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Abstract

In this paper, we define the function pEgﬂﬁ(z), estudy its ana-
lytic properties, some elementary properties as its integral expression,
its relationship with the fractional operator of Riemann-Liouville and in-
vestigate the fractional generalization of the kinetic equation involving
this Mittag-Lefller type function. This new Mittag-Leffler-type func-
tion related to the two parameters Gamma function recently introduced
by Gehlot [8], is a generalizaton of the k-Mittag-Leffler function since
kLk(2) = T'k(z), thus generalize the Mittag-Leffler of two parameter,
Mittag-Leffler function and the exponential function.
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I Introduction

The branch of mathematical analysis known as the Fractional Calculus deals
essentially with operators of differentiation and integration of non-integer or-
ders (see e.g. [22|, [14]). Many authors have generalized differential equa-
tions (integral equations) by replacing the ordinary derivative (integral) by
some of the definitions that contemplate non-integers; for example: Riemann-
Liouville, Caputo, Grundwald-Letnikov, Hadamard and other more modern
ones such as Caputo-Fabrizio (see e.g. [22], [2], [12], [24], [20], [1], and the
references in them). In the solution of such differential (integral) equations
the Mittag-Leffler function naturally appears to play a role analogous to that
of the exponential function in the ordinary case.



2542 Rubén A. Cerutti, Luciano L. Luque and Gustavo A. Dorrego

The Mittag-Leffler function has generated much interest among researchers
and has been the subject of many generalizations (see e.g. [21], [15], [5], [7],
[4], [26], and the references in them) giving rise to the so-called Mittag-LefHer
type functions. It has also been used to generalize fractional integral operators
(see e.g. [27], [6]).

IT Preliminaries.

In this section we present results and definitions known and important for
the development of the following sections. We begin with the Mittag-Leffler
function and some of its generalizations.

The Mittag-Leffler function E,(z) and its first generalization to two pa-
rameters F, s(z) are given by the following series:

n

E.2)=Y m (2 € C; Re(a) > 0) (IL.1)
and
Bas(s) =Y r(#lﬁ) (2 € C; Re(a) > 0,Re(8) >0)  (I1.2)

respectively; where I'(2) is the classical Gamma function, and verifies E, 1(z) =
E.(z).

Prabhakar (see [21]) introduced the Mittag-Leffler type function E] ;(2)
defined by

E) 4(2) = Z; r(a(z)—f;)n' (IL.3)

with «, f and v € C; and (7),, denotes the Pochhammer symbol, and verifies

E}5(2) = Eap(2).
A generalization of the Mittag-LefHler function called k-Mittag-Leffler func-
tion has been introduced and studied in [4]:

Bl s(z)=>_ oo 4 Byl ()" (IL.4)

= (an+ B)n!

with & > 0; a, B,y € C; Re(a) > 0, Re(P) > 0, and z € C; where 'y, is the
k-Gamma Funcion and (), is the Pochhammer k-symbol due to Diaz and
Pariguan (see [3]), and are

(Vg =7y +E) (v +2k)...(v + (n = 1)k); (IL5)
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Fk(z):/omtz—le—fdt (Re(2) > 0). (11.6)

The following properties are verified:

(2)npe = %z;)nk) (I1.7)
and
Ty(2) = k=T (%) , (IL8)

with z € C\ kZ~, k > 0. Also, the expression E}, 5(z) = EJ 5(2) is verified
(see [4]).

Recently, K.S. Gehlot [8] has introduced a modification of the k-Gamma
function by means of the following integral

k

Le(z) = / e vt 'dz, forze C\KZ ™ ; k,p € R*\ {0}, Re(z) > 0. (11.9)
0

Also, he has defined a new Pochhammer symbol

s = (B)(Lp) (L r2w)ee (B 00 1)

_ ol 4 k) (I1.10)

pL'k(2)

and also establishes the relations between the function introduced by him and
the k-Gamma and the classical Gamma function. In fact, we have following.

Lemma 1. For the p-k-Gamma function, the k-Gamma function and the clas-
sical Gamma function it is verified:

JTh(z) = (%) Tu(z) = %r (%) (IL11)

The proof could be seen in [8].
And, for the ,(z),, Pochhammer symbol, we have the following relation

Lemma 2. For the p-k-Pochhammer symbol, the k-Pochhammer symbol and
the classical Pochhammer symbol it has

p(Z)ng = (%)n (2)ns =" <%>n (I1.12)
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DEFINITION 1. Let [a,b] CR be (—oo < a < b < 00). The Riemann-Liouville
fractional integrals I, f and I f of order a € R, with m —1 < o < m,
m € N, are defined by

(I¢ f)(x) = F(la) /{:C @ i(tt;l_adt (x>a; a>0) (I1.13)
and

(1% f)(z) = F(la) /x i _fg))l_adt (x<b; a>0), (IT.14)
respectively.

The Riemann-Liouville fractional deriwative Dy, f and Dy’ f of order o > 0
are defined by

DN = (1) @@ @>a) (IL15)

and .
D5 @) = (~4 ) D) @ <o), (11.16)

respetively.
In particular, when a = m € Ny, then

(Do f)(x) = (Dy_) () = f(z), (IL17)
(D f) (@) = f) (), (IL18)
(D )(x) = (=1)"f " (x) (IL.19)

(see, for example, [14]).
In 2012 Mubeen and Habbibulah (see [19]) introduced the k-Riemann-
Liouville fractional integral given by the following

DEFINITION 2. Let « € R* andn € N such thatn—1 < a < n, f € L'([0,0)).
Then the k-Riemann-Liouville fractional integral of f is

IDf(t) = kF:(a) /0 (t — )k Lf(r)dr, (t>0); (I1.20)

wich can be written as a convolution with the singular kernel of Riemann-
Liouwille:

(1) = /:Tm) « F(1), t > 0. (I1.21)

DEFINITION 3 (Laplace transform). Let f : RT™ — R an exponential order
and piecewise continuous function, then the Laplace transform of f is

L{F()}s) = / et (bt (I1.22)

0
The integral exist for Re(s) > 0.
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III Definition and convergence conditions

In view of the expressions (I1.9) and (II.10) we introduce a new function of
Mittag-Leffler type that we will call the p-k-Mittag-Leffler function by means
of the following

DEFINITION 4. Let «, 3,7 be complex numbers with Re(a) > 0, Re(B) > 0,
Re(y) > 0; and let p,k € RT\ {0}. We define the p-k-Mittag-Leffler function
Erap(z) by the series

B 1.1
a2 Z oL k( an—i—ﬁ ( )

where ,I'y(x) is given by (11.9), and ,(Y)nx is the Pochhammer symbol given
by (I1.10).

As particular cases of ,E; o 3(2) we have the classical two parameters Mittag-
Leffler function E, g(2) for p = k = v = 1 and for p = k one gets the k-Mittag-
Leffler function £}, 4(2), and for p = k = 1, the Mittag-LefHler function due
to Prabhakar [21] is obtained.

III.1  Order and Type of the ,E;  ;(2) function

In this section, we present some caracteristics of the p-k-Mittag-LefHer func-
tion. We will show that the p-k-Mittag-LefHler function is an entire function,
and we will also give the order and the type.

Theorem 1. The p-k-Mittag-Leffler function, defined in (II1.1), is an entire
function of order p and type o given by

k ¢e(a/kIn(a -1
p= M . and o= [ppefﬁ( /K In( /k))p] ) (I11.2)

Moreover, for all e > 0,the next asymptotic estimate holds:
| pEY o 5(2)] < el (I11.3)
with p, o as in (II1.2), for |z| > rg, ro = ro(€) > 0 sufficiently large.

Proof. The radius of convergence of the p-k-Mittag-Lefller function will be
called R. Taking into account the properties (II1.10) and (II.11),and making
use of the asymptotic expansions for the Gamma function(see for example
[14]); and the asymptotic Stirling’s formula:

T(z) = (27)72" 2 *[1+ O(z — 1)] (Jarg(z)| <7 ; |2 = o0); (I11.4)
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in particular,

nl = (2rn)zn"e "1+ 0(m™Y)] (n €N ; n — oo); (11L.5)
and the quotient expansion of two Gamma functions at infinity:
r
% =21+ 0] (Jarg(z) +a| <7 ; |2| = 00). (I11.6)

Rewriting the series (III.1) in the following way

o0

gy _ Pk 0 N om 1117
p k,a,ﬁ(z) nz:% prk<an+ﬁ)n|z nZ:OC < ( )
Since
R = limsup ; (IIL.8)
n—o0 Cn+1

in view of the properties (II1.4), (IIL.5) and (IIL.6), we can easily see that

e | _ oMk pla(n+1) + F)(n + 1)!
Cnt1 pLr(an + B)n! (Ve

_ pLk(y + nk) 2Lk(y) pLe(an +a+b)(n + 1)!‘
pLk(7) pl'k(an + B)n! e[y + (0 + 1)k]

T () ke () (o
kflp%wf (—O‘”"’j‘ﬁ) n! k—1p7a+7€k+kr (a+7;€k+k)

o L(en+24+2 T(n+2
= (n+1)[pr " (kna k ) ;) (nvk)
~ [pi]|(Sn)"| = oo (I1L9)

Thus, the p-k-Mittag-Leffler function is an entire function.
To determine the order p and the type o are applied the next definitions:

nlnn

= limsup —————, I11.10
P = e (H1.10)
epo = limsup (n|cn\5> : (IT1.11)

n—oo

Using the relations (I11.4), (IIL.5), (II1.6) and (II1.7) we have
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oL () plk(an + B)n!
(Y +nk)
(08| p (o 2 g
prEne F(kn+k "F(/ﬁ")
k! ((QW)%n"+%e_”)

(e ()
(6%

= k7 In!

Q

= k71(27r)% pn(%_1>+§) nn%+gf%+% F(%)’e—n%e(%>
~ kiemb [ ‘(%y" o] |1 (&) ()
= 3 (5T () [+Re[n(§ 1) mptng n §4ng nn—ng] (111.12)

Hence, using (II1.12), by application of (III.10), we have

tIn(E) +In|T(¢)|+Re[n (¢ —1)Inp+n2n® +n¥lnn—n%]

1.
; = h;n_}solip T , (IT1.13)
~ Re(a)
ok
which is the wanted result in (IIL.2).
Similarly, on substituting (I11.12) into (III.11), this yields
oep = limsup [n|cn|p/”}
n—oo
— lim sup [elnn—% ln(%")—ln’l“(%) —me[n(%—l) lnp+n% In %+n% lnn—n%] ﬁ(a)
n—oo
= pleRlEniln (II1.14)
Finally, we obtain that
o= [ppeme(“/kln(“/k))p} - (III.15)
O

II1.2 Elementary properties.

According to the Defintion 4, the following relationships can be obtained, which
we will gather in the following
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Theorem 2. Let ,E;, 5(2) be the p-k-Mittag-Leffler function given by (111.1),
we have

1
o) = i e i
2. ) 5 o d
EPEZ’%/B(Z) 7 PEZQ aix(2) + s (p]EZ,a,BJrk(Z)) : (IL.17)
3. -
Tl B () = p LR (). (IIL18)

Proof. From the (III.1), one has 1).
As particular case, if p =k =~ =1, (II1.16) reduces to (5.1) f.1 from [13]:

Ea,[g(z) = ﬁ + ZEa@_;,_B(Z) (11119)

To obtain (III.17), and taking into account that

antfB+k an+pB+k
I (anB+k) = p ok P(an+ﬁ+1):p K <an—|—ﬁ)r(an+5)

k k k k k
panz:ﬁ“ an + f3
’ < ’ ) oLplan+B) =p L, (an+ 3).  (I111.20)
Then
a d . p(Men 2"
—2— (pEia = k I11.21
Ro g WEkast(2)) nzzo JTilan + B+ k) (111.21)
and o) 5
B OO p(V)kn 72"
—,E = . ) I11.22
e Brasnd) = 2 m O (fi1.22)
From (II1.21) and (II1.22), we have
a d 15} 1
% d (pEra,prk(2)) + EpEk,aﬁJrk(Z) = EpEk,a,ﬁ(z)‘ (I11.23)

Particular case:

Ifp=k=vy=1, (II1.23) is

azdiz (Eopt1(2)) + BEqp+1(2) = Eup(2), (I11.24)
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which coincides with formulae (5.1) £.2 from [13].
To prove (I11.18), we will start by showing that

<di) E (%n+ % e 1)> SEntilom(171.95)
z m

Knowing that

a 8
(%n+§_y4m_n):nj¥ﬁ§jh) (111.26)
m k k

and, by using (I11.24), it results

(8] ﬁ _ —m pF (an+6)
G”+E‘1‘W“‘0m‘p A (11L.27)

Then, from (I11.25), (I11.26) and (II1.27) we have (II1.18).

Particular cases:
e When p = k, (II1.18) coincides with (II.28) from [4].
e When p =k =1, (II1.18) coincides with (11.5) from [13].
e When p =k =~ =1, (II1.18) coincides with (5.1) {.3 from [13].
[l

Theorem 3. Let o, 3, and~y be complex numbers, k > 0, Re(a) > 0, Re(H) >
0 and Re(y) > 0. Then

/o tg’lp]EZ’aﬁ(at%)dt = pz%pEZ’aﬁJrk(az%) (IT1.28)

Proof. By interchanging the order of integration and summation, we have

o)

z ﬁ,l o p(fy)k; nan /Z 2n+§,1
tr— B S(at®)dt = : tE"TET L. I11.29
/0 p k,a,ﬂ( ) ; prk(an +B)n| 0 ( )
Taking into account that
S lan+ B
JTi(an+p) =2 T ( : ) : (I11.30)

the recurrence relation for the classical gamma function and (II1.24), it results

(%n - %) pLplan + ) = =, (an + B + k). (I11.31)

1
p
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Then, the right hand member of (I11.29) is equal to

= (az¥®) "% 2 o
Z =pzF, B, 5 .(azh). (I11.32)
— pLk(an + B+ k)
O
Particular case: If p =k =~ =1, it has
/ P E, s(at®)dt = 2P E, 511 (at®), (I11.33)
0

which coincides with formula (2.3.17) from [18].

Theorem 4. Let «, 5,7 be complex numbers, k > 0, Re(a) > 0, Re(B) > 0,
Re(y) >0, and let K} , 5(2) the p-k-Mittag-Leffier function. Then

=R

E{z%_lpEZ,aﬁ[i—(cz)%]} (s) = k(sp)~% (1 Fp (é)) . (IIL34)

Proof. Applying the Laplace transform in the right hand member of the (I11.1),
the relations (I1.9) and (I1.10), the Laplace transform of the potential function
(see e.g. [14], f. (1.4.58)) and the generalized binomial formula given by

(1—kw) % = Z ”’“w, (I11.35)

k=0

we have

/ B %71217 kn :|:1 ( ) dz = ZP('Y)k,n(j:l) CF / efszzkn+ﬂ 14y
0 0

Lr(an + B)n! — ple(an+ B)nl

n= n

|
—~
v2)
SRS
Eallsy
8
=
3|12
=
3
<
& | o
N———
R
3

with ‘p (k—) b
Corollary 1. If p =k =1 in Theorem 4, we have

Lz pElas(z)}(s) = L {z’g_lEg’B(za)} (s) (IT1.36)
= s (1 -5, (I11.37)



On the p-k-Mittag-Leffler function 2551
which coincides with formula (11.13) of [13].
Corollary 2. If p = k in Theorem 4, remembering that ,I'y(z) = I'y(2), we

have that E; ,,(2) = B}, 5(2), and

C{=F B, ()} () = KRTE (1R TRsTE) TR (ILg)

which coincides with formula (II, 29) of [4].

IV  The Euler-Beta Transform

The Beta-Euler transform of a given function is defined by the following inte-
gral:

B(f(z);a;b) = /1 277N — 2)7 f(2)dz, (IV.1)
0
with a, b € C and min {QRe(a), Re(b)} > 0 (see, for example [25]).

Theorem 5. Let «, 3, 7y, a and b be complex numbers, Re(a) > 0, Re(B) > 0,
Re(y) > 0, Re(a) > 0, Re(b) > 0 and k > 0, then

ay B b
B(pEZ,a,ﬁ <Zk);E’E =k pI'k(0) pEi 0 516(N). (Iv.2)
Proof.
ay B b s, b= p(VenA2EN
v k —_, — —_= k — k P ?
B(pEkﬁa,ﬁ (2 ),k,k) /0 25 11— 2) ; pfk(an—i—ﬁ)n!dZ’ (IV.3)

interchanging the order of integration and the summation, and using the rela-
tion between the p-k-Gamma function and the classical Gamma function given
by (II.11), we have

o b b - (’Y)k n)\n /1 apiB_q b_1
B E) == | = P : nt 1-— dz =
( Pk, 8 (Zk) L k) ;% ka(an + B)n! Jo ZEMTET( Z)¥ Z
= e DT (R) = (e
nz ka cm—i—ﬂ | [ (entii) _kprk(b)z Tplan+ B +bn!

n=0 P

= kD(D) JE] o gp(N). (IV.4)
O
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Corollary 3. If p =k in Theorem 5, it result

B (E} 5 (az%);8,8) = T(b)Eapss(N), (IV.5)
which coincides with formula (17, 37) from [4].

Corollary 4. If p=k =~ =1 in Theorem 5, we have

B (Eo5 (A2%):8;8) = T(b) Eapis(N), (IV.6)
which coincides with formula (2.2.14) from [18].

V Some additional properties of Eka B( z).

Theorem 6 (Integral Expresion). Let o, 5 and «y be complex numbers, a > 0,
B >0 and k >0, then

s 1 o a B
B .(2)=pF / e tE! ()\t e —) dt, V.1

where ¢( e %) is the Wright function given by

a f > A"
A — Y a> 18>0 V.2
¢( k k> n—OF(%n+§)n' ﬂ ( )

(See [10] and [9]).

Proof. Starting by the right-hand member of (V.1) and interchanging the order
of integration and the summmation we have

A1 o emtgrtnol =\t 1 T+
ey N e ey N T vy
n=0 n: ka(’Y) 0 F(En_FE) n=0 n: ka(V)F(En_I_E)
Taking into account (II.11) it result
A" (a—kin gy Le(y + nk)
I = —p k& pk p
nZ:O n! pLk(7) pLr(an + B)
a—k n
By > p(’y)k,n (p k )‘>
= p’ Z r !
e lk(an+ B)n
= P Bl (07) (V.4)



On the p-k-Mittag-Leffler function 2553

V.1 The p-k-Mittag-Lefler Function and the Riemann-
Liouville Fractional Operators

The operators that in this section will consider are those defined by (I1.13),
(I1.14), (I1.15) and (I1.16).

Theorem 7. Let a, b > 0, v > 0, v > 0, and let ]_% be the right-sided
Riemann-Liouville fractional integral. Then we have

B

T [,—x_8 _a v _B _a
IE [ B (09)] (@) = pEaf B, (07F) . (VD)
Proof. From (I1.11) and (II.12) we find
®o= LR R, (0F)] @)

— _1)/ t—%—%(t_;@)%—lz PVt F" (V.6)

I (¥ — le(an+ B)n!

By interchanging the order of integration and summation, we have

1 > (’Y)kn /OO _v_B_« J_q
R = ANEA tTETRTER(E—x)E N dt. V.7
F(7) 2 STvtan + ol J, = v

Making appropiate changes of variables and using the following integral
given by formula 3.191.2 from [11]

/Oo(t — ) 4t = 2" °Bl(a,c — a), Re(c) > Re(a) > 0; (V.8)

and B(z,y) the classical Beta function, can be written

k’ k ok

RN = o(Win (i) p (V vibton V)

_ S p(Niaa™ FT (222)
() 7; JL(an + B)n!T (1H2ten)” (V.9)

Taking into account (II.11) it results

:r\':
R'RI

m:

e ¢] Q)TL
Z Iy an—|—5+1/)n!

n=0 P

BY gy (75) (V.10)

X

Eall
@

=P
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Corollary 5. If we take p =k =1 in (V.10), we have

Iv [tf"*’BEgﬂ(t’a)} (x) = x’BEl’BH(x’a), (V.11)
which coincides with formulae (24) of [23].

Theorem 8. Let o, 3, v and ~v be positive real numbers, and let A € R. Then
there holds

B+V_1

(IO%Jr [t%_l B o (/\t%)D () = pra’ B (/\“) ' (V.12)

Proof. Applying the definition of the fractional integral operator, and then by
interchanging the order of integration and summation, we have

1

v a z vo__ B _ o
(Ioa [t%_l pEf ap ()‘t?)D (x) = F(”)/o (x—t) 1L pER a5 (A7) dt (V.13)
k

nk/\ v anpy B v _
B kzn' L om—&-ﬁ)?ﬂ/ TR @ - F e (V.14)

Taking into account that by suitable changes of variables and making use of
the Beta function, we have

1 /1 a_q Y1 apiB_q_apiB g
= o N1 —7r)e Rt e et R T pdt =
F() Jo
a B
_ a x%n-‘r%-‘rk—lr (% F (En + E) (v15)
r(3) P(F+gn+7)
By replacing (V.15) in (V.14), it result
Pl o = p( nk)‘nr( n+ )
(IokJr [tk pE s (/\tk)}> nz:% Tr(an + B)n!
(V.16)
Taking into account (II.11), we put
an + k
P—%
an+ B +v k
r ( ]{;ﬁ ) — TR Lrlan+ 8 +v). (V.18)
k

From from the above considerations we obtain the thesis.
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Corollary 6. If we consider p =k, we obtain
(10%+ [t%lE,j,aﬁ (At%)]) (z) = k¥z”

which coincides with (I1.19) from [4].

Y o gin (ATF) (V.19)

Corollary 7. If we consider p =k =1, we obtain

(I [77 By s (M)]) () = 27771 LB 54, (Aa®) (V.20)
which coincides with (2.8.11) from [13].
Lemma 3. For A € R, these holds the formulae.
Aok B s (M) = LB sia (\F) = JENE L (Aat). (V.21)

Proof. By the definition (III.1), we have, and taking into account the relation
(2.33) from [7],

1 1

(Az®)
ka oam — a—l—ﬁ

'Y k ’H’L k (/\x )
Z Ty (am—a+ B)m! (V.25)

P(V)m—l,k - ﬁ p(rY)m,k - E p(’y - k)m,lm (V22>
we have
$ EY i3 o 2V, ()‘5“)n+1
Axk pEL g (Az*) = nz;) T (chrﬂ) p (V.23)
B s Q)"
- mZ Ay —1>+m< 1) (V.24
)
m=0

m=0 P

Thus, the thesis is obtained. O

Corollary 8. If we take v =k =1 in Lemma 3, we have

Az B 5 (ax®) = Ao E] 5 (ax®) = E],

a,f—a

(az®) — E

a,f—a

(az®), (V.26)
result that coincies with the formulae (18) due to Saxena an Saigo in [23].

Theorem 9. Leta >0, >0, v>0 andv > 0. Then

Btrv—a

I% [t%_l B a8 (t%)} (@) =pia” = 7' [ Bragrv-a (27) = pErapir—a (zF)].

Proof. From (V.12) and (V.21) it result. O
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Corollary 9. If k =p =1 in Theorem 9, we have

P IE()] () = 0 [Bagiaala®) — B3 a@®)] . (V.29
which coincides with (2.8.14) from [13| and with formulae (19) from [23].

Theorem 10. Leta >0, 8> 0,7 > 0 andv > 0. Then the Riemann-Liouville
fractional derivative of order ; of the auziliar functions tE1 pE;a’ﬁ(x%) 18
given by

D% |:t§71 pEZ,a,,@ (t%)i| (:C) = x%ilpi% PEZ,a,ﬂ—V(x%)' (VQQ)
Proof.
D¥ [t§*1 o (t%)} @ (L) | L / Syt (g il | ()
o dz) |T(m—%) Jo
S p(Vn,k 1 < d )m/m 2ntL41 m—¥—1
— —_ tE" T —t odt. (V.30
2 fan+ gt =g \ar) . (w=1) (V-30)

Through a procedure totally analogous to the one realized in Theorem 1 ,
(V.29) is obtained.
O

Corollary 10. If p=k =1, we have
DY [tﬁ_lEgﬁ(za)] (x) = xﬁ_l_”Eg_y(zo‘), (V.31)

which coincides with formulae (2.8.22) from [18], and with (2.1.54) from [14]
and with (29) from [23].

VI Aplication

In this section we give a generalization of the kinetic equation involving the p-k-
Mittag-Leffler function. The first known generalization of the kinetic equation
in the field of Fractional Calculus has been given by Houbold and Mathai in
[12] as follows

N(t) — Ny = —c"I"N(t) (VL1)

where IV is the fractional integral operator of Riemann-Liouville.
Several authors have proposed and studied generalizations of this equation,
for example, Saxena and Kalla [24] considered

N@#) —Nof(t) = - I'N(t) (Re(v) > 0), (VL.2)
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where the function f is integrable over (0, 00).

The kinetic equation has been studied starting from the previous general-
ization and considering different functions f, in particular, special functions
and generalizations of them (see, for example [16], [20], [1], and the references
in them)

In this work we study the following generalization of the kinetic equation

N(t) = Nott ™4 JEY 5 (—(et)F) = =R IEN (). (VL3)
which solution is given by the following

Theorem 11. Let «, 8,7 be complex numbers with Re(a) > 0, Re(H) > 0,
Re(vy) > 0; and let p,k,c € RT\ {0}; then, the solution of VI.3 is given by

o pEZ,a,ﬁ (—(CT)%) dr.
(VI1.4)

Proof. Applying the Laplace transform in the right hand member of the V1.3,
using (Laplace transform of the k-Riemann-Liouville fractional integral) and
(II1.34) we have

@

k(sp)~

()]

To reverse the Laplace transform, let us first note that from [17] p. 152 result

= H [(%> k
st+(§)" ¢

Then, by formula 2.21 of [18] we have

fo {H;;; [(ﬁ)
(VL)

Now, by property 1.58 of [18] it turns out that the right hand member of

VI.7 is equal to
—1 71,1 C_t E (071)
P [(k) rne (VL8)

(VL5)

(1.1 ] i)

=R
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Using property 1.60 of [18], the second member of VI.8 is equal to

(=& 1)

c ct
EHI{Q (E) (VL.9)

>

Finally it turns out that

: i (D)
Sk c ct
LY ——— () =—H5 || — (VL.10)
{Sk+(%> } K <’f> (—£,1) (0,2)

o’

R

and then returning to the equation (VI.5) and using the convolution theo-
rem of Laplace transform has the expected result.

[]

References

[1] P. Agarwal, S.K. Ntouyas, S. Jain, M. Chand, G. Singh, Fractional Kinetic
Equations Involving Generalized k-Bessel Function Via Sumudu Trans-

form, Alexandria Engineering Journal, (2017).
https://doi.org/10.1016/j.aej.2017.03.046

[2] D. Baleanu, B. Agheli, M.M. Al Qurashi, Fractional advection differential
equation within Caputo and Caputo-Fabrizio derivatives, Advances in Me-

chanical Engineering, 8 (2016), no. 12.
https://doi.org/10.1177/1687814016683305

[3] R. Diaz and E. Pariguan, On Hypergeometric Functions and k-
Pochhammer k-Symbol, Divulg. Matem., 15 (2007), no. 2, 179-192.

[4] G. Dorrego, R. Cerutti, The k-Mittag-Leffler Function, Int. J. Contemp.
Math. Sci., 7 (2012), 705-716.

[5] M. Garg, A. Sharma, P. Manohar, A Generalized Mittag-Leffler Type Func-
tion with Four Parameters, Thai Journal of Mathematics, 14 (2016), no.
3, 637-649.
http://thaijmath.in.cmu.ac.th/index.php/thaijmath /article/view /861

[6] R. Garra, R. Gorenflo, F. Polito, Z. Tomovski, Hilfer-Prabhakar Deriva-
tives and Some Applications, Applied Mathematics and Computation, 242
(2014), 576-589. https://doi.org/10.1016/j.amc.2014.05.129

[7] K.S. Gehlot, The Generalized K-Mittag-Leffler Function, Int. J. Contemp.
Math. Sciences, 7 (2012), no. 45, 2213-2219.



On the p-k-Mittag-Leffler function 2559

[8] K.S. Gehlot, Two Parameter Gamma Function and It’s Properties, 2017,
arXiv:1701.01052 [math.CA].

[9] R. Gorenflo, Y. Luchko, F. Mainardi, Analytical Properties and Applica-
tions of the Wright Function, Fract. Calculus and Appl. Analysis, 2 (1999),
383-414.

[10] R. Gorenflo, A.A. Kilbas, F. Mainardi, S.V. Rogosin, Mittag-Leffler Func-
tion, Related Topics and Applications, Springer Monographs in Math.,
Springer, 2014. https://doi.org/10.1007/978-3-662-43930-2

[11] I. Granshteyn, I. Ryzhik, Table of Integrals, Series and Products, Seventh
Edition, Academic Press, 2007.

[12] H.J. Haubold, A.M. Mathai, The Fractional Kinetic Equation and Ther-
monuclear Functions, Astrophys. Space Sci., 273 (2000), 53-63.
https://doi.org,/10.1023 /a:1002695807970

[13] H.J. Haubold, A.M. Mathai, R.K. Saxena, Mittag-Leffler Functions and
Their Applications, J. Appl. Math, 2011 (2011), Article ID 298628, 1-51.
https://doi.org/10.1155/2011/298628

[14] H. Kilbas, H. Srivastava, J. Trujillo, Theory and Application of Fractional
Differential Equations, Elsevier, 2006.

[15] V.S. Kiryakova, Multiple (multiindex) Mittag-Leffler Functions and Re-
lations to Generalized Fractional Calculus, Journal of Computational and
Applied Mathematics, 118 (2000), no. 1-2, 241-259.
https://doi.org/10.1016 /s0377-0427(00)00292-2

[16] D. Kumar, S.D. Purohit, A. Secer, A. Atangana, On Generalized Frac-
tional Kinetic Equations Involving Generalized Bessel Function of the First
Kind, Mathematical Problems in Engineering, 2015 (2015), Article ID
289387, 1-7. https://doi.org/10.1155/2015/289387

[17] A.M. Mathai, R.K. Saxena, The H-Functions with Applications in Statis-
tics and other Disciplines, John Wiley, New York, London, Sydney, 1978.

[18] A.M. Mathai, R.K. Saxena, H.J. Houbold, The H-function: Theory and
Applications, Springer, 2010. https://doi.org/10.1007 /978-1-4419-0916-9

[19] S. Mubeen, G. M. Habibullah, k-Fractional Integrals and Application, Int.
J. Contemp. Math. Sci., 7 (2012), 89-94.



2560 Rubén A. Cerutti, Luciano L. Luque and Gustavo A. Dorrego

[20] K.S. Nisar, S.D. Purohit, Saiful. R. Mondal, Generalized Fractional Ki-
netic Equations Involving Generalized Struve Function of the First Kind,
Journal of King Saud University - Science, 28 (2016), no. 2, 167-171.
https://doi.org/10.1016/j.jksus.2015.08.005

[21] T. R. Prabhakar, A Singular Integral Equation with a Generalized Mittag-
Leffler function in the kernel, Yokohama Math. J., 19 (1971), 171-183.

[22] 1. Podlubny, Fractional Differential Equations: An Introduction to Frac-
tional Derivatives, Fractional Differential Equations, to Methods of their
Solution and Some of Their Applications, Academic Press, 1999.

[23] R. Saxena, M. Saigo, Certain Properties of Fractional Calculus Operators
Associated with Generalized Mitteg-Leffler Functions, Fract. Calculus and
Appl. Analisys, 8 (2005), no. 2, 141-154.

[24] R.K. Saxena, S.L. Kalla, On the Solutions of Certain Fractional Kinetic
Equations, Appl. Math. Comput., 199 (2008), 504-511.
https://doi.org/10.1016/j.amc.2007.10.005

[25] I.N. Sneddon, The Use of Integral Transforms, Tata McGraw Hill, New
Delhi, 1979.

[26] A.K. Shukla, J.C. Prajapati, On a Generalization of Mittag-Leffler Func-
tion and its Properties, Journal of Mathematical Analysis and Applications,
336 (2007), no. 2, 797-811. https://doi.org/10.1016/j.jmaa.2007.03.018

[27] H.M. Srivastava, Z. Tomovski, Fractional Calculus with an Integral Op-
erator Containing a Generalized Mittag-Leffler Function in the Kernel, Ap-
plied Mathematics and Computation, 211 (2009), no. 1, 198-210.
https://doi.org/10.1016/j.amc.2009.01.055

Received: September 5, 2017; Published: October 2, 2017



