In this paragraph we will show some results of differentiation of the generalized
k-a-Miller-Ross function which generalizes ones already known, for example
those shown in [4] and in [9].

Lemma 2.4

cclit (kJ]E (v, )\)) = kB (v — K, A) (27)

Proof

a+v -2

i nﬂk/\ (%n+ & — 1) ¢t
k(an+a+v)(n+j)!
CWL+CM+Z/7]€) ()\t%)”

N i (V)ntjik ( k
k

— 7an+ka+v,1r (an-‘roa—‘;u—k-i-k) (7’L +])|

| =

ESN

(kB (1, N) =k

n=

= gEe ’“—li (Vnsi (*£557E) (AtF)"
k

antaty ) (an+ak+u—k) I (an+ak+1/*k) (n+j4)!

n=0

. z Lf/k_l n+]’€()\tk)
B Zkfk an+a+( —k)) (n+5)!
)

I at(v=h) IZ nﬂk()\tk
kTy (an+ a4+ (v —k)) (n + j)!
= kjE (l/ —k )\)
When o« =y =k =1, and j =0 (27) reduces at

d
dt (1 OEl 1(V )\)) = 170Et1’1(V — 1, >\) (28)
ie.
d
dt
which coincides with formula (14), of Theorem 3 by Susumu Sakabibara cf[9].

Also, it can be shown that when v = 1, from (29) it results

(Bi(v, ) = Eu(v —1,\) (29)

d

dt (Et<1 )\)) = Et(07)\)- (30)
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2.2.1 Fractional derivative of order %

Lemma 2.5
Dkk]E T, A) = 1 ;B8 (v — i, A) (31)

Proof

()N DE (180 E )
« I (om +(a+v))(n+37)

DEES (1)) = k%

. 00 n—i—] k)\nr (cm+ka+1/) t%n—&—az”—%—l
= k* Z an+a+v 1% :
(an + (a+v)) T (etet2 — &) (n 4 j)!
R Z (Vg aA"tE"

— kiTy (an+ (o +v — p)) (n +j)!

= kTR Z (Vg A"tE"
— Ip(an+ (a+v—p))(n+))
= kBT (V= A) (32)
From (32), if k =a =+ =1, and j = 0, we have
D”[l,lEi’l(% A)] = 1,1Ei’1(V — Hy A), (33)
or equivalentely

DFE (v, \) = Ey(v — 1, A) (34)

Corollary 2.6 If u = « is considered, from (32) we have

DE [ BP0, N)] = 1 B (=, ), (35)
and from (23)
kBT (—a, A) = )\k*FkJE 7(0,N). (36)
Then, it results
DE[GEX(0,0)] = kB (—a, A) = Ak F . EF7(0,A) (37)

Ifin (37) k =a =~=1, j =0 is considered, we have

DE,(0,)) = E;(—1,)) = AE,(0, \) (38)
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2.3 Integration of k-a-Miller-Ross function.

Lemma 2.7

t
/ B N du = B0+ kN, R(v) > —k. (39)
0
Proof.
Taking into account that
t a a+tv tﬂn+o‘+”
/ Uszr Z 71du = ak—;_i_y (40)
0 E T T
we get
/t e B (0, N du = kFS D i (NNt
o = Tr(an + (a +v)) (#5252) (n+))!
(41)
But
Ty (an + (o +v)) = K=F5710 (W> / )
Then
antaty _ +(a+v)\ (fan+a+v
I Y 43
e (2 . (13)
_ koerkajLVilF (om + S:é + l/) X 1> (44)
= BT (an+ (a+ v+ k) (45)
= k'T(an+ (a +v +k)) (46)
Then
t i S (s ()"
R \)d _ kﬂtﬂil Y )n+7,
/Ok’J W A)du s ;Fk(an+a+y+k)(n+j)!
= i EXT(v 4k N) (47)

When k =j=a=~v=1, (47) coincides with [4].
Lemma 2.8 If R(w) > —k, and R(v) > —k

t
/ u" BT (v, N)du = Ty (kw + k) B3 (v + kw + K, ) (48)
0
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Proof.
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Let consider the integral

! t
/ (= u) TRy, = / ul D= — ) R
° 0

by calling: w+ 1 = x, and

making the change of variables:

k% =

Then

¢
/u kBT (v, A)du
0

If Kk =1, we have

/Otu Byu(v, Ndu = T(w

& J/
-~~~

*

a+V+om

=y, then

¢
* = / u" Mt — ) du
0

J/

NV
k%

=T, du=tdT

t

/t(tT)x_lty_l(l T)v'tdt

ta:+y 1/ T 1 y ldT
0
t"t 1 B(x,y)
t:ery 1F<J]) ( )
F(x—l—y)
w14 atrtan P(w+ DI (=)

F(UJ—{— 1 + oz—&—uk—&—om)
E“HT (w + )T (an + av)
Iy (on+a+v+kw+Ek)

a+u w+k

= EEHORID(y 4 1) e

% io: (7)n+jk (At%yl

— I (an+a+v+kw+k)(n+ )

I/+k a+nu+w+k -1

(V)nﬂk (Ae5)"

X
nZ%Fk(om—l—a—i—u—kkw—l—k)(n—i—j)!
= Dp(kw + k) B (v + kw + k, X)

+DE(v+w+1,X)

that coincides with formula in page 69 of [4].

(49)

(50)
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Conclusion

We

have introduce a generalization of the classical Miller-Ross function doing

it by rising the k-Gamma function and the Pochhammer k-symbol.

Elementary properties were demonstrated as well as know particular cases

were obtained.
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