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Abstract
The main objetive of this paper is to present and discuss a family
of functions dependent on five parameters that generalize the one in-
troduced by A. Ungar [8]. The action of Riemann-Liouville fractional
operators over them is evaluated as well their Laplace transform. Par-
ticular case are shown.
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I Introduction and preliminary notes

By using the k-Gamma function and the Pochhammer k-symbol [2] we
define a family of functions that are analogous to the n-Hyperbolic functions
due to A. Ungar ([8]). As special cases, the new functions contains the classical
trigonometric functions sine and cosine, also the hyperbolic functions sinh and
cosh as well its fractional versions. Besides that, for certain values of the
variable, the k-Mittag-LefHer function is obtained.

We begin remembering basic notions that will need for further development
of this paper.

Definition 1 (/1]) Letx € C, k € R and n € N*. The Pochhammer k-symbol
s given by
(@) =z (x+k).(z+2k)...(x + (n — 1)k). (L.1)
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Definition 2 ([1]) Let z € C, Re(z) > 0. The k-Gamma function is

[k(2) :/000 =1 _Tdt (I.2)

Among the many properties that link the Pochhammer k-symbol and the
k-Gamma function, we will highlight those specified in the following

Proposition 1 Given 2 € C — kZ™; k,s > 0 and n € NT, the following
1dentity holds

1.

(2)ns = (%)n (%)M (1.3)
Ty(2) = (2)Z_1Pk (%) (1L4)

For the proof we remit to Proposition 4 in [§].
The well know Mittag-Leffler function defined by the following series:

-3 - Om: [ felo) >0 (L5)
n=0
o0 n
an,,@(z) = nz% m, B S (C, R@(CY) > 0. (16)

has been subject to several generalizations among which we highlight the
one introduced by us in [2]

Blaale) = 2. prramste” 17

where (), is the Pochhammer k-symbol given by (I.1), and T'x(an + )
is the k-Gamma function (I1.2)

Definition 3 The Riemann-Liouville integral of order v of a function f is
given by

I"f(t) = ﬁ /Ot(t — 7)Y f(r)dr; teRY, v eC, Re(v) > 0. (1.8)

Definition 4 The Riemann-Liouville fractional derivative of order v of a func-
tion f is given by

DVf(t) = (%)nln—”f(t), t >0, n=[Re(v)+1. (1.9)
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Definition 5 Let f: RT — R be an exponential order function and piecewise
continuous. The Laplace transform of f is

LUFO}(s) = / et (1.10)

0

provided that the integral in (1.10) exists.

The Laplace transform of the fractional Riemann-Liouville operator are
given by the following:

Proposition 2 Let o« € C, Re(a) > 0, then

L)) L)

£ i) = S
and if a is such that verifies m — 1 < Re(a) < m, then
LLDf(t)}(s) = s*LLf () }(s) — Z_: s' D*ITLE(0). (L12)

II Main results

In his paper entitled Higher order a-Hyperbolic functions [8] A. Ungar
introduced the a-Hyperbolic functions by the expression

Oék

PR — I1.1
(nk+r)1” (L)

NE

For(z) =

x>
Il

0

for any pair of integer (n,r), n > 2; 0 < r < n, and any complex constant
a.

By using the k-gamma functions and the Pochhammer k-symbol we define
the k-n-Hyperbolic function by

F7o(2) = D" enrg 1.2
wFase(?) ; [p(an + B+ k)n!Zk ' (IL.2)

for a, v, k real positive number and 5 > 0, n € C.

Easily, we can see that for v = £k = 1, and, a and [ integers, a > 2,
0 < 8 < a, we have (II.1).

Moreover, also may be the following special cases:

1. Ifn=0

2k

T (11.3)

0
kFg,ﬁ+k(Z)
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2.tn=0,k=1and f €N

B
z
(=) = gp (11.4)
which coincides with the 0-hyperbolic function given in the formulae (2)
of [8].
3. Ifn=1,
kF'y,l k(zk) _ Z% f: (ﬁ}/)n,k Z%n
.+ “— I'y(an+ B+ k)n!
B a
= 2k IZ,a,ﬁJrk(Zk) (H.5)
where £}, (%) is the k-Mittag-Leffler function given in (L.7).
4. Iff=a—-k >0
) =AY Dt )
okt = Ti(a(n + 1)n!
then
o ean(2) = 28T B o (2F) = ke, (IL7)
where peZ , denotes the k-a-Exponential function defined in [4].
Then
EI i ial?) = il (1)

5. Considering the function [}, (#) and grouping according to the parity
of the summation index, we have

o _ ok 1" gai 1.9
k omBJrk(Z) ;Fk(an+ﬁ+k:)n'2k k ( )
8 o0 (7>2n A nan%%
= ’ I1.10
- {g [r(a2n + B+ k)(2n)! ( )
0 2n+1 % (2n+1)

Fp(a(2n+1)+ B+ k)(2n + 1)!

I
o

n

Then we may write

8
eEa s (2) = 28 G0 (2) e 507540 (2)) (IL12)
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where . o
#Caie(2) nZ:O Ir(a2n + B+ k)(2n)! (IL.13)
and
o 2n+1,, ¢ (2n+1)
g _ (Mans1x "2 I1.14
eSai(?) ;Fk(a(2n+1) +B+k)(2n +1)! (IL.14)
Choosing the particular value f = o — k, it has
- (Va2nk nyi?
Cn _
k a,a(z) nz_% Fk(Oan—FOé )l
S (V)20 nzEn
= I1.15
;Fk( (2n+1))(2n)! ( )
andifvy=1,n7=1,a=1=k, one has
L1 > 22n
101:1 (Z) = Z m = COSh(Z) (IIlﬁ)
n=0
Ifn=iv,y=1,v>0,a =k=1, from (I[.15) we obtain
0 n 2n 2n
Cl1 W (2) Z = cos(vz) (IT.17)

n=0
By (I1.15), (I1.16) and (I1.17) we designates ,C_'3, ,.(2) the n-hyperbolic
cosine function of order v and (8 + k)-th kind.

Analogously, making in (II.14) the following choice of parameters, we
have,

If 8=a—k, then

2 (7 )apprp 22 E 20D
§om _ d II.18
e9aa(2) Zn_o Ti(a(2n +2))(2n + 1)) (IL.18)
andify=n=a=k=1,
o0 (2n+1)
Z .
19711 (2) = E nii) sinh(2) (I1.19)
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And,ifn=iv,v>0,y=a=k=1,

n 2n+1 2n+1
= isin(vz) (I1.20)

Mg

1w
1517 (2

2n+1

If in (IL.18) we take n = —1, and v = o = k = 1, it results

S (2) = —sinh(z) (I1.21)
By (I1.19), (I1.20) and (IL1.21), we define S]73, . (2) the n-hyperbolic sine
function of order o and (5 + k)-th kind.

From (II.12), when 5 = o — k, we may write

FRa(2) = 28 HiCL(2) i ST pna (%)} (I1.22)
and whena=k=v=1

e =1 I/(2) = cosh(nz) + sinh(nz) (I1.23)

Further on we will see other particular cases of the function introduced in
(I1.2) allowing us to meet with the functions sinh and cosh.

By analogous considerations to those of Theorem 1 by Srivastava and To-
movski [7], it can be shown that the k-n-Hyperbolic function is an entire func-
tion in the complex plane. Then we have the following

Theorem 1 The k-n-Hyperbolic function yF]'] ,(2) defined by (II.2) is an
entire function in C.

Lemma 1 Let B}, 5(n 2%) be a k-Mittag-Leffler function; then

o (67 o
- (Blasm20)) = 2 (M1x Bl 5 (02F) (I1.24)
Lemma 2
d B _
1z ( F;g+k( )) = EZ 1kFgg+k< )+ - i 'YkF;/Zingk(Z) (I1.25)
Proof.
d d 8 ]
— (FI(2) = = (P Bl gnz)
5 £2_ o B d o
= T B g (02%) + 25 (Bl sir (027))
ﬁ _1 B a o
- Ez lzkElz,a”B-i-k (T’Zk) ( )1k Zk Ekaoc+,3+k (Zk)
B

- a
=77 ! K5 (2) + I3 (V)1 kthyﬁBM(Z)
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II.1 Laplace Transform

We start rewriting [ 5, ,(2) in term of a three parameters Mittag-Leffler
function.
As we know, from the Definition (I1.2) we have

o0

o Vnge 1" ent
eFapin(® nzorkan+ﬂ+k) =
From the (I.3) and (I.4) can be written
(D= k" (7) (11.26)
and
_ g ip (7
Du(7) = kT (E> . (I1.27)
Then
9] km (1) nn N s
WL (z) = e P (I1.28)
G % FUOT (22 4 1) )
. (2) (kK %nz®)"
= kR Yy <’“Z” ( . 1) (I1.29)
S (En+p+1)n!
ie.

) = () B, (n (%)’“) (11.30)

Lemma 3 The Laplace transform of v F’3,,(2) is
57! 1

(ks) % (1-n(2)F)

L{E 5 (2)}(s) = (IL.31)

Proof.
Taking into account formulae (11.8) from [3] and making appropiate sub-
stitution we have (I1.31).

I1.1.1 Particular cases.

l.fa=y=n=k=1,and f =0

L{OF (2)}H(s) = ST : (11.32)
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which is in accordance with that

and )
Lie}(s) = — (11.34)
2. fa=2, =1, y=n=k=1
11 1 1 o
Lik (2)}s) = 5 -1 = 1 (I1.35)
and we know that
1 1 oo 2n+1
1555 ( nzg Tont2) = sinh(z) (I1.36)
3. ta=2 =0, y=n=k=1
s
£{1F217’11(z)}(s) = L{cosh(2)}(s) = 27 (I1.37)
4. fa=2, =0, y=k=1,n=-1
- 1 -1 S
LR He) = Lleos()He) = s (139)
5. fa=2, =1 y=k=1, andn=—
_ ) 1
L{Fy (2)}(s) = L{sin(2)}(s) = Y (I1.39)

In the next we will show some properties of the k-n-Hyperbolic function
associated with Riemann-Liouville fractional operators.

Theorem 2 Let I* be the Riemann-Liouville fractional integral operator (1.8).

Then holds
t

I" ( F 5 (2)) (1) = <E) WE () (I1.40)

Proof.
Taking into account (I1.30), applying Theorem 11.3, formulae (11.11) from
[3], it results

AL
" ER ()] () = <E) E%%Hw (nt+) (IT.41)
t H
- <E) LN () (I1.42)
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Theorem 3 Let D* be the Riemann-Liouville fractional derivative definied by
(1.9), then holds

D (1 F7 3 1(2)) (1) = G)_ W () (I11.43)

Proof.
Analogously to what was done in the previous theorem and applying The-
orem 11.3, formula (11.13) from [3] we have

YsM t giﬂ * Zz
D[R] ) = (7)) Fis,,, (%) (IL.44)
AN
Example: fa=2, =1 y=k=1, n=-1, and p = ¢ =2 we have
D2[\FlyN(2)] () = D? i o (t) (I1.46)
e N 2+ T(2n 1 2) :
= D?[sin(2)] () (11.47)
= 5 Fy () (11.48)
By other hand, from (II.30) we have
Ty (t) = t'PEy (1) (I1.49)
R e e
)Y I1.
;%F(Zn—l—l—l) (11.50)
o ( nt2n+1
= - I1.51
Z (2n +1)! (IL.51)
= —smt (I1.52)
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