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ResumenEl objeto de esta tesis es explorar las 
onse
uen
ias de la relatividad y la Ele
trodin�ami
aCu�anti
a (QED por sus siglas en ingl�es) sobre el 
�al
ulo de propiedades mole
ularesmagn�eti
as. Mientras los primeros 
�al
ulos relativistas de estru
tura mole
ular empezarona apare
er en los a~nos '70, el 
�al
ulo de propiedades mole
ulares 
on m�etodos 
ompleta-mente relativistas data de apenas una d�e
ada. Por otra parte, 
�al
ulos de efe
tos deQED son a
tualmente rutinarios en �atomos altamente ionizados, es de
ir, en sistemasesf�eri
amente sim�etri
os de po
os ele
trones. Algunas apli
a
iones a 
�al
ulos mole
ulareshan apare
ido re
ientemente.Los prin
ipales objetivos de esta tesis fueron abordar, a partir de m�etodos tanto for-males 
omo 
omputa
ionales, la 
uesti�on de la importan
ia de los efe
tos relativistas y deQED sobre los par�ametros de la Resonan
ia Mag�eti
a Nu
lear (RMN); obtener una 
om-prensi�on profunda a
er
a de la in
uen
ia de ambos efe
tos sobre los a
oplamientos indire
-tos nu
leares J y los apantallamientos magn�eti
os nu
leares �; estudiar sistem�ati
amenteuna serie de 
ompuestos in�riendo reglas sobre las rela
iones entre las 
orre

iones rela-tivistas y las 
argas nu
leares de los �atomos pesados; y propor
ionar una fundamenta
i�onbasada en la QED para estas propiedades, as�� 
omo obtener expresiones implementables
omputa
ionalmente.Los prin
ipales logros al
anzados pueden dividirse en tres 
ategor��as estre
hamenterela
ionadas: 
�al
ulos relativistas aproximados, 
�al
ulos 
ompletamente relativistas, ydedu

i�on de expresiones formales para in
luir los prin
ipales efe
tos relativistas y deQED. Ejemplos de lo �ultimo son los mostrados en los primeros 
uatro art��
ulos listadosen la se

i�on siguiente; ejemplos de las dos primeras 
ategor��as son aquellos mostrados enlos art��
ulos 5 a 7.Desde un punto de vista formal, se ha dado una dedu

i�on de la expresi�on de la reglade suma de Bethe en el l��mite semirelativista, es de
ir, al orden 
�2, dentro de la aproxi-ma
i�on no-pair usando el m�etodo de elimina
i�on de las 
omponentes peque~nas (Art��
ulos1 y 2); en el Art��
ulo 3 [95℄ propusimos una teor��a que propor
iona una fundamenta
i�ondel tensor de a
oplamiento esp��n-esp��n de la RMN basada en la versi�on multipolar de laQED; el Art��
ulo 4 [96℄ explora una formula
i�on diferente para la in
lusi�on de efe
tos deQED radiativos en el 
�al
ulo de la propiedades de la RMN. La 
ompara
i�on entre m�etodosde 
�al
ulo relativistas y no relativistas de los par�ametros J y � de la RMN fue el tema delArt��
ulo 5 [42℄. A partir de ellos, obtuvimos 
orre

iones 
ompletamente relativistas a lasvii



viii RESUMENpropiedades de la RMN para los hidruros de los grupos 15 y 16 de la tabla peri�odi
a dondeno exist��an 
�al
ulos 
ompletamente relativistas. El Art��
ulo 6 [73℄ trata de la teor��a para el
�al
ulo perturbativo de las 
orre

iones relativistas al apantallamiento magn�eti
o nu
lear.Demostramos que la 
orre

i�on total surge 
omo resultado de varias 
ontribu
iones. Unade ellas, el llamado t�ermino mass 
orre
tion es el tema del Art��
ulo 7 [43℄. All�� 
al
ulamoseste t�ermino dentro de dos diferentes niveles de aproxima
i�on (Aproxima
i�on de orden
ero al Propagador de Polariza
i�on, PZOA, y la aproxima
i�on de fase aleatoria, RPA) ydemostramos, por 
ompara
i�on 
on nuestros resultados previos del Art��
ulo 5, que �estees el t�ermino m�as importante, representando 
asi la totalidad de la 
orre

i�on relativistaa �. Finalmente, un estudio en t�erminos de 
ontribu
iones de orbitales lo
alizados 
on-�rma nuestra hip�otesis formulada en el Art��
ulo 5 referida al origen de este t�ermino enlos ele
trones m�as internos; es de
ir, las 
ontribu
iones al t�ermino \mass 
orre
tion" queinvolu
ran orbitales de \valen
ia", tales 
omo enla
es y pares libres dan 
ontribu
ionesmu
ho menos importantes que aquellos rela
ionados 
on orbitales s del \
ore".En resumen, hemos analizado los efe
tos de la relatividad y QED desde puntos devista tanto formales 
omo 
omputa
ionales; hemos estudiado la rela
i�on entre la formu-la
i�on de 
uatro 
omponentes 
ompletamente relativista y su l��mite no relativista; hemosdis
utido el origen e interpreta
i�on de la 
orre

i�on relativista de masa al par�ametro �;hemos propor
ionado una fundamenta
i�on para la teor��a relativista partiendo de un nivelde teor��a m�as general, a saber, la ele
trodin�ami
a 
u�anti
a; y hemos dado un esquemapara la in
lusi�on de 
orre

iones radiativas a los par�ametros de la RMN.Se pueden se~nalar algunas perspe
tivas futuras a partir de los resultados de esta tesis.Los m�etodos de 
uatro 
omponentes 
ompletamente relativistas propor
ionan resultadosde referen
ia para los 
�al
ulos de los par�ametros de la RMN en mol�e
ulas que 
ontienen�atomos pesados. Esto ser�a de 
re
iente inter�es en los pr�oximos a~nos a medida que sein
remente la pre
isi�on experimental y la qu��mi
a de �atomos pesados en
uentre nuevasapli
a
iones. Para estas tareas, 
omo as�� tambi�en para el estudio de mol�e
ulas grandesser�a �util 
onsiderar alternativas m�as aproximadas, tales 
omo las estudiadas durante es-ta tesis. Por ejemplo, hemos hallado fuertes regularidades en el 
omportamiento de las
orre

iones relativistas al apantallamiento magn�eti
o nu
lear de los hidruros de los gru-pos prin
ipales de la tabla peri�odi
a. La estima
i�on de su dependen
ia respe
to de la
arga nu
lear del �atomo pesado es de importan
ia pr�a
ti
a para obtener predi

ioneste�ori
as de buena 
alidad 
ompatibles 
on las medi
iones experimentales a la vez quese redu
en los 
ostos 
omputa
ionales. Nuestros resultados a
er
a de las prin
ipales 
on-tribu
iones y los fa
tores que afe
tan el apantallamiento nu
lear nos permite ha
er buenasestima
iones aun dentro de la aproxima
i�on de orden (
ero) m�as bajo al propagador depolariza
i�on. Por otra parte, es de esperar que la in
lusi�on de los efe
tos de QED sobrelas propiedades mole
ulares propor
ione una 
omprensi�on profunda sobre el origen de losfen�omenos mole
ulares y, probablemente, nuevas 
ontrasta
iones para la ele
trodin�ami
a
u�anti
a.



Lista de art��
ulos1. Relativisti
 
orre
tions of the generalized os
illator strength sum rules. R. H. Romeroand G. A. Au
ar, Phys. Rev. A 57, 2212 (1998).2. Reply to \Comment on `Relativisti
 
orre
tions of the generalized os
illator strengthsum rules' ". R. H. Romero and G. A. Au
ar, Phys. Rev. A 59, 4849 (1999).3. QED approa
h to the nu
lear spin-spin 
oupling tensor. R. H. Romero and G. A.Au
ar, Phys. Rev. A, 65, 053411 (2002).4. Self-energy 
orre
tions to NMR properties within Quantum Ele
trodynami
s pertur-bation theory, R. H. Romero and G. A. Au
ar, Int. J. Mol. S
i. 3, 914-930 (2002),Spe
ial Issue on Re
ent advan
es in Nu
lear Magneti
 Shielding Theory.5. Fully relativisti
 
al
ulation of nu
lear magneti
 shieldings and indire
t nu
lear spin-spin 
ouplings in Group-15 and -16 hydrides, S. S. G�omez, R. H. Romero and G. A.Au
ar, J. Chem. Phys. 117, 7942 (2002).6. Relativisti
 e�e
ts on the nu
lear magneti
 shielding tensor, J. I. Melo, M. C. RuizAz�ua, C. G. Giribet, G. A. Au
ar and R. H. Romero, J. Chem. Phys. 118 (2003).7. Relativisti
 mass 
orre
tions to the heavy atom nu
lear magneti
 shieldings: Analysisof 
ontributions in terms of lo
alized orbitals, S. S. G�omez, R. H. Romero and G. A.Au
ar, Chem. Phys. Lett. 367, 265-269 (2003).

ix



x LISTA DE ART�ICULOS



Agrade
imientosNo dir�e las fatigas de mi labor. M�as de una vez grit�e a la b�oveda queera imposible des
ifrar aquel texto. Gradualmente, el enigma 
on
reto que meatareaba me inquiet�o menos que el enigma gen�eri
o de una senten
ia es
ritapor un dios. {Jorge Luis Borges[16℄Quiero agrade
era mi dire
tor de tesis Gustavo A. Au
ar por su apoyo y amistad demostrados a trav�esde su 
on�anza en mis esfuerzos, a ve
es m�as que yo mismo : : :;a los miembros a
tuales y pasados del grupo de F��si
a At�omi
a y Mole
ular por 
on-tribuir a un entorno agradable y estimulante, espe
ialmente a Sergio S. G�omez por su en-tusiasmo durante nuestra 
olabora
i�on en el 
�al
ulo relativista de propiedades magn�eti
asnu
leares, y mu
has dis
usiones en los mate-breaks, y Jos�e A. Gonz�alez por su valiosa ygenerosa ayuda en la solu
i�on de problemas 
omputa
ionales durante el desarrollo de estatesis;a Mart��n Ru��z de Az�ua, Claudia C. Giribet y Juan Melo de la Universidad de BuenosAires por su amistosa 
olabora
i�on durante los �ultimos a~nos, parti
ularmente durantenuestro trabajo 
onjunto sobre las 
orre

iones relativistas al tensor de apantallamiento;al grupo de Qu��mi
a Cu�anti
a de la Universidad de Odense (Dinamar
a), espe
ial-mente a Jens Oddershede y Hans J�rgen Aa. Jensen, donde di los primeros pasos 
on elprograma dira
;a la Se
retar��a de Cien
ia y T�e
ni
a (UNNE) y el Consejo Na
ional de Cien
ia yT�e
ni
a CONICET (Argentina) por el apoyo �na
iero mediante be
as y subsidios paraviajes.Finalmente, a Andrea, mi esposa y 
ompa~nera. Su amor y su apoyo a lo largo de losa~nos tienen mu
ho que ver 
on este trabajo. Agust��n, por supuesto, ha sido siempre unafuerza inspiradora: : : xi



xii AGRADECIMIENTOS



Parte IIntrodu

i�on

1





Cap��tulo 1Introdu

i�onEl estudio te�ori
o de la respuesta de mol�e
ulas a las perturba
iones externas se ha 
onver-tido en un tema 
entral de la Qu��mi
a Cu�anti
a debido a su inter�es en los 
ampos tanto dela 
ien
ia b�asi
a 
omo de las apli
a
iones te
nol�ogi
as. La naturaleza de la perturba
i�onque ex
ita el entorno mole
ular determina el me
anismo mole
ular revelado, 
ontribuyen-do as�� a obterner informa
i�on sobre una dada 
lase de pro
esos que tienen lugar a nivelmole
ular. Esta es la base de 
ualquier forma de espe
tros
op��a. Para este �n se handesarrollado diversas herramientas. En parti
ular, los par�ametros de la espe
tros
op��a deResonan
ia Magn�eti
a Nu
lear (RMN), J y �, des
riben el espe
tro, es de
ir, la respuesta,del sistema de n�u
leos magn�eti
os dentro de una mol�e
ula a la perturba
i�on magn�eti
aexterna. Desde un punto de vista te�ori
o, sin emnargo, di
hos par�ametros se originan enla respuesta de la nube ele
tr�oni
a a los 
ampos magn�eti
os nu
lear (J) y externo (�).La me
�ani
a 
u�anti
a propor
iona el mar
o te�ori
o para la des
rip
i�on de los sistemasmole
ulares. Su versi�on no relativista ha demostrado ser 
apaz de dar 
uenta de la mayorparte de los fen�omenos que involu
ran los elementos m�as 
omunes (y livianos), es de
ir, los�atomos de las �las superiores de la tabla peri�odi
a. Sin embargo, la eviden
ia experimentala
umulada a lo largo de los a~nos demostr�o que, en mu
hos 
asos, para 
on
iliar las obser-va
iones 
on las predi

iones te�ori
as, se deben in
luir, en alguna medida, los efe
tos de larelatividad. Esto se debe a que, en t�erminos generales, el intenso 
ampo el�e
tri
o nu
learde los �atomos pesados obliga a los ele
trones (prin
ipalmente a aquellos de las 
apas m�asinternas) a moverse a velo
idades que representan una fra

i�on apre
able de la velo
idadde la luz. Aunque este efe
to fue notado tempranamente, las di�
ultades en el tratamien-to de una des
rip
i�on relativista de �atomos y mol�e
ulas, junto 
on las suposi
i�on de quedi
hos efe
tos ser��an m�as bien peque~nos y s�olo de inter�es a
ad�emi
o, impidieron, hastare
ientemente, 
onsiderar 
on pre
isi�on los efe
tos relativistas. Adem�as, la 
omprensi�onde que la 
omparara
i�on 
on medi
iones pre
isas, aun en mol�e
ulas que 
ontienen �atomoslivianos, requiere introdu
ir efe
tos relativistas tan exa
tamente 
omo sea posible, dio lu-gar a 
re
ientes esfuerzos para el desarrollo de m�etodos m�as so�sti
ados que 
onsiguieraneste objetivo. La 
re
iente disponibilidad de equipos 
omputa
ionales 
apa
es de propor-
ionar soporte a estos m�etodos, y su �exito en 
lari�
ar he
hos previamente inexpli
ados,han ampliado el �area de la Qu��mi
a Cu�anti
a Relativista 
onvirti�endola en un 
ampo muya
tivo que 
ubre una amplia gama de problemas desde algunos puramente a
ad�emi
os a3



4 CAP�ITULO 1. INTRODUCCI �ONotros estre
hamente rela
ionados a ne
esidades te
nol�ogi
as y experimentales.Una situa
i�on similar o
urre 
on la ele
trodin�ami
a 
u�anti
a (QED), es de
ir, la in-
lusi�on de los efe
tos de 
uantiza
i�on de los 
ampos ele
tromagn�eti
os. En este 
aso, las
onse
uen
ias predi
has son aun menores que las debidas a los efe
tos relativistas, aunque
ualitativamente ne
esarias para su 
ompara
i�on 
on algunas magnitudes experimentalesmedidas 
on gran pre
isi�on.En el resto de este 
ap��tulo se da una introdu

i�on al 
ontexto de los efe
tos de larelatividad y la QED en qu��mi
a y las motiva
iones f��si
as de la investiga
i�on desarrolladaen esta tesis.1.1 Relatividad en Qu��mi
aA pesar de la a�rma
i�on de Dira
 a
er
a de que los efe
tos relativistas 
are
er��an deimportan
ia en la 
onsidera
i�on de la estru
tura at�omi
a y mole
ular y las rea

ionesqu��mi
as ordinarias [28℄, el �area de la Qu��mi
a Cu�anti
a Relativista ha 
re
ido hasta sumadurez [113, 92℄. En efe
to, a
tualmente, este �area de investiga
i�on se ha estable
ido
omo un �area de la Qu��mi
a de r�apido desarrollo, de importan
ia tanto b�asi
a 
omote
nol�ogi
a [97℄.Los 
�al
ulos relativistas de estru
tura at�omi
a datan de mediados de los a~nos '30
uando B. Swirles [105℄ introdujo la teor��a del m�etodo de Dira
-Hartree-Fo
k. La di�
ul-tad de 
al
ular la estru
tura ele
tr�oni
a en �atomos, en 
ontraposi
i�on 
on su 
ontrapartemole
ular, estaba enormemente simpli�
ada por la simetr��a 
entral impuesta por el 
am-po del n�u
leo. Esta es la raz�on por la 
ual los primeros 
�odigos 
omputa
ionales para el
�al
ulo de la estru
tura ele
tr�oni
a en mol�e
ulas apare
ieron s�olo 
uarenta a~nos m�as tarde[25, 70℄. Por otra parte, las mejoras tanto en hardware 
omo en algoritmos permitieron au-mentar el n�umero de efe
tos in
luidos en los 
�al
ulos as�� 
omo la 
alidad de la des
rip
i�on.Resolver la e
ua
i�on relativista de Dira
 tiene algunas di�
ultades adi
ionales 
om-parada 
on su 
ontraparte no relativista, la e
ua
i�on de Shr�odinger. En primer lugar,para satisfa
er los requerimientos de 
ovarianza y hermiti
idad del Hamiltoniano, los op-eradores de un 
uerpo deben ser representarse 
omo matri
es de operadores de 4�4; 
omo
onse
uen
ia, las autofun
iones resultantes tambi�en resultan fun
iones de onda de 
uatro
omponentes, lo 
ual ha
e su 
�al
ulo formal m�as intrin
ado, en sistemas monoele
tr�oni
os,y 
omputa
ionalmente m�as exigente, en 
�al
ulos poliele
tr�oni
os. En segundo lugar, elHamiltoniano de Dira
 
are
e de 
ota inferior; por lo tanto, no se puede invo
ar ning�unprin
ipio de m��nima energ��a a los efe
tos de obtener una aproxima
i�on varia
ional parael estado fundamental. La ausen
ia de 
otas para las posibles energ��as a

esibles a unapart��
ula, dentro de un 
ont��nuo de energ��a negativa, da lugar a una 
at�astrofe que ata
�olos primeros 
�al
ulos, el as�� llamado 
olapso varia
ional. En sistemas poliele
tr�oni
os,este efe
tos est�a rela
ionado 
on la degenera
i�on que apare
e entre dos estados at�omi
os(o mole
ulares) diferentes; uno de ellos que 
ontiene, por ejemplo, un par de ele
trones enestados de energ��a positiva, y el otro que tiene un ele
tr�on en un estado de energ��a positivaaltamente ex
itado y otro sumergido profundamente en el 
ont��nuo de energ��a negativa,tal que en ambos 
asos la energ��a total es la misma. Como esas dos des
rip
iones (rela-



1.1. RELATIVIDAD EN QU�IMICA 5tivista y no relativista) deben fusionarse suavemente en el l��mite 
uando la velo
idad dela luz tiende a in�nito, fue ne
esario un esfuerzo para poner los 
�al
ulos relativistas deestru
tura ele
tr�oni
a sobre �rmes bases te�ori
as y 
lari�
ar 
�omo manejar los problemasanteriormente men
ionados [74, 100, 45℄. En �atomos poliele
tr�oni
os, aunque tanto losm�etodos relativistas 
omo los no relativistas 
omparten las di�
ultades en el tratamientode la intera

i�on entre ele
trones, tales di�
ultades resultan magni�
adas en el 
aso rela-tivista debido a las mayores exigen
ias 
omputa
ionales.El �uni
o �atomo para el 
ual la e
ua
i�on de Dira
 es exa
tamente soluble es el �atomo dehidr�ogeno, al igual que su 
ontraparte no relativista. Las solu
iones exhiben 
ierto gradode ruptura de la degenera
i�on de las solu
iones no relativistas, dando lugar a 
orrimientosde los niveles, desdoblando as�� las l��neas espe
trales. Cuando los efe
tos relativistas se in-
luyen perturbativamente, esos desdoblamientos se atribuyen a la intera

i�on esp��n-�orbita.Otros Hamiltonianos perturbativos relativistas del mismo orden, esto es, las intera

ionesmass-velo
ity y de Darwin, que son perturba
iones independientes del esp��n (o es
alares),produ
en 
orrimientos en los niveles de energ��a pero no desdoblamientos. Como sub-produ
to, el esp��n ele
tr�oni
o surge naturalmente de la e
ua
i�on de Dira
, y los gradosde libertad de esp��n resultan inextri
ablemente relationados a las variables espa
iales, ysu tratamiento 
omo magnitudes independientes es una buena aproxima
i�on s�olo en elr�egimen no relativista.En �atomos 
on m�as de un ele
tr�on, la intera

i�on ele
tr�on-ele
tr�on rompe la simetr��a
entral y los m�etodos aproximados resultan obligatorios. El desarrollo de m�etodos poli-ele
tr�oni
os relativistas sigui�o estre
hamente aquellos apli
ados a la teor��a no relativista.Para 
�al
ulos at�omi
os, un m�etodo de Dira
-Fo
k an�alogo a la formula
i�on auto
onsis-tente (SCF) de Hartree-Fo
k (HF) fue desarrollado por Swirles [105℄. Se probaron dosimplementa
iones de esta formula
i�on: (i) el m�etodo usual de la Qu��mi
a Cu�anti
a norelativista de desarrollo en fun
iones de base [53℄, e (ii) integra
i�on num�eri
a de la 
om-ponente radial de las fun
iones de onda, dado que la simetr��a 
entral permit��a tratar laparte angular anal��ti
amente [25℄. La primera de estas formula
iones mostr�o, en su formaoriginal, efe
tos del 
olapso varia
ional, mientras que la segunda, aunque bien 
ompor-tada, s�olo result�o ade
uada para �atomos debido a que su extensi�on a sistemas que notienen simetr��a 
entral sufr��a de serios problemas t�e
ni
os, 
omo 
onse
uen
ia de que lase
ua
iones generales de Dira
-Fo
k son e
ua
iones diferen
iales a
opladas no lineales.Dado que en la teor��a no relativista, el desarrollo en fun
iones de base demostr�o serel esquema m�as fru
t��fero para la solu
i�on de las e
ua
iones SCF en mol�e
ulas, se dedi
�oun gran esfuerzo a superar los problemas del 
olapso varia
ional. El desarrollo del 
on-
epto de la 
ondi
i�on de balan
e 
in�eti
o que rela
iona los 
onjuntos de fun
iones debase para las 
omponentes grandes y peque~nas result�o un paso fundamental para la real-iza
i�on de 
�al
ulos de estru
tura ele
tr�oni
a 
on�ables [100℄. De ah�� en m�as, la literaturasobre desarrollo y apli
a
i�on de m�etodos de 
uatro 
omponentes a 
�al
ulos de estru
-tura ele
tr�oni
a sufri�o un 
re
imiento explosivo 
omo 
onse
uen
ia de mejoras tanto enla te
nolog��a 
omputa
ional 
omo en los m�etodos. A
tualmente, el estado de desarrollopresente de m�etodos de estru
tura ele
tr�oni
a de 
uatro 
omponentes in
luye, adem�asdel m�etodo SCF, otros m�etodos 
orrela
ionados tales 
omo el de Intera

i�on de Con�gu-
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iones (CI), SCF Multi-Con�gura
ional (MCSCF), Coupled Cluster (CC) a diferentesniveles de aproxima
i�on, teor��a de la Fun
ional Densidad (DFT) implementados en diver-sos 
�odigos 
omputa
ionales. Mere
e men
ionarse que todos estos m�etodos resultan m�asexigentes 
omputa
ionalmente que sus 
ontrapartes no relativistas, debido a las razonesantes men
ionadas; por lo tanto, ex
epto los m�etodos basados en la DFT, su 
ampo deapli
a
i�on est�a 
on�nado, por el momento, a mol�e
ulas peque~nas de po
os �atomos. Elprin
ipal valor de estos m�etodos 
omputa
ionalmente 
aros es propor
ionar resultados dereferen
ia para 
alibrar otras formula
iones aproximadas, tales 
omo las basadas en teor��ade perturba
iones.En 
uanto los primeros 
�al
ulos aproximados de estru
tura ele
tr�oni
a estuvierondisponibles, se investigaron otras propiedades at�omi
as y mole
ulares. Las magnitudesrela
ionadas 
on propiedades de inter�es espe
tros
�opi
o re
ibieron espe
ial �enfasis. De estamanera, se 
al
ularon propiedades el�e
tri
as (momento dipolar el�e
tri
o, polarizabilidad,hiperpolarizabilidad, et
.) y magn�eti
as (sus
eptibilidad magn�eti
a, magnetizabilidad,par�ametros de la resonan
ia magn�eti
a nu
lear, et
.) mediante m�etodos relativistas. Sehall�o que los par�ametros de la espe
tros
op��a de la RMN, el apantallamiento magn�eti
onu
lear � y el a
oplamiento indire
to entre espines nu
leares J , resultan muy sensibles alos efe
tos relativistas y algunas de las tenden
ias observadas experimentalmente ne
esitande su in
lusi�on para una expli
a
i�on te�ori
a satisfa
toria.Esta tesis est�a rela
ionada 
on la investiga
i�on de los fundamentos de la teor��a rela-tivista de los par�ametros de la RMN y su evalua
i�on ab initio tanto mediante m�etodosperturbativos 
omo 
ompletamente relativistas. No hemos 
onsiderado aqu�� efe
tos de 
or-rela
i�on. En 
ierta medida, esta formula
i�on se justi�
a por el he
ho de que los 
�a
lulosmuestran que, para mu
hos 
ompuestos, ambos efe
tos son aditivos y es posible teneruna buena estima
i�on de su a

i�on 
onjunta 
onsider�andolos independientemente. Unaade
uada in
lusi�on de la 
orrela
i�on en el 
�al
ulo de las propiedades de la RMN dentrode un 
ontexto relativista est�a fuera de los temas dis
utidos en esta t�esis y su desarrollose en
uentra a
tualmente en progreso en nuestro grupo [83℄.1.2 Ele
trodin�ami
a 
u�anti
a en �atomos y mol�e
ulasLos or��genes de la ele
trodin�ami
a 
u�anti
a (QED) est�an profundamente arraigados enel 
ampo de la espe
tros
op��a at�omi
a. En efe
to, la veri�
a
i�on experimental he
ha porLamb, en la d�e
ada de 1940, del desdoblamiento de los niveles de energ��a de los estados2s1=2 y 2p1=2 del �atomo de hidr�ogeno, los 
uales de a
uerdo a la teor��a de Dira
 deber��anser degenerados dio lugar a la b�usqueda de una nueva teor��a 
u�anti
a que in
luyera laintera

i�on entre los ele
trones y la radia
i�on. Este objetivo fue logrado a �nes de losa~nos '40 por las teor��as de R. P. Feynman, J. S
hwinger y S. Tomonaga. Finalmente, F.Dyson demostr�o su equivalen
ia sentando las bases la QED moderna.El denominado 
orrimiento de Lamb fue enton
es entendido 
omo un efe
to debidoprin
ipalmente a la intera

i�on del ele
tr�on 
on s�� mismo emitiendo y re-absorbiendo unfot�on, esto es, un efe
to de autoenerg��a. Se demostr�o que la 
rea
i�on y aniquila
i�onde un par ele
tr�on-positr�on, un efe
to denominado polariza
i�on del va
��o, produ
e una
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ontribu
i�on menor.A lo largo de los a~nos, el 
ampo de apli
a
i�on de la QED estuvo 
on
entrado prin-
ipalmente sobre t�opi
os de f��si
a de altas energ��as donde se demostr�o que la teor��a deperturba
iones 
ovariante, o teor��a de la matrix S, 
onverge y produ
e respuestas biende�nidas. Los problemas de estudio de la �epo
a, ejemplos de libros de texto a
tualmente,son el ya men
ionado 
orrimiento de Lamb, el momento magn�eti
o an�omalo del ele
tr�ony las dispersiones de Compton, Bhabha y M�ller de ele
trones y positrones por fotones,
omo as�� tambi�en la dispersi�on de part��
ulas libres por un 
ampo externo. Todas estasapli
a
iones tienen la 
ara
ter��sti
a 
om�un que los estados no perturbados son estados depart��
ulas libres. Sin embargo, ya en 1951, M. Gell-Mann y F. Low [39℄ propor
ionaronuna t�e
ni
a, generalizada por Su
her en 1957 [102℄, para el 
�al
ulo de 
orrimientos deniveles en sistemas 
on estados ligados. Esta formula
i�on fue apli
ada, por primera vez,a problemas de QED 
on estados ligados por L. Labzowsky en 1970 [57℄. La Ref. [75℄propor
iona una introdu

i�on pedag�ogi
a a la teor��a de la matriz S para estados ligados.Una des
rip
i�on m�as detallada puede en
ontrarse en el libro dado en la Ref. [62℄ y unarevisi�on exahustiva sobre efe
tos de QED en �atomos en la Ref. [76℄.La mayor��a de las apli
a
iones m�as re
ientes tratan 
on el 
�al
ulo de 
orre

ionesde polariza
i�on de va
��o a la estru
tura hiper�na en iones altamente 
argados [58℄, elfa
tor g de ele
trones de valen
ia en �atomos de metales al
alinos [61℄, el fa
tor g de unele
tr�on en iones hidrogenoides [9℄, estima
iones de 
orrimientos de Lamb para ele
tronesde valen
ia en �atomos [90℄ y espe
tro rovibra
ional de mol�e
ulas [91℄. Otras apli
a
ionesno dire
tamente rela
ionadas al �area de la qu��mi
a 
u�anti
a son intera

iones a trav�es defotones en �atomos ex�oti
es, tales 
omo positronio, muonio, et
.[1℄En resumen, la QED de estados ligados es a
tualmente un �area en r�apido 
re
imientode la f��si
a at�omi
a y mole
ular, 
omo 
onse
uen
ia de la 
re
iente pre
isi�on de las medi-
iones experimentales y las mejoras en algoritmos y equipos 
omputa
ionales disponibles.La mayor parte del trabajo desarrollado durante esta tesis estuvo dirigido a poner lateor��a relativista de las propiedades de la RMN dentro del 
ontexto de la QED, y obtenerexpresiones formales de di
hos efe
tos.1.3 Organiza
i�on de esta tesisEsta tesis est�a 
entrada y fuertemente basada en los temas dis
utidos en los dos par�agrafosprevios, es de
ir, en la relatividad y la ele
trodin�ami
a 
u�anti
a. Por lo tanto, ha sidoorganizada en 
uatro Partes. La Parte I 
onsiste de (este) Cap��tulo 1 introdu
torio.La Parte II est�a dividida en tree Cap��tulos (2, 3 y 4) que 
ontienen los fundamentoste�ori
os de esta tesis. En el Cap��tulo 2 se expone la teor��a de la relatividad en la exten-si�on ne
esaria para las apli
a
iones qu��mi
o-
u�anti
as. El Cap��tulo 3 
ontiene la teor��arelativista para el 
�al
ulo de los par�ametros de la Resonan
ia Magn�eti
a Nu
lear J y �.El Cap��tulo 4 expli
a la teor��a de la QED siguiendo la formula
i�on de la matriz S paraestados ligados. En la se

i�on �nal tambi�en se da una versi�on alternativa de la QED (enla forma usada en el art��
ulo 3).La Parte III 
ontiene los resultados obtenidos y reune las 
ontribu
iones originales deesta tesis resumiendo y presentando mis trabajos publi
ados rela
ionados 
on la misma
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idos durante su desarrollo.Finalmente, en la Parte IV, que 
onsiste en el Cap��tulo 7, se da un resumen y 
on
lu-siones de esta tesis.
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Cap��tulo 2Qu��mi
a Cu�anti
a RelativistaIt was found that this equation gave the parti
le a spin of half a quantum. Andalso gave it a magneti
 moment. It gave us the properties that one needed for anele
tron. That was really an unexpe
ted bonus for me, 
ompletely unexpe
ted.{P. A. M. Dira
Again, in the late 1920s Max Born told a group of s
ientists visiting G�otingenthat `physi
s as we know it, will be over in six months'. This was shortly after thedis
overy by Paul Dira
 (: : :) of the Dira
 equation, whi
h governs the behavior ofthe ele
tron. {Stephen Hawking
En este 
ap��tulo 
onsideraremos 
�omo la introdu

i�on de la teor��a de la relatividad mod-i�
a la des
rip
i�on 
u�anti
a de la qu��mi
a.1 La in
uen
ia m�as dire
ta de la relatividadsobre la me
�ani
a 
u�anti
a es el 
ambio en la rela
i�on entre el impulso y la energ��a. Am-bas propiedades din�ami
as son variables fundamentales en la des
rip
i�on Hamiltoniana dela me
�ani
a 
u�anti
a y, 
omo 
onse
uen
ia,la e
ua
i�on de S
hr�odinger debe reemplazarsepor la e
ua
i�on de onda relativista, luego 
ono
ida 
omo e
ua
i�on de Dira
. En la primerse

i�on, damos brevemente las ideas b�asi
as de la teor��a de la relatividad en la medidane
esaria para entender su in
uen
ia sobre la me
�ani
a 
u�anti
a. Este es el tema de lasegunda se

i�on. Finalmente, en la �ultima se

i�on se enumeran y expli
an brevementevarios m�etodos aproximados para el tratamiento de efe
tos relativistas en sistemas poli-ele
tr�oni
os a relativamente bajo 
osto 
omputa
ional.1El nombre \Qu��mi
a 
u�anti
a" es algo redundante dado que la me
�ani
a 
u�anti
a es el origen mismode los fen�omenos qu��mi
os. As��, no puede existir una \Qu��mi
a Clasi
a".11



12 CAP�ITULO 2. QU�IMICA CU�ANTICA RELATIVISTA2.1 Relatividad espe
ialLa teor��a de la relatividad espe
ial fue formulada por A. Einstein al 
omienzo del siglo 20[33℄. El prin
ipio de relatividad alude a la imposibilidad que un tiene observador, ubi
adoen un sistema de referen
ia iner
ial dado, para determinar su estado de movimiento medi-ante experimentos he
hos dentro del sistema iner
ial. Ya a prin
ipios del siglo 16, Galileohab��a 
onsiderado este prin
ipio, notando que no se puede dise~nar ning�un experimentoque dete
te el movimiento absoluto de un observador en un mar
o de referen
ia. Sinembargo, 
omo veremos en esta se

i�on, la novedad introdu
ida por Einstein tiene quever 
on la manera en que est�an rela
ionadas las medi
iones de posi
i�on y tiempo he
hasen diferentes sistemas de referen
ia iner
iales. Un enun
iado m�as fuerte del prin
ipio derelatividad es el prin
ipio de 
ovarianza que estable
e que toda ley f��si
a debe tener lamisma forma 
uando se expresa en t�erminos de 
antidades medidas en diferentes sistemasiner
iales. La idea f��si
a impl��
ita en este prin
ipio es la equivalen
ia de todos los mar
osiner
iales para la des
rip
i�on de las leyes de la Naturaleza. Cualquier teor��a fundamentalest�a reglada por la expresi�on matem�ati
a de este prin
ipio el 
ual es a
tualmente a
eptado
omo una de las piedras fundamentales de la f��si
a moderna.2.1.1 La transforma
i�on de LorentzLa teor��a de la relatividad est�a basada en dos postulados \irre
on
iliables s�olo en apari-en
ia" [33℄:(a) Todas las leyes de la f��si
a deben ser v�alidas en todos los sistemas de referen
ia iner-
iales.(b) La velo
idad de la luz 
 es 
onstante y la misma, independientemente del estado demovimiento de su fuente.El pre
io a pagar para \re
on
iliar" estos dos postulados es el abandono de la no
i�ondel tiempo absoluto en favor de una simultaneidad dependiente del sistema de referen
ia,es de
ir, dos eventos pueden ser simult�aneos en un dado sistema de referen
ia pero puedeno
urrir en diferentes instantes vistos desde otro sistema de referen
ia. Esto se logra, parados mar
os de referen
ia F y F' que se mueven uno respe
to al otro 
on velo
idad relativav en la dire

i�on de sus ejes x (
oin
identes), mediante una transforma
i�on de la forma( x0 = O1(x; t); y0 = yt0 = O2(x; t); z0 = z (2.1)donde, debido al postulado (a) O1 y O2 deben ser transitivos (
uando 
onsideramos tressistemas de referen
ia F, F' y F") y, por lo tanto, dependen linealmente de x, t y lavelo
idad relativa v, esto es, x0t0 ! =  a11(v) a12(v)a21(v) a22(v) ! xt ! : (2.2)El segundo postulado se puede expresar matem�ati
amente 
omo
2�t2 � r2 = 
2�t02 � r02 = 0; (2.3)



2.1. RELATIVIDAD ESPECIAL 13donde �t = t2 � t1 es la diferen
ia de tiempos entre los dos eventos 
onsiderados (t1; r1)y (t2; r2), y r = (x2�x1)2+(y2� y1)2+(z2� z1)2 es la distan
ia entre ellos medidos en elsistema F. �t0 y r0 son las magnitudes 
orrespondientes en F'. Combinando las E
s. (2.2)y (2.3) llegamos a la tansforma
i�on de Lorentz8><>: x0 = x�vtp1�v2=
2 ; y0 = yt0 = t�vx=
2p1�v2=
2 ; z0 = z: (2.4)Rees
ribiendo las 
oordenadas espa
iales y el tiempo 
omo x0 = 
t y r = (x; y; z) =(x1; x2; x3), la transforma
i�on de Lorentz puede es
ribirse 
omo 2x0� = ���x� (� = 0; : : : ; 3); (2.5)donde los 
oe�
ientes ��� est�an dados por��� = 0BBB� 
 ��
 0 0��
 
 0 00 0 1 00 0 0 1 1CCCA ; (2.6)y 
 = p1� �2 es el fa
tor relativista usual, 
on � = v=
 la velo
idad relativa entre lossistemas de referen
ia en unidades de la velo
idad de la luz.La linealidad de la transforma
i�on junto 
on la invarian
ia de la forma 
uadr�ati
as2 = 
2�t2 � �r2, aun 
uando s2 6= 0, sugiere que desde un punto de vista formalla transforma
i�on de Lorentz puede 
onsiderarse 
omo una \rota
i�on" en un espa
io 4-dimensional no Eu
lideo3 de m
oordenadas x� = (x0; r) = (
t; r) que tiene una m�etri
ads2 = g��dx�dx�, 
on el tensor m�etri
o g�� dado porg�� = g�� = 0BBB� 1 0 0 00 �1 0 00 0 �1 00 0 0 �1 1CCCA : (2.7)El intervalo s2 puede expresarse 
omo el produ
to s2 = x�x�, donde x� = g��x�.Tenemos enton
es dos 
onjuntos de 
uatro 
antidades, las posi
iones 
ontravariantesx� = (x0; r) y las 
ovariantes x� = (x0;�r).2De aqu�� en m�as, usaremos la 
onven
i�on de Einstein de que dos ��ndi
es griegos repetidos en unaexpresi�on indi
an suma sobre ellos.3Debemos enfatizar que aun 
uando nos restringimos a la relatividad espe
ial,es de
ir, 
onsideramoss�olo sistemas de referen
ia iner
iales que se mueven 
on velo
idades 
onstantes unos respe
to a otros, el
ar�a
ter inde�nido de la m�etri
a ha
e que el espa
io 4-dimensional sea no Eu
lideo. En los or��genes dela teor��a de la relatividad se us�o una 
oordenadad temporal 
ompleja x4 = i
t para mantener la formade la rela
i�on Pitag�ori
a s2 =P4i=1�x2i . Sin embargo, esto no 
ambia el he
ho que la m�etri
a no tienesigno de�nido, 
on la di�
ultad adi
ional de que el �angulo de rota
i�on resulta 
omplejo.



14 CAP�ITULO 2. QU�IMICA CU�ANTICA RELATIVISTAUna magnitud de inter�es es el llamado tiempo propio, es de
ir, el tiempo medido en elsistema de referen
ia en reposo. Consideremos que F y F' ten��an un origen 
om�un (O = O0)en t0 = t = 0; enton
es, luego de un tiempo t, O0 est�a ubi
ado a una distan
ia x (medidadesde F). La distan
ia 
orrespondiente en F' se obtiene mediante la transforma
i�on deLorentz 
omo x0 = 
(x � vt), pero O0 en F' est�a ubi
ado en x0 = 0. Por lo tanto, lasmedi
iones desde F deben satisfa
er x = vt. Por otra parte, un reloj en O0 medir��a untiempo trans
urrido � = t0 desde el instante t0 = 0 
uando los or��genes 
oin
id��an . Estetiempo � est�a rela
ionado 
on el tiempo t de F por la otra e
ua
i�on de la transforma
i�onde Lorentz � = 
(t � xv=
2). Finalmente, reemplazando x = vt, 
omo hallamos arriba,obtenemos � = tq1� v2=
2: (2.8)La diferen
ial del tiempo propio d� est�a 
one
tado 
on el intervalo ds por la rela
i�onds2 = 
2dt2 � dr2 = 
2d� 2; (2.9)que demuestra que el tiempo propio dt es invariante bajo transforma
iones de Lorentz.El prin
ipio de 
ovarianza puede ahora reexpresarse de una forma un po
o m�as pre-
isa: la expresi�on matem�ati
a de las leyes f��si
as deben preservar su forma bajo transfor-ma
iones de Lorentz. De la misma manera que en el espa
io 3-dimensional esta 
ondi-
i�on se satisfa
e 
uando las e
ua
iones est�an dadas en forma ve
torial, en este espa
io4-dimensional de Lorentz las e
ua
iones de la f��si
a deben es
ribirse en t�erminos de 4-ve
tores.2.1.2 4-ve
toresUn 
onjunto de 
uatro 
antidades a� = (a0; a1; a2; a3) que se transforman 
omo (
t; x; y; z)bajo apli
a
i�on de una transforma
i�on de Lorentz, se di
e que forman un 4-ve
tor 
on-travariante, es de
ir, a0� = ���a� (2.10)Dado que dx� se transforma 
omo un 4-ve
tor y d� es invariante, la 4-velo
idad relativistade�nida 
omo v� = dx�=d� es tambi�en un 4-ve
tor. Usando la E
. (2.8), sus 
ompo-nentes resultan v� = (

; 
v). El 4-impulso est�a tambi�en de�nido {
omo en el r�egimenrelativista{ 
omo el produ
to de la masa de la part�i
ula multipli
ada por su (4-) velo
idadp� = mv� = (
m
; 
mv). Con esa de�ni
�on, la norma de p resulta p�p� = m2
2, estoes, un invariante debido a la ley de transforma
i�on de p�. Enton
es, m resulta tambi�eninvariante, 
omo deb��a ser dado que representa la masa de la part��
ula medida en el sis-tema de referen
ia donde la part��
ula est�a en reposo p�(0) = mv�(0) = (m
; 0).An�alogamente, la 4-fuerza f� est�a de�nida 
omo la derivada respe
to del tiempo (propio)de p�, es de
ir, f� = dp�=d� = 
dp�=dt = 
(m
d
=dt;md(
v)=dt).
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�ani
a Cu�anti
a y Qu��mi
aQuantum me
hani
s is essentially a theory of what we do not know and 
annotpredi
t {Stephen HawkingAnyone who is not sho
ked by the quantum theory does not understand it{Niels BohrLos efe
tos 
u�anti
os entre los 
onstituyentes at�omi
os (en t�erminos generales, n�u
leosy ele
trones) son responsables de todos los fen�omenos qu��mi
os. Estos efe
tos 
u�anti
ospueden des
ribirse a diferentes niveles de so�sti
a
i�on; esto es, in
luyendo (aproximada oexa
tamente) o no otros efe
tos tales 
omo la relatividad, el impulso angular intr��nse
odel esp��n de ele
trones and n�u
leos, o los efe
tos 
u�anti
os del 
ampo ele
tromagn�eti
o.Cualquiera sea el 
aso, el mar
o te�ori
o de la qu��mi
a est�a dado por la e
ua
i�oni�h�	(r; t)�t = H(r;r; t)	(r; t); (2.11)donde r = fr1; r2; : : : ; rng representa el 
onjunto de ve
tores posi
i�on de las n part��
ulas(n�u
leos y ele
trones) pertene
ientes al sistema 
onsiderado y r = fr1;r2; : : : ;rng lasderivadas 
orrespondientes. H es el operador Hamiltoniano y 	 es la fun
i�on de onda quedes
ribe el estado del sistema de mu
has part��
ulas y ambos dependen de las posi
ionesde las part��
ulas y, eventualmente, del tiempo. La ele

i�on del HamiltonianoH determinael nivel de des
rip
i�on del sistema. La 
ara
ter��sti
a sobresaliente de la E
. (2.11) es que,siendo de primer orden en la derivada temporal, el 
ono
imiento del estados del sistemaen un tiempo dado t determina el estado en un instante posterior t + dt, determinandoas�� 
ompletamente la evolu
i�on futura del sistema. 4Por otra parte, para dar 
uenta de las observa
iones experimentales (por ejemplo, elexperimento de la doble rendija), la part��
ula 
u�anti
a debe \vivir" en un estado que esuna superposi
i�on de estados en los 
uales una dada propiedad tiene valores bien de�nidos.esta 
ondi
i�on s�olo puede ser satisfe
ha si H es un operador lineal.Para sistemas 
uyo Hamiltoniano no depende expl��
itamente del tiempo, podemosseparar la dependen
ia respe
to al tiempo y las posi
iones 
omo 	(r; t) = 	(r)e�iEt=�h.Esto nos 
ondu
e a la e
ua
i�on me
ano-
u�anti
a para estados esta
ionarios de energ��a EH(r;r)	(r) = E	(r): (2.12)La qu��mi
a 
u�anti
a no relativista se 
onstruye a partir del Hamiltoniano de S
hr�odingerH = ��h22 nXi=1 1mir2 +Xi 6=j V (ri; rj); (2.13)4Desde este punto de vista, la evolu
i�on temporal de los estados 
u�anti
os es determinista. Sin embargo,se debe re
ordar que el pro
eso de medi
i�on provo
a el 
olapso de la fun
i�on de onda, 
ambiando el estadode manera impredi
tible. All�� es donde apare
e la naturaleza probabil��sti
a de la me
�ani
a 
u�anti
a.



16 CAP�ITULO 2. QU�IMICA CU�ANTICA RELATIVISTAdonde el primer t�ermino representa la energ��a 
in�eti
a total y el segundo es la suma deintera

iones entre pares de part��
ulas. Tambi�en es habitual separar los grados de libertadde n�u
leos y ele
trones basado en la gran diferen
ia entre sus masas. Esto se 
ono
e 
omola aproxima
i�on de Born-Oppenheimer. Dentro de esa aproxima
i�on se 
onsidera que elestado total del sistema 	(r;R) se puede es
ribir 
omo produ
to de la fun
i�on de ondanu
lear '(R) por la fun
i�on de onda ele
tr�oni
a  (r). Por lo tanto, las 
oordenadasnu
leares resultan `par�ametros externos' para la energ��a poten
ial de los ele
trones 
uyosestados satisfa
en una e
ua
i�on para estados esta
ionariosH(r;R;r) (r) = E (r); (2.14)donde H(r;R;r) = � �h22m NXi=1r2i + NXi=1 V (ri;R) + NXi 6=j V (ri; rj); (2.15)V (ri;R) representa la intera

i�on ele
tr�on-n�u
leo, y Pi 6=j V (ri; rj) es la repulsi�on entrepares de ele
trones. En la se

i�on siguiente veremos 
�omo hay que modi�
ar la me
�ani
a
u�anti
a para satisfa
er los requerimientos de la teor��a de la relatividad.



2.3. MEC�ANICA CU�ANTICA RELATIVISTA 172.3 Me
�ani
a Cu�anti
a Relativista2.3.1 E
ua
i�on de Dira
 para la part��
ula libreLa mayor parte de la qu��mi
a te�ori
a est�a rela
ionada al 
�al
ulo de energ��as, ya seadel estado fundamental mole
ular o sus 
orre

iones debida a las perturba
iones de losele
trones o los n�u
leos. Adem�as, la prin
ipal modi�
a
i�on introdu
ida por la relatividadal �area de la qu��mi
a 
u�anti
a es el 
ambio de la expresi�on de la energ��a 
in�eti
a (i.e.,el Hamiltoniano para las part��
ulas libres) seg�un Hf = p2=2m ! Hf = pp2
2 +m2
4.La forma relativista de Hf involu
ra el operador ra��z 
uadrada, 
uyo desarrollo en seriede poten
ias, 
ontiene derivadas de todos los �ordenes, resultando as�� un operador nolo
al. Por otra parte, la alternativa de tomar el 
uadrado de ambos miembros de Hf =pp2
2 +m2
4 para obtenerH2f = p2
2+m2
4 
ondu
e despu�es de sustituir el Hamiltoniano
l�asi
o por el operador 
u�anti
o H ! i�h�=�t a una e
ua
i�on de segundo orden en eltiempo, la llamada e
ua
i�on de Klein-Gordon�2�t2 � 
2r2 +  m
2�h !2 = 0: (2.16)Aparte del he
ho que esta e
ua
i�on no satisfa
e los requerimientos de ser de primer orden
omo se dis
uti�o luego de la E
. (2.11), es bien 
ono
ido que sufre de algunas di�
ultadespara la interpreta
i�on probabil��sti
a de sus solu
iones. En realidad, las solu
iones de laE
. (2.16) no tienen una norma de�nida positiva.Dira
 postul�o [27℄ un Hamiltoniano que veri�
a los siguientes requrerimientos:(a) la fun
i�on de onda debe ser lineal en la derivada temporal,(b) el operador Hamiltoniano debe ser herm��ti
o,(
) la energ��a y el impulso satisfa
en la rela
i�on relativista 
orre
ta para una part��
ularelativista, esto es, E2 = p2
2 +m2
4; (2.17)(d) la densidad  y debe satisfa
er una e
ua
i�on de 
ontinuidad 5, y(e) la e
ua
i�on de onda debe ser 
ovariante ante transforma
iones de Lorentz (es de
ir,debe mantener su forma invariante ante transforma
iones de Lorentz).Las 
ondi
iones (a) y (e) impli
an tambi�en que la e
ua
i�on de onda debe ser linealen las derivadas respe
to a las variables espa
iales. La e
ua
i�on que satisfa
e todas estas
ondi
iones es la e
ua
i�on de Dira
i�h� (x)�t = Hf (x) = h�i�h
� � r + �m
2i (x); (2.18)donde � = (�1; �1; �3) es un 3-ve
tor, y x es el 4-ve
tor (
t; x1; x2; x3). Imponiendo la
ondi
i�on (b), es de
ir Hf = Hyf , obtenemos la e
ua
i�on herm��ti
a 
onjugada de (2.18)�i�h� y(x)�t = Hf y(x) = hi�h
� � r+ �m
2i y(x); (2.19)5Debe notarse que impl��
itamente estamos suponiendo que  no es simplemente un es
alar dado quehemos es
rito  y en lugar de  �.



18 CAP�ITULO 2. QU�IMICA CU�ANTICA RELATIVISTAdonde 
omo 
onse
uen
ia de (b), �i(i = 1; 2; 3) tambi�en resulta herm��ti
a. Multipli
andola E
. (2.18) a la izquierda por  y, la E
. (2.19) a la dere
ha por  , y restandolas entres��, se obtiene �( y )�t = 
( y� � r +r y�� ); (2.20)la 
ual puede ponerse en la forma de una e
ua
i�on de 
ontinuidad ��j� = 0, {veri�
andoas�� la 
ondi
i�on (d){ si de�nimos el 4-ve
tor densidad de 
orriente j� = (�; j), donde�(x) =  y(x) (x) (2.21)j(x) =  y(x)� (x): (2.22)Apli
ando dos ve
es el operador de la E
.(2.18) se tiene��h2�2 �t2 = ��h2
2 3Xi;j=1 12(�i�j +�j�i) � �xi�xj � i�hm
3 3Xi=1(�i�+ ��i) � �xi + �2m
2: (2.23)La E
. (2.16), que veri�
a (
), puede ser satisfe
ha si imponemos las siguientes rela
iones�i�j + �j�i = 2Æij; (2.24)�i� + ��i = 0; (2.25)�i2 = �2 = 1: (2.26)Finalmente, podemos asegurar la 
ovarianza de Lorentz si es
ribimos la e
ua
i�on de Dira
en la forma (i�h
��� �m
) = 0; (2.27)donde hemos de�nido 
� = (
0;
) = (�; ��). Estri
tamente, la �ultima e
ua
i�on se puede
onsiderar 
ovariante de Lorentz s�olo si las 
antidades 
� forman un 4-ve
tor. Para unademostra
i�on de esta propiedad se puede ver, por ejemplo, la Ref. [47℄Una representa
i�on expl��
ita de las matri
es de Dira
� y � est�a dada por la representa
i�onstandard � =  0 �� 0 ! ; � =  1 00 �1 ! ; (2.28)donde � = (�x; �y; �z) son las matri
es de Pauli�x =  0 11 0 ! ; �y =  0 �ii 0 ! ; �z =  1 00 �1 ! : (2.29)Solu
iones de la e
ua
i�on de Dira
 para la part��
ula libreBusquemos solu
iones a la e
ua
i�on de Dira
 para una part��
ula libre de todo 
ampoexterno. Despu�es de separar las dependen
ias espa
ial y temporal de la fun
i�on de onda (r; t) =  (r)e�iEt=�h, la e
ua
i�on de onda independiente del tiempo resultaHfree (r) = E (r); (2.30)
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i�on standard, m
2 
� � p
� � p �m
2 ! '� ! = E  '� ! (2.31)donde hemos es
rito el espinor de 
uatro 
omponentes  en t�erminos de espinores de dos
omponentes ' y �.Dado que el operador impulso p 
onmuta 
onHfree, se puede elegir que los autoestadosde energ��a sean tambi�en autoestados de impulso  p, esto es, estados de impulso de�nidop  p =  '� ! =  '0�0 ! eip � r=�h (2.32)Introdu
iendo  p en la E
. (2.31) esta �ultima tendr�a solu
iones no triviales si el deter-minante del sistema de e
ua
iones se anula. Usando, enton
es, la propiedad(� �A)(� � B) = A �B + i� �A�B (2.33)de las matri
es de Pauli, se obtieneE(�)p = �qp2
2 +m2
4; � = �; (2.34)y  (�)p (r; t) = 1(2��h)3=2vuutm
2 + �Ep�2Ep  '0
� � pm
2+�2Ep'0 ! ei(p � r��Ept)=�h: (2.35)Como puede verse a partir de la E
. (2.34) el espe
tro de energ��as est�a 
ompuesto de dos
ont��nuos de energ��as E(+)p � m
2 and E(�)p � �m
2. La existen
ia de este 
ont��nuo deenerg��a negativa muestra que no resulta apli
able una formula
i�on varia
ional al Hamil-toniano de Dira
. Aunque s�olo hemos 
onsiderado las solu
iones para una part��
ula libre,este es tambi�en el 
aso para los poten
iales de inter�es en problemas at�omi
os y mole
-ulares. Cuando 
onsideramos la ele
trodin�ami
a 
u�anti
a, esos estados ele
tr�oni
os deenerg��a negativa se re-interpretan 
omo estados positr�oni
os de energ��a positiva.2.3.2 La e
ua
i�on de Dira
 para una part��
ula en un 
ampoexternoLa forma 
ovariante de la e
ua
i�on de Dira
, (2.27), para la part��
ula libre, da lugar a la
orrespondiente e
ua
i�on de Dira
 
ovariante para una part��
ula bajo la in
uen
ia de un
ampo ele
tromagn�eti
o externo des
ripto por el 4-poten
ial A� = (�=
;A). En efe
to,la pres
rip
i�on de a
oplamiento m��nimo p� ! p� � qA� produ
e[
�(i�h�� � qA�)�m
℄ = 0; (2.36)lo 
ual, en nota
i�on tridimensional resultai�h� �t = [
� � � + �m
2 + q�℄ ; � = p� qA: (2.37)



20 CAP�ITULO 2. QU�IMICA CU�ANTICA RELATIVISTALa E
. (2.37) des
ribe, por ejemplo, el 
omportamiento de un ele
tr�on (q = �e = �jej)que tiene una energ��a poten
ial V (r) = �e�(r). Para poten
iales independiente deltiempo la fun
i�on de onda  (r; t) puede es
ribirse 
omo  (r; t) =  (r)e�iEt=�h dandolugar a la e
ua
i�on de Dira
 independiente del tiempoE = [
� � � + �m
2 + q�℄ : (2.38)Como ejemplo de una part��
ula en un 
ampo externo, 
onsideremos el importante 
asode un ele
tr�on en 
ampo 
entral.La e
ua
i�on de Dira
 para una part��
ula en un 
ampo 
entralUn problema de inter�es parti
ular es el 
aso 
uando la energ��a poten
ial tiene simetr��aesf�eri
a, V (r) = V (jrj), es de
ir, el poten
ial s�olo depende de la distan
ia (pero no de ladire

i�on de la posi
i�on relativa) entre el ele
tr�on y el 
entro de fuerza, 
omo o
urre 
onel poten
ial nu
lear en los �atomos. Hablando estri
tamente, la repulsi�on ele
tr�on-ele
tr�onen otros �atomos diferentes al hidr�ogeno destruye la invarian
ia rota
ional, al igual que enla me
�ani
a 
u�anti
a no relativista.La e
ua
i�on de Dira
 para los estados esta
ionarios  es V (r) +m
2 
� � p
� � p V (r)�m
2 ! = E : (2.39)Debido a la simetr��a esf�eri
a del 
ampo, los operadores de impulso angular J y de paridadP = ei'
0P0 (donde P0 (r) =  (�r)) 
onmutan 
on el Hamiltoniano. Por lo tanto,podemos elegir estados de energ��a, impulso angular y paridad de�nidos jm(r; t) =  'jlm(r; t)�jlm(r; t) ! ; (2.40)donde 'jlm y �jlm son espinores de dos 
omponentes a determinar. Dado que el operador� � p que apare
e en la E
. (2.39) 
ambia la paridad, los dos espinores ' y � deben tenerparidades opuestas.Las autofun
iones de los operadores de impulso angular y paridad son espinores esf�eri
osdenotados 
omo 
jlm y de�nidos por
jlm = Xm0;ms �l12jjm0msm�Ylm0� 12ms: (2.41)Aqu�� los espinores de dos 
omponentes � 12ms son autofun
iones de los operadores de esp��nS2 = �h2�2=4 and Sz = �h�z=2� 12 12 =  10 ! � 12� 12 =  01 ! ; (2.42)y P0
jlm = (�1)l
jlm.



2.3. MEC�ANICA CU�ANTICA RELATIVISTA 21Proponiendo 'jlm(r) = ig(r)
jlm(r=r) (2.43)�jl0m(r) = �f(r)
jl0m(r=r) (2.44)
on l0 = 2j � l, y luego de algunas manipula
iones [47℄ obtenemos� � p'jlm = �
jlm  �hdgdr + �+ 1r �hg(r)! (2.45)y � � p�jl0m(r) = �i
jl0m  �hdfdr � �� 1r �hf(r)! ; (2.46)hemos de�nido el operador � 
omo � = �h+L � �: (2.47)Insertando las E
s. (2.45) y (2.46) en la E
. (2.39), podemos eliminar las fun
iones an-gulares de la e
ua
i�on de Dira
, obteniendo as�� e
ua
iones diferen
iales para las fun
ionesradiales f y g �h
dg(r)dr + (1 + �)�h
g(r)r � [E +m
2 � V (r)℄f(r) = 0 (2.48)�h
df(r)dr + (1� �)�h
f(r)r + [E �m
2 � V (r)℄g(r) = 0; (2.49)o, 
on las sustitu
iones F (r) = rf(r) G(r) = rg(r); (2.50)�h
dG(r)dr + �h
�rG(r)� [E +m
2 � V (r)℄F (r) = 0�h
dF (r)dr � �h
�r F (r) + [E �m
2 � V (r)℄G(r) = 0; (2.51)que son las e
ua
iones diferen
iales a
opladas usadas habitualmente para la obten
i�on delas fun
iones de onda radiales F y G de la e
ua
i�on de Dira
 en el 
aso de un poten
ialesf�eri
amente sim�etri
o V (r).La e
ua
i�on de Dira
 para el 
ampo de CoulombUn ejemplo parti
ular de un 
ampo 
entral es el de un �atomo (monoele
tr�oni
o) hidrogenoideque tiene una 
arga 
entral nu
lear Ze. La energ��a poten
ial est�a dada por V (r) =�e�(r) = �Z��h
=r, donde � es la 
onstante de estru
tura �na. Como hemos visto enla se

i�on previa, se puede obtener en forma exa
ta la parte angular de la solu
i�on de lae
ua
i�on de Dira
, mientras que las fun
iones de onda radiales se obtienen resolviendo elpar de e
ua
iones a
opladas (2.51). Analizando el 
omportamiento de las solu
iones delas e
ua
iones radiales en la proximidad del origen (r � 0) y suponiendo un desarrollo en



22 CAP�ITULO 2. QU�IMICA CU�ANTICA RELATIVISTAserie de poten
ias G = ar
 y F = br
 
omo ansatz, se dedu
e que si 
2 = �2 � (Z�)2existe una solu
i�on no nula, es de
ir, si se 
umple
 = �q�2 � (Z�)2 = �s�j + 12�2 � Z2�2: (2.52)Imponiendo el requerimiento de que tanto la integral de normaliza
ion 
omo el valor mediodel operador de energ��a poten
ial no deben diverger, se demuestra que 
 debe ser positivo.Enton
es, para estados j + 12 = 1 existir�a una solu
i�on si Z < 1=� ' 137.Las expresiones �nales para las fun
iones de onda radiales normalizadas de estadosligados song(r)f(r) ) = �(2�)3=2�(2
 + 1)vuut (m
2 � E)�(2
 + n0 + 1)4m
2 (n0+
)m
2E ( (n0+
)m
2E � �)n!�(2�r)
�1e��r " (n0 + 
)m
2E � �!F (�n0; 2
 + 1; 2�r)�n0F (1� n0; 2
 + 1; 2�r)℄ ; (2.53)donde F representa la fun
i�on hipergeom�etri
a 
on
uente, y hemos de�nido� = (m2
4 � E2)1=2�h
 ; (2.54)el n�umero 
u�anti
o prin
ipal n est�a rela
ionado 
onn0 = Z�E�h
� � 
 (2.55)a trav�es de la rela
i�on n = n0 + j�j = n0 + j + 12 : (2.56)Los 
orrespondientes autovalores est�an dados porE = m
2 2641 + (Z�)2hn� j � 12 + [(j + 12)2 � (Z�)2℄1=2i2375�1=2 ; (2.57)donde n = 1; 2; 3; : : : ;� = �(j + 12) = �1;�2;�3; : : : : (2.58)2.3.3 Simetr��as de la e
ua
i�on de Dira
Conjuga
i�on de la 
argaApli
ando la 
onjuga
i�on 
ompleja a la e
ua
i�on de Dira
 (2.36)[
��(�i�h�� � qA�)�m
℄ � = 0; (2.59)
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uenta que 
�� = 
� (for � 6= 2) 
2� = �
2; (2.60)y apli
ando el operador C 0 = i
2 a la e
ua
i�on 
onjugada (2.59) se tiene[C 0
��(�i�h�� � qA�) � �m
(C 0 �)℄ = 0: (2.61)Se veri�
a f�a
ilmente que el operador C 0 satisfa
e la rela
ion C 0
�� = �
�C 0. Enton
es lase
. (2.61) resulta [
�(i�h�� + qA�)�m
℄(C 0 �) = 0; (2.62)que 
orresponde a la e
ua
i�on de Dira
 de una part��
ula de masa m igual a la del ele
tr�on,pero de 
arga opuesta �q, que tiene autoestados C = C 0K0 , siendo K0 el operador de
onjuga
i�on 
ompleja. El operador C es el denominado operador de 
onjuga
i�on de 
arga.Para estados esta
ionarios, la fa
toriza
i�on  (r; t) =  (r)e�iEt=�h da la e
ua
i�on de 
arga
onjugada [
� � p+ �m
2 � q�+ q� �A℄C (r) = �EC (r); (2.63)demostrando que los estados de 
arga 
onjugada C 
orresponden a estados de energ��anegativa �E si el estado  tiene autovalor de energ��a E.Inversi�on temporalDe�namos el operador T 0 = �i�y, donde� =  � 00 � ! : (2.64)La apli
a
i�on del operador T 0 a la e
ua
i�on 
onjugada 
ompleja (2.59) da[T 0
��(�i�h�� � qA�) � �m
(T 0 �)℄ = 0: (2.65)Teniendo en 
uenta que T 0 satisfa
e las rela
ionesT 0
�� = �
�T 0 (for � 6= 0); T 0
0 = 
0T 0 (2.66)obtenemos [
�(i�h�� + qA�)�m
℄(T 0 �) = 0; (2.67)2.3.4 L��mite no relativista de la e
ua
i�on de Dira
 monoele
-tr�oni
aLa e
ua
i�on de Dira
 para un ele
tr�on en presen
ia de un 
ampo externo y ex
luyendo laenerg��a de la masa en reposo m
2HD (r) = h�
� � � + (� � 1)m
2 + V (r)i (r) = E (r) (2.68)



24 CAP�ITULO 2. QU�IMICA CU�ANTICA RELATIVISTApuede es
ribirse 
omo un par de e
ua
iones a
opladas para la 
omponente superior ogrande,  L, y la 
omponente inferior o peque~na,  S, de la fun
i�on de onda de Dira
  ( V  L+ 
� � � S = E L
� � � L+ (V � 2m
2) S = E S (2.69)A partir de la segunda E
. (2.69) se tiene la siguiente rela
i�on entre las 
omponentesgrandes y peque~nas  S = (E � V + 2m
2)�1
� � � L; (2.70)la 
ual, luego de reemplazar en la primera de las E
s. (2.69), produ
e una e
ua
i�on deonda de dos 
omponentes para  L Hes
(E) L = E L; (2.71)donde Hes
(E) = 
� � �(E � V + 2m
2)�1
� � � + V (r): (2.72)es el Hamiltoniano obtenido por elimina
i�on de las 
omponentes peque~nas. La �ultimae
ua
i�on tiene la obvia di�
ultad que el Hamiltoniano Hes
(E) depende del autovalor deenerg��a des
ono
ido E. Sin embargo, en el l��mite no relativista, 
uando E �V � m
2, sepuede usar la aproxima
i�on (E � V + 2m
2)�1 ' (2m
2)�1 6 y Hes
 resulta Hes
 ' HP ,donde HP es el Hamiltoniano de PauliHP = 12m [� � (p+ eA)℄2 + V (r) (2.73)que des
ribe una part��
ula no relativista de esp��n 1=2 que posee una 
arga igual a laele
tr�oni
a. Dentro de esta aproxima
i�on, las 
omponentes grandes y peque~nas de lafun
i�on de onda de Dira
 est�an rela
ionadas por S = � � �2m
  L (2.74)Desarrollando (E � V + 2m
2)�1 en la E
. (2.72) hasta O(m
2�4), se tieneH = HS
h + e�hm s �B � e�h4m2
2s�(� �E �E � �)� �48m3
2 + e�h28m2
2 (r�E)� e�h2m3
2s �B�2; (2.75)donde los t�erminos despu�es del Hamiltoniano de S
hr�odinger representan los Hamilto-nianos perturbativos de Zeeman (OZ), Esp��n- �Orbita (SO), mass-velo
ity (MV), Darwin(DW) y mass-velo
ity external-�eld (MVEF).6La elimina
i�on de las 
omponentes peque~nas se basa en el he
ho que E � V es mu
ho menor que2m
2. Sin embargo, esto no es as�� 
uando V es un poten
ial 
entral en la regi�on en torno al 
entro defuerza donde V diverge. En tal 
aso, se puede es
ribir un desarrollo diferente en t�erminos del par�ametroE(2m
2 � V )�1. Esta es la base del m�etodo ZORA (Zeroth-Order Regular Approximation).



2.4. M�ETODOS RELATIVISTAS PARA C�ALCULOS DE ESTRUCTURA ELECTR �ONICA252.4 M�etodos relativistas para 
�al
ulos de estru
turaele
tr�oni
aAt present, 
omputers are a useful aid in resear
h, but they have to be dire
tedby human minds. If one extrapolates their re
ent rapid development, however, itwould seem quite possible that they will take over altogether in theoreti
al physi
s.So may be the end is in sight for theoreti
al physi
ists, if not for theoreti
al physi
s.{Sthephen HawkingS�olo en algunos 
asos muy sim�etri
os es posible resolver exa
tamente la 
ua
i�on de Dira
.Esta di�
ultad para resolver situa
iones m�as realistas tiene dos or��genes; por una parte,en las mol�e
ulas no existe simetr��a 
entral y mu
has de las simpli�
a
iones usadas enlas solu
i�on del �atomo de hidr�ogeno ya no son v�alidas; y por otra parte, aun los �atomospoliele
tr�oni
os 
on simetr��a 
entral in
luyen la intera

i�on entre ele
trones lo 
ual tam-bi�en rompe la simetr��a esf�eri
a. La ne
esidad de superar tales di�
ultades 
ondujo ahip�otesis simpli�
adoras para modelar los Hamiltonianos no sim�etri
os mediante algunostratamientos aproximados que 
onsideraremos a 
ontinua
i�on.2.4.1 El m�etodo de Dira
-Fo
kEl m�etodo de Dira
-Fo
k es an�alogo de 
uatro 
omponentes del m�etodo ampliamente usa-do de Hartree-Fo
k que propor
iona la base de todo 
�al
ulo ab initio en qu��mi
a 
u�anti
a.Desde los a~nos 1970's se han usado exitosamente m�etodos num�eri
os en 
�al
ulos at�omi
osde Dira
-Fo
k [25, 44℄. Se ensayaron tambi�en algunas extensiones a mol�e
ulas diat�omi
as[56, 103, 104℄, pero la extensi�on a mol�e
ulas poliat�omi
as demostr�o ser po
o pr�a
ti
a.La alternativa a los m�etodos num�eri
os es el uso de desarrollo en fun
iones de base. Sinembargo, la formula
i�on algebrai
a sufri�o ini
ialmente del llamado 
olapso varia
ional.Este problema fue superado luego del des
ubrimiento de que las fun
iones de base paralas 
omponentes peque~nas f'S�g deben estar rela
ionadas 
on las fun
iones de base de las
omponentes grandes f'L�g mediante la 
ondi
i�on de balan
e 
in�eti
o [100℄f'S�g � f� � p'L�g (2.76)En el m�etodo de Dira
-Fo
k, que utiliza una fun
i�on de onda poliele
tr�oni
a monode-terminantal 
onstruida a partir de espinores de 
uatro 
omponentes jji, podemos es
ribirla energ��a de Dira
-Fo
k no restringido 
omoE = NXj=1 hjj hD jji+ 12 NXj;k=1 [hjkj g jjki � hjkj g jkji℄ : (2.77)El hamiltoniano monoele
tr�oni
o para un ele
tr�on en el 
ampo de un n�u
leo eshD = 
� � p+ (� � 1)m
2 + Vnu
; (2.78)



26 CAP�ITULO 2. QU�IMICA CU�ANTICA RELATIVISTAy g(r1; r2) = 1r12 : (2.79)Es
ribiendo los espinores de 
uatro 
omponentes en t�erminos de los espinores 
omponentesgrande y peque~na jL y jS, jji =  jLjS ! ; (2.80)obtenemos las siguientes expresiones para los elementos de matriz de los operadores mono-y bi-ele
tr�oni
os hjjhD jji = 
 hDjL���� � p ���jSE� DjS���� � p ���jLEi+ DjL���Vnu
 ���jLE+ DjS���Vnu
 � 2
2 ���jSE ; (2.81)hjkj g jjki = DjLkL��� jLkLi+ DjLkS��� jLkSi+ DjSkL��� jSkLi+ DjSkS��� jSkSi; (2.82)hjkj g jkji = DjLkL��� kLjLi+ DjLkS��� kLjSi+ DjSkL��� kSjLi+ DjSkS��� kSjSi: (2.83)Desarrollando las 
omponentes grandes y peque~nas en una base de espinores de dos 
om-ponentes f���'L�E ; ���'S�Eg���jLE =X� 
L�j ���'L�E ; ���jSE =X� 
S�j ���'S�E ; (2.84)de�niendo los elementos de matriz de la energ��a poten
ial nu
lear, el solapamiento, laenerg��a 
in�eti
a y la matriz densidad medianteV XX�� = D'X� ���Vnu
 ���'X� E ; (2.85)SXX�� = D'X� ���'X� i; (2.86)�XY�� = D'X� ���� � p ���'Y� E (2.87)DXY�� = NXj=1 
Xy�j 
Y�j; (2.88)respe
tivamente, donde X y Y pueden ser L o S, 
on las restri

i�on que para los elementosde matriz de la energ��a 
in�eti
a X 6= Y , la energ��a de Dira
-Fo
k resulta fun
i�on de los
oe�
ientes de las 
omponentes grandes y peque~nasE = E(
L�j; 
S�j): (2.89)Diferen
iando 
on respe
to a los 
oe�
ientes 
L�j y 
S�j, se tiene las siguiente representa
i�onmatri
ial de las e
ua
iones de Dira
-Fo
k F LL � "SLL F LSF SL F SS � "SSS ! 
LL
SS ! = 0; (2.90)



2.4. M�ETODOS RELATIVISTAS PARA C�ALCULOS DE ESTRUCTURA ELECTR �ONICA27donde los elementos de los diferentes bloques de la matriz de Fo
k est�an de�nidos porFLL�� = V LL�� + X�� hDLL�� fD�L�L��� �L�Lig � D�L�L����L�Ligi+ DSS�� h�jL �S�L�Si; (2.91)F SS�� = V SS�� � 2
2SSS�� +X�� hDSS�� nD�S�S��� �S�Sig � fD�S�S����S�Sioi+ DSS�� D�S�L��� �S�Li; (2.92)FLS�� = 
�LS�� � X�� DLS�� D�L�S����L�Si = F SLy�� : (2.93)2.4.2 M�etodos PerturbativosPara la mayor��a de los elementos de la tabla peri�odi
a los efe
tos de la relatividad son m�asbien peque~nos. Por lo tanto, para un gran grupo de 
ompuestos, los efe
tos relativistasse pueden 
onsiderar 
omo una perturba
i�on a las energ��as y estados no perturbados deHamiltonianos m�as simples. Estos m�etodos de dos 
omponentes basados en teor��a deperturba
iones tienen la virtud de ser 
omputa
ionalmente menos exigentes que los de
uatro 
omponentes.En la Se

i�on 2.3.4 hemos 
onsiderado la 
uesti�on de la obten
i�on del l��mite no rela-tivista de la e
ua
i�on de Dira
. All�� se demostr�o que manipulando la e
ua
i�on de Dira
,mediante la elimina
i�on de la 
omponente peque~na, y aproximando el Hamiltoniano efe
-tivo resultante, se re
upera el Hamiltoniano de Shr�odinger (o de Pauli). Sin embargo,rigurosamente ni el Hamiltoniano de Dira
 ni la e
ua
i�on de Dira
 tienen l��mites 
on-vergentes 
uando 
 tiende a in�nito. Divesos m�etodos han abordado este problema dedeterminar el l��mite no relativista y 
�omo in
luir perturbativamente los efe
tos de la rela-tividad. Siguiendo la 
lasi�
a
i�on de Kutzelnigg, podemos 
ara
terizar estos m�etodos dea
uerdo al 
omportamiento de su desarrollo en poten
ias de 
�2.Las resolventes de las e
ua
iones de Dira
 y S
hr�odinger est�an de�nidas porG(z)(z �HD + 
2) = 1; G0(z)(z �HS
h) = 1; (2.94)tales que G(z) y G0(z) est�an rela
ionadas medianteG(z) =  G0(1�MG0)�1 G0(1�MG0)�1� � pk=2
k� � p(1�MG0)�1=2
 k=(2
2) + k� � pG0(1�MG0)�1� � pk=(4
2) ! ;(2.95)donde M = 12� � p(k � 1)� � p = 14
2� � p(V � E)k� � p; (2.96)y k = �1� V � E2m
2 ��1 : (2.97)Para 
!1 obtenemos el l��mite no relativistalim
!1G(z) =  G0 00 0 ! : (2.98)



28 CAP�ITULO 2. QU�IMICA CU�ANTICA RELATIVISTAEn 
onse
uen
ia, es un rasgo notable de la e
ua
i�on relativista que exista un l��mite norelativista para la resolvente del Hamiltoniano de Dira
 G(z) aunque no existe para elHamiltoniano mismo.Bajo los pr�oximos tres t��tulos resumiremos, siguiendo a Kutzelnigg [55℄, una var-iedad de m�etodos agrupados de a
uerdo a su 
omportamiento anal��ti
o en t�erminos delpar�ametro de perturba
i�on. Entre los tres grupos, el primero es el m�as riguroso, mientrasque el �ultimo grupo resulta ser el de peor 
omportamiento; el segundo grupo tiene unaposi
i�on intermedia entre estos dos 
omportamientos extremos.Teor��a de Perturba
iones Dire
taSe ha demostrado que es posible desarrollar una teor��a de perturba
iones sin re
urrir aldesa
oplamiento de las 
omponentes grandes y peque~nas [54℄. En esta teor��a se mantienenlas 
uatro 
omponentes aun en el l��mite no relativista. Esta teor��a re
ibe el nombre deteor��a de perturba
iones dire
ta. Se pueden hallar ante
edentes de esta t�e
ni
a en losm�etodos de Sewell [99℄, Rutkowsky [98℄ y Gesztesy, Groose y Thaller [40℄.La pres
rip
i�on 
onsiste en pro
eder de diferente manera 
on los autoestados de en-erg��as positiva y negativa de la e
ua
i�on de Dira
. En el 
aso de este �ultimo, se resta 2m
2de HD y se apli
a la siguiente transforma
i�on =  '� !!  '~� ! =  '
� ! =  +: (2.99)Esta transforma
i�on 
ambia la m�etri
a desde la m�etri
a identidad aS+ =  1 00 1=
2 ! (2.100)y el operador de Dira
 aHD ! H+D =  V � � p� � p �2 + V=(m
2) ! ; (2.101)de tal manera que la e
ua
i�on de Dira
 resultaH+D + = E+S+ +; E+ = E �m
2: (2.102)En el 
aso de estados de energ��a negativa, las E
s. (2.99) y (2.100) se reemplazan por =  '� !!  ~'� ! =  
'� ! =  �: (2.103)y S� =  1=
2 00 1 ! (2.104)y las E
s. (2.101) y (2.102) porHD ! H�D =  2 + V=(m
2) � � p� � p V ! ; (2.105)



2.4. M�ETODOS RELATIVISTAS PARA C�ALCULOS DE ESTRUCTURA ELECTR �ONICA29y H�D � = E� �; E� = E +m
2: (2.106)Tanto H+D 
omo S+ tienen desarrollos en 1=
2 bien de�nidosH+D = H(0)D + 
�2H(2)D ; S+ = S(0) + 
�2S(2); (2.107)H(0)D =  V � � p� � p �2m ! H(2)D =  0 00 V ! ; (2.108)S(0) =  1 00 0 ! ; S(2) =  0 00 1 ! : (2.109)El l��mite no relativista de la e
ua
i�on de Dira
 
on m�etri
a dependiente de 
, E
. (2.101),es H(0)D  (0) = E0S(0) (0); (2.110)la 
ual es la e
ua
i�on de onda lineal para part��
ulas no relativistas de esp��n 1/2 en t�erminosde espinores de 
uatro 
omponentes. El Hamiltoniano H(0)D es el Hamiltoniano de L�evy-Leblond, que resulta del estudio de las representa
iones irredu
ibles del grupo de Galileo[66, 67℄. Es notable que H(0)D des
ribe el esp��n 
orre
tamente, in
luida la raz�on giro-magn�eti
a g = 2.Hamiltonianos efe
tivos para la 
omponente grandeEl m�etodo de elimina
i�on de las 
omponentes peque~nas bosquejado en la Se

i�on 2.3.4es una manera habitual de obtener el l��mite no relativista de la e
ua
i�on de Dira
. Co-mo se ha demostrado, este m�etodo est�a basado en la 
onstru

i�on de un Hamiltonianoefe
tivo de dos 
omponentes Heff 
uyas autofun
iones son las 
omponentes grandes de lafun
i�on de onda de Dira
. Como se se~nal�o en la men
ionada Se

i�on, este Hamiltonianoresulta dependiente de la energ��a. Esta di�
ultad se puede superar mediante una trans-forma
i�on de similaridad 
on la 
ondi
i�on de normaliza
i�on intermedia [55℄. En 
ualquier
aso, usualmente se desarrolla el Heff resultante en poten
ias de 
�2. Cuando este de-sarrollo es v�alido, es posible apli
ar formalmente la teor��a de perturba
iones usual 
on
�2 
omo par�ametro perturbativo. Sin embargo, estos Hamiltonianos generalmente tienensingularidades espurias no presentes en HD. En parti
ular, a partir de la dedu

i�on dela Se

i�on 2.3.4, es 
laro que la aproxima
i�on usada para obtener Hes
 es leg��tima parajV � Ej < 2m
2, es de
ir, para un poten
ial de Coulomb y un estado ligado, 
uandor > Z=(2m
2 + E).Sin embargo, debemos de
ir que es posible superar las di�
ultades anteriores parti
io-nando el denominador que apare
e en el pro
eso de eliminar la 
omponente peque~na deuna manera diferente, tal 
omo�1� V � E2m
2 ��1 = 2m
22m
2 � V �1 + E2m
2 � V ��1 : (2.111)Por lo tanto, el hamiltoniano efe
tivo resulta una serie de poten
ias en el nuevo par�ametrode expansi�on �E2m
2 � V : (2.112)



30 CAP�ITULO 2. QU�IMICA CU�ANTICA RELATIVISTAEste pro
edimiento se 
ono
e 
omo el m�etodo de aproxima
i�on regular, y su desarrollotrun
ado al orden m�as bajo es el m�etodo ZORA (Zeroth-Order Regular Approximation)[109, 18℄. Se ha demostrado que el Hamiltoniano ZORA es inferiormente a
otado parapoten
iales atra
tivos tipo Coul�ombi
os y Z < 137 [108℄. En esta referen
ia tambi�ense dis
ute la 
orresponden
ia entre los espe
tros de autovalores de Dira
 y ZORA. Debenotarse que HZORA no diverge para ning�un valor de r y, en parti
ular, el origen del 
entrode fuerza ya no es un punto singular.Transforma
iones de tipo Foldy-WouthuysenBajo este t��tulo in
luimos el Hamiltoniano original de Foldy-Wouthuysen [35℄ y m�etodosrela
ionados al mismo [84℄. La idea general es usar una transforma
i�on de similaridadpara transformar el hamiltoniano de Dira
 (ex
luyendo la masa en reposo) a una formadiagonal por bloques HFW = 
yHD
 =  H+FW 00 H�FW ! ; (2.113)esto es, los estados de energ��a positiva se desa
oplan de los estados de energ��a negativa.Sin embargo, no se 
ono
e H+FW de manera 
errada y la �uni
a manera 
ono
ida de 
on-struirlo es mediante su desarrollo en poten
ias de 
�1 sin una valida
i�on rigurosa [78℄. Lasdi�
ultades 
on este m�etodo surgen del he
ho que las autofun
iones  FW del Hamiltoni-ano H+FW di�eren de las 
onponentes grandes de la fun
i�on de onda de Dira
, y mientrasel �ultimo es anal��ti
o en 
�1, el primero no. Adem�as,  FW m�as bien resulta altamentesingular en r = 0 y no normalizable. Debido a este tipo de problemas la reputa
i�on deeste m�etodo de
ay�o ha
e unos veinte a~nos. Por ejemplo, para el �atomo de hidr�ogeno, aun
uando la 
orre

i�on de segundo orden a la energ��a obtenida 
on H+FW da el valor 
orre
to,la 
orre

i�on de 
uarto orden tiene 
ontribu
iones de dos t�erminos divergentes de signosopuestos, resultando indeterminada [77℄. Los t�erminos de �ordenes superiores resultan aunm�as singulares y no hay manera evidente y sistem�ati
a de renormalizar los resultados.2.4.3 Otros m�etodosDeber��amos tambi�en men
ionar la existen
ia de otros m�etodos que in
luyen los efe
tosde las relatividad usados en 
�al
ulos de estru
tura ele
tr�oni
a. Ejemplos de ellos son losm�etodos basados en la teor��a de la fun
ional densidad (DFT) y los de poten
iales del \
ore"efe
tivos relativistas (m�etodos RECP). Sin embargo, 
omo �estos no est�an dire
tamenterela
ionados 
on esta tesis, no ser�an dis
utidos aqu��.



Cap��tulo 3La Relatividad y los par�ametros dela RMN
3.1 Los par�ametros de la Resonan
ia Magn�eti
a Nu-
learLa espe
tros
op��a se puede 
ara
terizar 
omo el an�alisis de la respuesta de la materia(es de
ir, de las transi
iones entre estados) a su ex
ita
i�on por parte de una radia
i�onespe
���
a. Typi
amente, 
omo 
onse
uen
ia de la emisi�on o absor
i�on de un 
uanto deradia
i�on de fre
uen
ia � la materia 
ambia su energ��a en una 
antidad �E = h�. Por lotanto, la es
ala de fre
uen
ia tambi�en determina la es
ala de energ��a o, en otras palabras,los estados de la materia involu
rados en las transi
iones. La espe
tros
op��a basada enel espe
tro visible predomin�o hasta el desarrollo de las t�e
ni
as basadas en ondas de ra-dio a �nales de los a~nos 1940 dando lugar a la Resonan
ia Magn�eti
a Nu
lear (RMN).De all�� en m�as, los estudios de RMN sufrieron una r�apida expansi�on 
onvirti�endose pron-to en una herramienta fundamental para el anal��sis de estru
turas at�omi
as y mole
ulares.El fen�omeno de la RMN est�a basado en la propiedad de los n�u
leos de tener momen-tos dipolares magn�eti
os � aso
iados 
on sus impulsos angulares nu
lear intr��se
os delesp��n I. En 
onse
uen
ia, la apli
a
i�on de un 
ampo magn�eti
o externo a un sistema den�u
leos magneti
os da lugar a una energ��a magn�eti
a debida tanto a la intera

i�on entrelos momentos magn�eti
os nu
leares 
on el 
ampo externo 
omo a la intera

i�on de paresde n�u
leos entre s��. La primera est�a des
ripta por el tensor de apantallamiento magn�eti
onu
lear tensor �ij en tanto que la �ultima est�a 
ara
terizada por los tensores dire
to, Dij,e indire
to de a
oplamiento entre espines nu
leares, Jij.El origen de los par�ametros �, D y J se puede entender en t�erminos de la intera

i�onde momentos dipolares 
u�anti
os en presen
ia de un 
ampo externo. Un n�u
leo magn�eti
oIN despojado de sus ele
trones y ubi
ado en un 
ampo magn�eti
o B tiene una energ��amagn�eti
a �E = ��N �B. Sin embargo, el 
ampo magn�eti
o generado por la 
orrienteele
tr�oni
a modi�
a esta intera

i�on, apantallando o reforzando as�� el 
ampo externo.31



32 CAP�ITULO 3. LA RELATIVIDAD Y LOS PAR�AMETROS DE LA RMNFenomenol�ogi
amente, el 
orrimiento a la energ��a puede ser des
ripta mediante unaexpresi�on de la forma �EN = ��NiBj(Æij � �ij); (3.1)donde ��ijBj es la i-�esima 
omponente del 
ampo produ
ido por la 
orriente ele
tr�oni
ay el 
orrimiento de energ��a �Ni�ijBj de�ne el tensor �.3.2 Teor��a de los par�ametros de la RMNLa apli
a
i�on de un 
ampo magn�eti
o externo a un sistema de ele
trones y n�u
leos revelasus grados de libertad de esp��n, que 
are
en de 
ontraparte 
l�asi
a. Como 
onse
uen
ia,la degenera
i�on aso
iada a diferentes estados de esp��n se rompe y el espe
tro de energ��amuestra desdoblamientos debidos a los valores dis
retos que pueden asumir la 
omponentede los espines ele
tr�oni
o s y nu
lear IN sobre la dire

i�on del 
ampo.En la espe
tros
op��a de RMN, el 
ampo magn�eti
o tiene dos or��genes: el 
ampo ex-terno uniforme apli
ado B, y el 
ampo produ
ido por los momentos magn�eti
os de losn�u
leos aso
iados a sus espines nu
leares IN . Denotaremos estos 
ampos 
omo AB y AN ,respe
tivamente, y est�an dados porAB = 12B � r (3.2)AN = �04�
N�hIN � rNr3N ; (3.3)donde rN = r �RN es la posi
i�on del ele
tr�on relativa al n�u
leo N.3.2.1 Teor��a no relativistaLa des
rip
i�on no relativista de los grados de libertad de esp��n de un sistema de ele
tronesque se mueven en el 
ampo de n�u
leos �jos, y en presen
ia de un 
ampo magn�eti
oB = r�A, se obtiene reemplazando el hamiltoniano de S
hr�odinger, E
. (2.15), por elHamiltoniano de PauliHP = 12mXi [�i � (pi + eA(ri))℄2 �XN Xi ZNe24��0riN +Xi 6=j e24��0rij (3.4)Como se demostr�o en la Se

i�on 2.3.4, la E
. (3.4) representa la generaliza
i�on del Hamil-toniano de S
hr�odinger, E
. (2.15), que in
luye las variables de esp��n si = (�h=2)�i deli-�esimo ele
tr�on. Los operadores � = (�x; �y; �z) se pueden representar (para el 
aso depart��
ulas de esp��n 1/2) por las matri
es de Pauli�x =  0 11 0 ! ; �y =  0 �ii 0 ! ; �z =  1 00 �1 ! : (3.5)Usando la propiedad (� �A)(� � B) = A �B + i� �A�B (3.6)



3.2. TEOR�IA DE LOS PAR�AMETROS DE LA RMN 33de las matri
es de Pauli en el primer t�ermino de la E
. (3.4), obtenemos(���)2 = �2 + i��� � �; (3.7)donde � = p + eA(r). Teniendo en 
uenta que A(r) es un operador multipli
ativo, yusando el gauge de Coulomb, r�A = 0; (3.8)tenemos (���)2 = p2 + e2A2 + 2eA�p+ e�h��r�A: (3.9)Por lo tanto, la E
. (3.4) resultaHP = HS
h + e22mXi A2(ri) + emXi A(ri)�pi + e�h2m�i�B(ri); (3.10)donde hemos usado la de�ni
i�on del poten
ial ve
tor r�A = B. Consideremos ahora el
aso en que los poten
iales ve
toriales son aquellos de inter�es para la espe
tros
op��a deRMN, es de
ir, las E
s.(3.2) y (3.3), dadas arriba. En este 
aso, la E
. (3.10) resultaHP = HS
h + e22mXi "A2B(ri) + XNMAN(ri)�AM(ri) + 2XN AN(ri)�AB(ri)#+ emXi "AB(ri)�pi +XN AN(ri)�pi#+ e�h2mXi �i "�B +XN BN(ri)# ; (3.11)donde BN(r) = r�AN (r) = �04�r�  �N � rNr3N != ��04� "Æ(rN)�N + �Nr3N � 3(�N �rN)rNr5N # (3.12)es el 
ampo magn�eti
o produ
ido por los momentos dipolares nu
leares �N . El primert�ermino se anula en todo el espa
io ex
epto en la posi
i�on del n�u
leo. Esto da origen alHamiltoniano de Conta
to de Fermi (FC). La E
. (3.11) se puede es
ribir 
omoHP = HS
h +Xi "HBB(ri) + XNMHINIM (ri) +HINB(ri)+ HB(ri) +XN HIN (ri) +H�B(ri) +XN HFC�IN (ri) +XN H�IN (ri)# ; (3.13)donde los sub��ndi
es en los Hamiltonianos perturbativos indi
an la dependen
ia respe
todel 
ampo externo, B, los espines nu
leares, IN e IM , y el esp��n ele
tr�oni
o, �, y hemosseparado expl��
itamente el Hamiltoniano de Conta
to de Fermi HFC�IN de la E
. (3.12).



34 CAP�ITULO 3. LA RELATIVIDAD Y LOS PAR�AMETROS DE LA RMN3.2.2 Teor��a relativistaLa teor��a relativista de los par�ametros de la RMN tiene un fundamento similar a su
ontraparte no relativista. Los 
orrimientos de energ��a se 
al
ulan mediante teor��a deperturba
iones de segundo orden 
on fun
iones de onda de 
uatro 
omponentes y pertur-ba
iones relativistas dedu
idas a partir de la apli
a
i�on de la pres
rip
i�on de a
oplamientom��nimo al Hamiltoniano 
ompletamente relativista.Partiendo del Hamiltoniano de Dira
 obtenemos los Hamiltonian perturbativosHI = e
� �A; (3.14)
on A = AN +AB. El Hamiltoniano (3.14) fue usado por primera vez por Pyykk�o en laformula
i�on de los an�alogos relativistas de las teor��as de Ramsey del a
oplamiento entreespines nu
leares [85℄ y del apantallamiento magn�eti
o nu
lear [88℄.Reemplazando las E
s. (3.2) y (3.3) en la E
. (3.14) tenemosHB = e
2 r � � � B (3.15)HN = �04�e

N�hrN � �r3N � IN : (3.16)Por lo tanto, la teor��a de perturba
iones de segundo orden propor
iona las expresionesrelativistas del apantallamiento magn�eti
o nu
lear en el n�u
leo N�Rij(N) = �08�e
�h
N Xn 1E(0)n � E(0)0 h0j (�� r)i jni hnj (�� rN)jr3N j0i+ 
:
:; (3.17)y del a
oplamiento indire
to entre los espines nu
leares de los n�u
leos N y MJRij =  �0e
�h4� !2 
N
M Xn 1E(0)n � E(0)0 h0j (�� rN)ir3N jni hnj (�� rM)jr3M j0i+ 
:
: (3.18)Debemos notar que, en el r�egimen relativista, no apare
e ning�un Hamiltoniano pertur-bativo 
uadr�ati
o en A. Por lo tanto, debemos veri�
ar 
�omo �Rij y JR dan lugar a lospar�ametros no relativistas. �Este es el tema del pr�oximo par�agrafo.3.2.3 Corre

iones relativistas a los par�ametros de la RMNLos tensores relativistas de la RMN �Rij y JRij , E
s. (3.17) y (3.18), se 
al
ulan en t�erminosde elementos de matriz de operadores que 
ontienen las matri
es de Dira
� entre fun
ionesde onda de 
uatro 
omponentes  . La rela
i�on entre las 
omponentes grande y peque~nade  fue tratada en la Se

i�on 2.3.4. En esta Se

i�on 
onsideraremos las 
onse
uen
ias deaproximar la rela
i�on exa
ta entre las 
omponentes grande y peque~na sobre el 
�al
ulo delos elementos de matriz que se ne
esitan en las expresiones de los tensores �ij y Jij.



3.2. TEOR�IA DE LOS PAR�AMETROS DE LA RMN 35El l��mite no relativistaLos l��mites no relativistas de los par�ametros de la RMN se obtienen formalmente ha
iendotender 
 a in�nito. Esto 
orresponde a aproximar los elementos de matriz de las E
s. (3.17)y (3.18) desarrollando la rela
i�on entre las 
omponentes grande y peque~na de las fun
ionesde onda relativistas  en poten
ias de (1=
) y reteniendo s�olo el m�as bajo orden en (1=
).Las matri
es de Dira
 � que apare
en en los elementos de matriz entre fun
ionesde onda de 
uatro 
omponentes  mez
lan 
omponentes grandes y peque~nas ha
iendoque los elementos de matriz entre fun
iones de onda de energ��as positiva y negativa seanmayores que aquellos entre autofun
iones 
orrespondientes a autovalores de energ��a delmismo signo. En la aproxima
i�on de m�as bajo orden, las 
omponentes grande y peque~naest�an rela
ionadas a trav�es de la E
. (2.74). Por lo tanto, se pueden es
ribir los elementosde matriz s�olo en t�erminos de las 
omponentes grandes, aproximadamente, 
omoh0j �� rNr3N jii ' 12m
 D0L��� (� � rNr3N ;� � p) ���iLE ; (3.19)donde f: : :g denota el anti
onmutador. La evalua
i�on expl��
ita de este anti
onmutadorda (� � rNr3N ;� � p) = �2 lNr3N � 4��h�Æ (rN) + �h �r3N � 3(� � rN)rNr5N ! ; (3.20)a partir de lo 
ual tenemos la aproxima
i�on de O(
0) de los elementos de matriz de losHamiltonianos perturbativoshijHN jji ' DiL���HPSO +HFC +HSD ���jLE ; (3.21)donde HPSO = ��04� e
N�hm lL � rNr3N (3.22)HFC = ��0e
N�hm Æ(rN)s � IN (3.23)HSD = �04� e
N�hm  s � INr3N � 3(s � rN)(IN � rN )r5N ! (3.24)son los Hamiltonianos paramagn�eti
os ya obtenidos en la teor��a no relativista. El t�erminodiamagn�eti
o surge a partir de las expresiones de teor��a de perturba
iones de segundo or-den (3.17) y (3.18) 
uando se toman 
omo estados intermedios estados de energ��a negativapara los 
uales es v�alida la aproxima
i�on E(0)n � E(0)0 ' 2m
2 [7, 101℄.



36 CAP�ITULO 3. LA RELATIVIDAD Y LOS PAR�AMETROS DE LA RMN3.3 El 
�al
ulo de los par�ametros de la RMNEl 
�al
ulo de los par�ametros de la RMN requiere, tanto en el r�egimen relativista 
omoen el no relativista (Se

i�on 3.2), el uso de teor��a de perturba
iones de primer y segundoorden. Por lo tanto, se puede apli
ar la habitual teor��a de Rayleigh-S
hr�odinger; unaformula
i�on diferente, aunque equivalente, se basa en el uso del m�etodo del propagador depolariza
i�on o fun
i�on de Green.3.3.1 Teor��a de respuesta linealConsideremos un sistema 
on un hamiltoniano dependiente del tiempo H0. Queremos
al
ular la respuesta lineal de este sistema a una perturba
i�on externa dependiente deltiempo 
uya intera

i�on 
on el sistema mole
ular est�a des
ripta por Vt(r). Supondremosque la perturba
i�on se anula en t = �1, esto es, V�1(r) = 0. El Hamiltoniano noperturbado satisfa
e la e
ua
i�on de autovaloresH0 j0i = E0 j0i ; (3.25)mientras que el Hamiltoniano perturbado dependiente del tiempo (H0 + Vt) satisfa
e lae
ua
i�on de S
hr�odinger dependiente del tiempoi�h ddt j i = (H0 + Vt) j i : (3.26)Los 
orrespondientes operadores densidad son �(t) = j i h j y �0 = j0i h0j. Transforman-do a la representa
i�on de intera

i�on�I(t) = eiH0t=�h�(t)e�iH0t=�h; (3.27)la evolu
i�on temporal de �I est�a dada pori�h�I(t)dt = [Vt(t); �I(t)℄ ; (3.28)donde Vt0(t) = eiH0t=�hVt0e�iH0t=�h (3.29)es la representa
i�on de intera

i�on del operador de S
hr�odinger Vt. Las 
ondi
iones ini-
iales para  (limt!�1 j i = j0i) impli
an quelimt!�1 �I(t) = �0: (3.30)Una solu
i�on formal a la E
. (3.28) 
on 
ondi
i�on ini
ial (3.30) est�a dada por�I(t) = �0 � i�h Z t�1 [Vt0(t0); �I(t0)℄ dt0: (3.31)La expresi�on de respuesta lineal para �I se obtiene sustituyendo el �I(t0), del segundomiembro, por �0, es de
ir,�I(t) = �0 � i�h Z t�1 [Vt0(t0 � t); �0℄ dt0: (3.32)



3.3. EL C�ALCULO DE LOS PAR�AMETROS DE LA RMN 37Esta espresi�on de respuesta lineal para �I(t) nos permite 
al
ular el valor medio de unoperador arbitrario P en el estado  
omoh jP j i = h0jP j0i+ Z 1�1hhP ;Vt0(t0 � t)iidt0; (3.33)donde hemos de�nido la fun
i�on de Green de dos tiempos retardada o propagadorhhP ;Q(t)ii = � i�h�(�t) h0j [P;Q(t)℄ j0i : (3.34)3.3.2 Interpreta
i�on f��si
a del propagadorLa interpreta
i�on f��si
a del propagador depende de la ele

i�on de los operadores P y Q.Si tanto P 
omo Q son operadores monoele
tr�oni
os que 
onservan el n�umero de la formaP = Pij PijAyiaj, enton
es hhP (t);Q(t0)ii es el propagador de polariza
ion [52, 68℄.Para mostrar la 
onexi�on entre el propagador de dos tiempos 
on la teor��a de pertur-ba
iones habitual, es 
onveniente 
al
ular la transformada de Fourier de hhP (t);Q(t0)iien el espa
io de las energ��as, esto es,hhP ;QiiE+i0 = lim�!0+ Z 1�1hhP (0);Q(t)iie�i(E+i�)t=�hdt: (3.35)Insertando la resolu
i�on de la identidad Pn jni hnj = 1, donde los n son el 
onjunto
ompleto de estados de H0, e integrando sobre la variable temporal, se tienehhP ;QiiE+i0 = lim�!0+ Xn 6=0 h0jP jni hnjQ j0iE � En + E0 + i� � h0jQ jni hnjP j0iE + En � E0 + i�! : (3.36)Esta representa
i�on de Lehman o representa
i�on espe
tral del propagador tiene la formade la teor��a de perturba
iones de segundo orden, domnde las partes reales de los polos delpropagador est�an dadas por las energ��as de ex
ita
i�on exa
tas del sistema no perturbadoE = �(En � E0); (3.37)mientras que los residuos est�an dados por los produ
tos de los elementos de matriz de lasperturba
iones P y Q. En el 
�al
ulo de las partes paramagn�eti
as de los par�ametros dela RMN, los operadores P y Q son los dados por las E
s. (3.15) y (3.16) para un 
�al
ulorelativista, y los dados por las E
s. (3.22), (3.23) y (3.24) para un 
�al
ulo no relativista.3.3.3 La aproxima
i�on RPA del propagador de polariza
i�onTodos los 
�al
ulos presentados en esta tesis fueron efe
tuados dentro de la aproxima
i�onRPA (Random Phase Approximation) del propagador de polariza
i�on de la manera imple-mentada en los programas dalton [23℄, dira
 [26℄ y magi
 [71℄. La teor��a relativista delpropagador de polariza
i�on [5℄ sigue un estre
ho paralelismo respe
to de su 
ontraparteno relativista [52℄.



38 CAP�ITULO 3. LA RELATIVIDAD Y LOS PAR�AMETROS DE LA RMNLa aproxima
i�on RPA relativista se obtiene usando 
omo estado de referen
ia el estadofundamental de Dira
-Fo
k j0i, y es
ribiendo el propagador 
omo [5, 52℄hhP ;QiiE = (P j~h) �h ���(E1̂�H)�1��� ~h� (hjQ); (3.38)donde el produ
to binario (P jQ) se de�ne por(P jQ) � h0j [P y; Q℄ j0i ; (3.39)y la variedad de operadores h = fh2;h4; : : :g est�a restringida a h2, es de
ir, s�olo ex-
ita
iones (ayaai) and desex
ita
iones (ayiaa) simples entre espinores o
upados (i; j; : : :) yvirtuales (a; b; : : :). Enton
es, el propagador se es
ribe matri
ialmente 
omohhP ;QiiE = (P ;P �) E1�A �B��B� �E1�A !�1  QQ� ! (3.40)que es la expresi�on 
omputa
ionalmente �util.



Cap��tulo 4Ele
trodin�ami
a Cu�anti
a\Somehow when you tou
hed [quantum me
hani
s℄ : : : at the end you said `Well,was it that simple?' Here in ele
trodynami
s, it didn't be
ome simple. You 
ould dothe theory, but still it never be
ame that simple" Werner Heisenberg[48℄El objetivo de este 
ap��tulo es presentar la teor��a de la Ele
trodin�ami
a Cu�anti
a (QED).En esta des
rip
i�on se introdu
e un pro
edimiento que in
luye los grados de libertad
u�anti
os del 
ampo ele
tromagn�eti
o.La teor��a de Dira
 es la des
rip
i�on relativista de un ele
tr�on que se mueve en un 
ampoele
tromagn�eti
o 
l�asi
o. Sin embargo, se ha demostrado que la naturaleza 
u�anti
a delos 
ampos ele
tromagn�eti
os tiene efe
tos medibles sobre las l��neas espe
trales at�omi
as.En efe
to, el desdoblamiento 2s1=2�2p1=2 del hidr�ogeno at�omi
o dio la 
lave que dio lugaral na
imiento mismo de la QED. Por otra parte, la des
rip
i�on usual de la intera

i�on delos ele
trones entre s�� es en t�erminos del poten
ial de Coulomb. Una mejor des
rip
i�on esin
luir la intera

i�on de Breit dedu
ida a partir del inter
ambio de un fot�on entre ellos.Aun 
uando nuestras apli
a
iones est�an orientadas prin
ipalmente ha
ia sistemas deestados ligados, 
asi la mitad de este 
ap��tulo est�a dedi
ado a part��
ulas d�ebilmente inter-a
tuantes. Esto se debe a que podemos dedu
ir las t�e
ni
as relevantes para tales sistemasdonde los 
�al
ulos formales son m�as f�a
iles y luego extender los resultados mediante elteorema de Gell-Mann y Low a sistemas 
on estados ligados. Enton
es, se puede apli
arla f�ormula de 
orrimiento de niveles a la intera

i�on 
on un 
ampo 
l�asi
o externo, 
omoes el 
aso de los par�ametros de la RMN.

39



40 CAP�ITULO 4. ELECTRODIN�AMICA CU�ANTICA4.1 Cuantiza
i�on 
an�oni
a de los 
amposTanto las teor��as de 
ampo 
l�asi
a 
omo 
u�anti
a 
onsideran los 
ampos en 
ada puntodel espa
io 
omo las variables din�ami
as. Las 
oordenadas de posi
i�on se 
onsideran 
omoun sub��ndi
e 
ont��nuo que denota una dada 
omponente del 
ampo.Consideremos un sistema des
ripto por el 
onjunto de 
ampos 
l�asi
os �r(x), (r =1; 2; : : : ; N). El ��ndi
e r puede denotar 
omponentes del mismo 
ampo o puede referirsea 
ampos independientes diferentes. Para nuestros prop�ositos, todos los 
ampos involu-
rados en apli
a
iones at�omi
as y mole
ulares, esto es, los 
ampos ele
tromagn�eti
o yele
tr�on-positr�on satisfa
en un prin
ipio varia
ionalÆS = 0; (4.1)donde la integral de a

i�on S(
) sobre una regi�on arbitraria del espa
io-tiempo 
 est�ade�nida por S(
) = Z
 L(�r; �r;�)d4x: (4.2)L(�r; �r;�) designa la densidad de Lagrangiano dependiente de los 
ampos �r y sus derivadas�r;� � ��r=�x�.Enton
es, la din�ami
a de los 
ampos se deriva a partir del prin
ipio varia
ional dadopor la E
. (4.1). A su vez, la varia
i�on de la a

i�on viene de la varia
i�on de los 
ampos�r(x)! �r(x) + Æ�r(x); (4.3)y sus derivadas �r;�(x)! �r;�(x) + Æ�r;�(x); (4.4)donde Æ�r;�(x) = ��x� Æ�r(x): (4.5)Imponiendo la 
ondi
i�on de que las varia
iones Æ�r(x) deben anularse sobre la frontera�(
) de la regi�on 
 obtenemos las e
ua
iones de Euler-Lagrange�L��r � ��x� �L��r;� = 0; r = 1; 2; : : : ; N; (4.6)que son las e
ua
iones de movimiento para los 
ampos �r(x). 1An�alogamente al 
aso dis
reto de la teor��a Hamiltoniana podemos de�nir un 
ampo
an�oni
o 
onjugado �r(x) por �r(x) = �L� _�r = �L��r;0 (4.7)y una densidad de HamiltonianoH =Xr �r(x) _�r(x)� L(�r; �r;�): (4.8)1Debe notarse que las e
ua
iones de Euler-Lagrange se mantienen invariantes bajo la adi
i�on de una4-divergen
ia arbitraria ��u� a la densidad de Lagrangiano L, si u = 0 sobre �(
). Por lo tanto, L noest�a un��vo
amente de�nida.



4.1. CUANTIZACI �ON CAN�ONICA DE LOS CAMPOS 41A partir de ella se obtiene una fun
i�on HamiltonianoH = Z H(x)d3x: (4.9)La transi
i�on desde la teor��a 
l�asi
a a la teor��a 
u�anti
a de 
ampos puede ha
erse dediversas maneras, por ejemplo, mediante 
uantiza
i�on 
an�oni
a del Lagrangiano 
l�asi
o,des
omposi
i�on de Fourier del 
ampo 
l�asi
o o 
uantiza
i�on mediante integrales de 
amino.Aunque esta �ultima es probablemente el m�etodo m�as poderoso y general para teor��as de
ampo arbitrarias, el pro
edimiento de 
uantiza
i�on m�as apropiado para las apli
a
ionesen las que estamos interesados es el 
an�oni
o. En tal esquema, promovemos los 
ampos
l�asi
os a sus 
ontrapartes 
u�anti
as imponiendo las rela
iones de 
onmuta
i�on a tiemposiguales entre los 
ampos y sus impulsos 
onjugados[�r(r; t); �s(r0; t)℄ = i�hÆ(r � r0); (4.10)[�r(r; t); �s(r0; t)℄ = [�r(r; t); �s(r0; t)℄ = 0 (4.11)Tambi�en debemos enfatizar que los 
ampos �r no est�an restringidos a ser reales. Enrealidad, 
ada 
omponente  r(x) del 
ampo espinorial de Dira
 es, en efe
to, 
ompleja.Siempre que 
onsideremos 
ampos 
omplejos, sus partes real e imaginaria se tratan 
omo
ampos independientes. 24.1.1 El 
ampo de MaxwellConsideremos 
omo un primer ejemplo de apli
a
i�on del m�etodo de 
uantiza
i�on 
an�oni
ala 
uantiza
i�on del 
ampo ele
tromagn�eti
o (o 
ampo de Maxwell).En nota
i�on 4-dimensional, los 
ampos el�e
tri
os y magn�eti
os E y B est�an 
ontenidos enel tensor de 
ampo ele
tromagn�eti
o F �� de�nido, en t�erminos del 4-poten
ialA� = (�;A),por F �� = A�;� � A�;� (4.12)Enton
es, el par de e
ua
iones homog�eneas de Maxwellr �B = 0 (4.13)r�E + �B�t = 0 (4.14)se satisfa
e id�enti
amente F ��;� + F ��;� + F ��;� = 0: (4.15)2Puede demostrarse que la naturaleza 
ompleja de un 
ampo 
u�anti
o est�a rela
ionado 
on la 
argade la part��
ula que representa. Por lo tanto, 
ampos reales representan part��
ulas neutras, y un 
ampo
omplejo � y su Herm��ti
o 
onjugado �y des
riben part��
ulas de 
argas opuestas, 
omo los mesones �0,�+ and ��. Ver, por ejemplo, la Ref. [50℄



42 CAP�ITULO 4. ELECTRODIN�AMICA CU�ANTICAPor otra parte, el par de e
ua
iones de Maxwell que dependen de las fuentes � y jr �E = ��0 ; (4.16)r�B � �E�t = �0j; (4.17)toman la forma F ��;� = 1
 j�; (4.18)donde j� = (�
; j) es la 4-
orriente que satisfa
e la e
ua
i�on de 
ontinuidad j�;� = 0, querepresenta f��si
amente la ley de 
onserva
i�on de la 
arga.Tales e
ua
iones de movimiento para F �� se pueden obtener mediante una densidadde Langrangiano, propuesta por Fermi,L = 12(��A�)(��A�)� 1
 j�A�; (4.19)ade
uada para la 
uantiza
i�on 
an�oni
a.Los 
ampos 
onjugados derivados de la misma son��(x) = �L� _A� = � 1
2 _A�(x): (4.20)Por lo tanto, la e
ua
iones de Euler-Lagrange dan las e
ua
iones de 
ampo����A�(x) = 1
 j�(x): (4.21)En el 
aso de 
ampo libre (j� = 0), tenemos ����A�(x) = 0. Enton
es, podemos desar-rollar el 
ampo de Maxwell libre en t�erminos de un 
onjunto 
ompleto de solu
iones de lae
ua
i�on de onda en una 
aja de volumen VA�(x) = A�+(x) + A��(x); (4.22)donde A�+(x) =Xk�  �h2�0
kV !1=2 e�k�
k�e�ik�x (4.23)A��(x) =Xk�  �h2�0
kV !1=2 e�k�
�k�eik�x (4.24)Promoviendo los 
amposA�(x) y _A�(x) a operadores e imponiendo la 
uantiza
i�on 
an�oni
a,los 
oe�
ientes 
k� y 
�k� se tornan los operadores de Fo
k 
k� y 
yk� que satisfa
en lasrela
iones de 
onmuta
i�onh
k�; 
k0�0i = h
yk�; 
yk0�0i = 0; (4.25)h
k�; 
yk0�0i = ��Æ��0Ækk0 �0 = �1; �i = 1(i = 1; 2; 3) (4.26)
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ua
iones anteriores, se pueden obtener las siguientes rela
iones de 
on-muta
i�on 
ovariantes [A�(x); A�(x0)℄ = i�h
D��F (x� x0); (4.27)donde D��F (x� x0) es el propagador fot�oni
o de Feynman de�nido pori�h
D��F (x� x0) = hva
jTfA�(x)A�(x0)g jva
i (4.28)y dado expl��
itamente por D��F (x) = �g�� Z d4k(2�)4 e�ikxk2 + i� (4.29)4.1.2 El 
ampo de Dira
Como se mostr�o en la Se

i�on 2.2 la e
ua
i�on de Dira
 des
ribe part��
ulas 
argadas deesp��n 12 . En nota
i�on 4-dimensional la e
ua
i�on de Dira
 para part��
ulas libres de masam tiene la forma i�h
��� (x)�m
 (x) = 0; (4.30)que puede dedu
irse 
omo las e
ua
iones de Euler-Lagrange obtenidas a partir de ladensidad Lagrangiana L = 
 � (x) (i�h
��� �m
) (x); (4.31)donde 
0 = �, 
 = ��,  (x) es un 
ampo espinorial de 
uatro 
omponentes  �(x)(� = 1; : : : ; 4), y � (x) =  y(x)
0 es el 
ampo adjunto.El 
orrespondiente impulso 
an�oni
o 
onjugado est�a dado por��(x) = �L� _ � = i�h y�: (4.32)Sin embargo, la e
ua
i�on de Dira
 des
ribe part��
ulas de esp��n 12 y que, por lo tanto, sat-isfa
en el prin
ipio de ex
lusi�on de Pauli. En 
onse
uen
ia, debe 
uantizarse imponiendorela
iones de anti
onmuta
i�on. De ellas, resultan las e
ua
iones de anti
onmuta
i�on aigual tiempo n �(r; t); � �(r0; t)o = 
0��Æ(r � r0) (4.33)y 
ero para 
ualquier otro 
aso. El desarrollo del 
ampo  en t�erminos de un 
onjunto
ompleto de solu
iones de ondas planas a la e
ua
i�on de Dira
 (dentro de una 
aja devolumen V )  (x) =  +(x) +  �(x)= Xrp  m
2V Ep!1=2 harpurpe�ipx=�h + byrpvrpeipx=�hi ; (4.34)y su 
orrespondiente para � (x), nos permite dedu
ir las rela
iones de anti
onmuta
i�onpara los operadores de Fo
k a y bynarp; aysp0o = nbrp; bysp0o = ÆrsÆpp0; (4.35)
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ero para 
ualquier otro 
aso.De aqu��, se dedu
e una rela
i�on de anti
onmuta
i�on 
ovarianten (x); � (y)o = iS(x� y) = i�i
��� + m
�h ��(x� y): (4.36)Introdu
imos tambi�en el propagador fermi�oni
o de Feynman SF (x� y) de�nido porhva
jTf (x) � (y)g jva
i = iSF (x� y); (4.37)que tiene la representa
i�onSF (x) = �h(2��h)4 Z d4p 
�p� +m
p2 �m2
2 + i0e�ipx=�h (4.38)Dado que queremos tambi�en dis
utir el 
ampo de Dira
 en presen
ia de un 
ampoexterno, 
onsideremos la intera

i�on 
on un 
ampo ele
tromagn�eti
o externo A�. La in-tera

i�on ele
tromagn�eti
a puede ser introdu
ida mediante la pres
rip
i�on de a
oplamientom��nimo que 
onsiste en reemplazar �� ! D� = �� + iq�h
A�(x). Enton
es, la e
ua
i�on deDira
 para ele
trones (q = �e) queda(i�h
��� �m
) (x) = �e

�A�(x) (x); (4.39)que se puede dedu
ir a partir de la densidad Lagrangiana L = L0+LI. Aqu�� L0 denota ladensidad Lagrangiana del 
ampo de Dira
 libre y LI representa la densidad Lagrangianade la intera

i�on LI = e � (x)
� (x)A�(x) (4.40)entre la 4-
orriente 
onservada j�(x) = �e
 � (x)
� (x) y el 
ampo ele
tromagn�eti
o.



4.2. QED DE PART�ICULAS D�EBILMENTE INTERACTUANTES 454.2 QED de part��
ulas d�ebilmente intera
tuantesDis
utiremos ahora la din�ami
a de los 
ampos libres de Dira
 y Maxwell intera
tuandod�ebilmente entre s��. Como 
onse
uen
ia de la debilidad de la intera

i�on, el problemapuede tratarse perturbativamente. La teor��a de perturba
iones 
ovariante se denominateor��a de la matriz S, y es el tema de la pr�oxima se

i�onLa 
onsidera
i�on de este 
aso d�ebilmente intera
tuante mere
e alguna justi�
a
i�on de-bido a que, en realidad, estamos interesados en sistemas 
on estados ligados, tales 
omo,�atomos y mol�e
ulas. Sin embargo, mu
hos de los resultados formales de la QED paraestados ligados guardan similitud 
on los de la QED para estados de part��
ulas libres,aunque estos �ultimos son m�as f�a
iles de dedu
ir y dis
utir. Por otra parte, en tanto ladensidad Lagrangiana de la intera

i�on no 
ontenga derivadas de los 
ampos (y este esnuestro 
aso), los 
ampos 
an�oni
amente 
onjugados a los intera
tuantes y los libres sonid�enti
os y ambos satisfa
en las mismas rela
iones de 
onmuta
i�on (o anti
onmuta
i�on).La densidad de Hamiltoniano de los 
ampos intera
tuantes se puede desdoblar 
omola suma de las de los 
ampos libres m�as la de intera

i�on H = H0 +HI , donde a partirde la E
. (4.8) podemos es
ribir HI(x) = �LI(x): (4.41)Correspondientemente, el hamiltoniano del sistema intera
tuante se es
ribe 
omo H =H0 +HI .4.2.1 La matriz SA great breakthrough was made in 1925 by Heisenberg : : : When he returned homefrom G�otingen and explained his ideas to Max Born the later told him, \Heisenberg,what you have found here are matri
es". Heisenberg had never heard of matri
es.Hans A. Bethe[12℄Por 
onvenien
ia, 
ambiaremos ahora desde la representa
i�on de Heisenberg, en la 
uallos ve
tores de estado son independientes del tiempo y toda la dependen
ia temporalse atribuye a los operadores, a la denominada representa
i�on de intera

i�on donde tan-to los ve
tores de estado 
omo los operadores evolu
ionan 
on el tiempo. Ambas rep-resenta
iones est�an rela
ionadas por transforma
iones unitarias a la representa
i�on deS
hr�odinger donde los operadores son independientes del tiempo y toda la dependen
iatemporal est�a 
ontenida en los ve
tores de estado. Un dado operador arbitrario O est�arela
ionado en las tres representa
iones porOH(t) = eiHt=�hOSe�iHt=�h; (4.42)OI(t) = eiH0t=�hOSe�iH0t=�h: (4.43)Debe notarse que OH(t) involu
ra el Hamiltoniano total mientras que OI(t) involu
rael Hamiltoniano no perturbado. De aqu�� en adelante trabajaremos ex
lusivamente en
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i�on de intera

i�on. Esto tiene la ventaja de que los operadores satisfa
ene
ua
iones de movimiento similares a las de Heisenbergi�hdOI(t)dt = [OI(t); H0℄ (4.44)pero involu
rando s�olo el Hamiltoniano exa
tamente soluble, no el total; por otra partelos estados satisfa
en una e
ua
i�on similar a la S
h�odingeri�h ddt j�I(t)i = HI(t) j�I(t)i ; (4.45)
on el Hamiltoniano dependiente del tiempo HI(t).Consideremos un estado ini
ial jii de un sistema de part��
ulas no intera
tuantes quetienen propiedades bien de�nidas (tales 
omo n�umero de part��
ulas, energ��a, impulso,et
.). Hagamoslas 
olisionar, intera
tuando durante un breve per��odo, para luego sepa-rarse nuevamente unas de otras. La evolu
i�on del estado del sistema j�(t)i est�a dada porla E
. (4.45) bajo la 
ondi
i�on ini
ial j�(�1)i = jii. Mu
ho despu�es de la dispersi�on elestado ser�a j�(1)i que tambi�en tiene propiedades bien de�nidas.La matriz S se de�ne 
omo el operador que produ
e la evolu
i�on del sistema entreambos estados no intera
tuantesj�(1)i = S j�(�1)i = S jii : (4.46)Se puede obtener una expresi�on formal para S notando que la E
. (4.45) junto 
on la
ondi
i�on ini
ial j�(�1)i = jii, puede rees
ribirse 
omoj�(t)i = jii � i�h Z t�1 dt1HI(t1) j�(t1)i : (4.47)Esta e
ua
i�on, sin embargo, no es una solu
i�on dado que requiere 
ono
er el estado j�(t)ipara todo tiempo t1 � t, sino que es una e
ua
i�on integral para j�(t)i. Esta e
ua
i�onpuede ser resuelta iterativamentej�(t)i = jii � i�h Z t�1 dt1HI(t1) jii + (� i�h)2 Z t�1 dt1 Z t1�1 dt2HI(t1)HI(t2) j�(t2)i (4.48)y as�� su
esivamente, dando una solu
i�on perturbativa en t =1j�(1)i = 1Xn=0�� i�h�n Z 1�1 dt1 Z t1�1 dt2 : : : Z tn�1�1 dtnHI(t1)HI(t2) : : :HI(tn) jii : (4.49)El operador de ordenamiento temporal para el produ
to de n fa
tores Tf: : :g se de�nede tal manera que los fa
tores se ordenan 
on los tiempos mayores a la dere
ha de losmenores, y todos los operadores bos�oni
os (fermi�oni
os) se tratan 
omo si los 
onmuta-dores (anti
onmutadores) fueran nulos. Enton
es, las E
s. (4.46) y (4.49) nos permitenes
ribirS = 1Xn=0 1n! �� i�h�n Z 1�1 dt1 Z 1�1 dt2 : : : Z 1�1 dtnTfHI(t1)HI(t2) : : :HI(tn)g; (4.50)



4.2. QED DE PART�ICULAS D�EBILMENTE INTERACTUANTES 47o equivalentemente, si expresamos los Hamiltonianos HI(t) = R d3xHI(x) en t�erminos delas densidades Hamiltonianas HI(x),S = 1Xn=0 1n! �� i�h�n Z 1�1 d4x1 Z 1�1 d4x2 : : : Z 1�1 d4xnTfHI(x1)HI(x2) : : :HI(xn)g: (4.51)4.2.2 Teorema de Wi
kLa expresi�on formal dada por la E
. (4.51) no ser��a muy util si ne
esitaramos eval-uar el produ
to temporalmente ordenado para el 
�al
ulo de la amplitud de transi
i�onSif = hijS jfi para un dado pro
eso jii ! jfi. Un teorema demostrado por Wi
k [112℄simpli�
a grandemente los 
�al
ulos mediante el desarrollo de los produ
tos temporalmenteordenados en t�erminos de produ
tos normalmente ordenados. El produ
to normalmenteordenado de operadores tiene la ventaja de que su a

i�on sobre el estado jii da 
ero amenos que el produ
to 
ontenga los operadores de aniquila
i�on ade
uados para destruirlas part��
ulas presentes en jii. Adem�as, para dar una 
ontribu
i�on no nula al elementode matriz Sif debe 
ontener tambi�en los operadores de 
rea
i�on 
orre
tos para produ
irel estado jfi. Por lo tanto, s�olo aquellos t�erminos del desarrollo que afe
tan la transi
i�onparti
ular en la que estamos interesados 
ontribuir�a a la matriz S.El teorema de Wi
k[112℄ permite expresar un produ
to T de 
ualquier 
onjunto deoperadores de Fo
k A, B, C; : : : ; X, Y , Z en t�erminos de sus produ
tos normalmenteordenados por ninguna, una, dos, tres, et
. 
ontra

iones,TfABC : : :XY Zg = : ABC : : :XY Z : + : AB|{z}C : : :XY Z : + : ABC| {z } : : :XY Z : + : : :+ : ABC : : :XY Z| {z } : + : : : (4.52)esto es, produ
tos de operadores de Fo
k 
on los operadores de 
rea
i�on ubi
ados a laizquierda de los de aniquila
i�on multipli
ados por propagadores fot�oni
os y fermi�oni
os(representados por las llaves) de�nidos 
omoSF (x; y) = hTf (x) � (y)gi; (4.53)DF��(x; y) = hTfA�(x)A�(y)gi: (4.54)la dependen
ia temporal de los propagadores puede ha
erse expl��
ita si los es
ribimos dela siguiente manera SF (x; y) = Z dE2�iSF (x;y;E)e�iE(x0�y0); (4.55)DF��(x; y) = g�� Z dk02�iDF (x;y; k0)e�ik0(x0�y0): (4.56)El propagador fermi�oni
o SF (x;y;E) tiene la siguiente representa
i�on espe
tral [75℄SF (x;y;E) =Xn �n(x)��n(y)E � "n(1� iÆ) ; (4.57)donde Æ es un in�nit�esimo positivo y n 
orre sobre el espe
tro 
ompleto de autofun
iones.



48 CAP�ITULO 4. ELECTRODIN�AMICA CU�ANTICA4.2.3 Diagramas de FeynmanIt a was sort of half-dreaming, like a kid would : : : that it would be funny if thisfunny pi
tures turned out to be useful, be
ause the damned physi
al Review would befull of these odd-looking things. And that turned out to be true.Ri
hard. P. FeynmanEl teorema de Wi
k da una justi�
a
i�on rigurosa para la apli
a
i�on de las denominadasreglas de Feynman. Las mismas nos permiten es
ribir dire
tamente los elementos dematriz Sif para una transi
i�on dada jii ! jfi. Las reglas de Feynman estable
en queSif = Æif + "(2�)4Æ(4)(Pf � Pi)Yext � mVE�1=2Yext � 12V �h!�1=2#M; (4.58)donde Pi y Pf son los 4-impulsos totales de los estados ini
ial y �nal, y el produ
tose extiende sobre todos los fotones y fermiones externos. E y �h! son las energ��as delos fotones y fermiones externos individuales, respe
tivamente; y M es la amplitud deFeynman para el pro
eso 
onsiderado y puede desarrollarse en t�erminos de 
ontribu
ionesM (n) que provienen del n-�esimo orden de teor��a de perturba
iones S(n)M = 1Xn=0M (n): (4.59)La amplitudM (n) se obtiene dibujando todos los grafos de Feynman 
one
tados, topol�ogi
amentediferentes en el espa
io de los impulsos que 
ontenga n v�erti
es y el n�umero 
orre
to del��neas externas. La 
ontribu
i�on a M (n) de 
ada diagrama se obtiene a partir de lassiguientes reglas de Feynman:1. Por 
ada v�erti
e, se es
ribe un fa
tor ie
�.2. Por 
ada l��nea de fot�on interna, etiquetada por el impulso k, se es
ribe un fa
toriDF��(k) = �ig�� 1k2 + i0 (4.60)3. Por 
ada l��nea interna de fermi�on, denotada por el impulso p, se es
ribe un fa
toriSF (p) = i 1
�p� �m
+ i0 (4.61)4. Por 
ada l��nea externa, se es
ribe uno de los siguientes fa
tores:(a) por 
ada ele
tr�on ini
ial (�nal): urp (�urp).(a) por 
ada positr�on ini
ial (�nal): �vrp (vrp).(a) por 
ada fot�on ini
ial (�nal): e�k� (e��k�),donde p y k denotan los impulsos del fermi�on y el fot�on, respe
tivamente; r y � sonlos estados de esp��n y de polariza
i�on.



4.2. QED DE PART�ICULAS D�EBILMENTE INTERACTUANTES 495. Los fa
tores espinoriales (matri
es 
, propagadores SF y 4-espinores) para 
adal��nea de fermi�on est�an ordenados de tal manera que, leyendo de dere
ha a izquierda,apare
en en la misma se
uen
ia que siguiendo la l��nea de fermi�on en la dire

i�on desu 
e
ha6. Por 
ada lazo fermi�oni
o 
errado, se toma la traza y se multipli
a por un fa
tor (-1).7. Los 4-impulsos aso
iados 
on las tres l��neas que 
onvergen a un v�erti
e satisfa
enla 
onserva
i�on de impulso-energ��a. Por 
ada 4-impulso q que no est�a determinadopor la 
onserva
i�on del impulso-energ��a se efe
t�ua una integral (2�)�4 R d4q.8. Se multipli
a la expresi�on por un fa
tor de fase ÆP igual a +1 (-1) si se requiere unn�umero par (impar) de inter
ambios de operdores fermi�oni
os ve
inos para es
ribir-los en el orden normal 
orre
to.Aquellos diagramas de Feynman que involu
ran lazos 
errados, 
omo los gra�
ados en laFig. 1, 
orresponden a los llamados efe
tos radiativos. Estos diagramas, en general sufrende divergen
ias infrarrojas u ultravioletas y se ne
esita un esquema de regulariza
i�on paraobtener resultados bien de�nidos. La 
orre

i�on radiativa que hemos tratado en esta tesis
orresponde a los diagramas de autoeneg��a de la Fig. 1. No hemos 
onsiderado aqu��ning�un efe
to aso
iado a la polariza
i�on del va
��o.



50 CAP�ITULO 4. ELECTRODIN�AMICA CU�ANTICA4.3 QED para estados ligadosLa e
ua
i�on de Dira
 toma en 
uenta las intera

iones ele
tr�on-n�u
leo y ele
tr�on-ele
tr�onmediante 
ampos ele
trost�ati
os; esa des
rip
i�on resulta su�
iente para propor
ionar, engran medida, un a
uerdo 
on los datos experimentales. Sin embargo, 
omo ya se men
ion�o,existen algunas dis
repan
ias peque~nas aunque medibles. La peque~nez de las 
orre

ionesrequeridas para ajustar las predi

iones te�ori
as a las medi
iones experimentales indi
aque los efe
tos 
u�anti
os del 
ampo ele
tromagn�eti
o pueden tratarse 
omo perturba
ionesa las solu
iones a la e
ua
i�on de Dira
 
on 
ampos 
l�asi
os. Esta es la base de la QEDpara estados ligados. Dentro de este formalismo, el 
ampo ele
tromagn�eti
o se separaen dos partes: un 
ampo 
l�asi
o a�(x) que des
ribe lo grueso del espe
tro ele
tr�oni
o, yuna perturba
i�on A�(x) que des
ribe peque~nas 
orre

iones a �el (tales 
omo pro
esos de
rea
i�on-aniquila
i�on de part��
ulas virtuales). 3La ele
trodin�ami
a 
u�anti
a de sistemas 
on estados ligados se expresa mejor en lallamada representa
i�on de intera

i�on de Furry[38℄. En esta representa
i�on, se parte delas solu
iones �i(x) a la e
ua
i�on de Dira
 en el poten
ial a�(x) (
omo el poten
ial nu
lear,por ejemplo) des
ripto por el Hamiltoniano H0H0�(x) = (i�h
��� + e

�a� �m
)�(x) = 0; (4.62)mientras la intera

i�on entre los 
ampos 
uantizados de Maxwell y Dira
 est�a dada porHI = �e

�A�(x): (4.63)El desarrollo del 
ampo de Dira
 en t�erminos de un 
onjunto 
ompleto de solu
ionesde orden 
ero �n(x) = �n(x)e�iEnt=�h de la e
ua
i�on de Dira
 en el poten
ial a�(x), yla promo
i�on de los 
oe�
ientes del desarrollo a operadores de 
rea
i�on y aniquila
i�on,
omo en el 
aos de 
ampos libres, nos permite mantener la interpreta
i�on en t�erminos depart��
ulas. Por lo tanto, el operador an (bym) aniquila (
rea) ele
trones (positrones) en elestado ligado �n (�m) 
on En > 0 (Em < 0).Enton
es, el 
ampo ele
tr�on-positr�on toma la forma (x) = XEn>0 an�n(x) + XEm<0 bym�m(x); (4.64)y los operadores de Fo
k satisfa
en las usuales rela
iones de anti
onmuta
i�onfan; aymg = fbn; bymg = Ænm; (4.65)y 
ero en 
ualquier otro 
aso.3Como se dis
utir�a luego, para las apli
a
iones a propiedades el�e
tri
as y magn�eti
as en las que estamosinteresados, el 
ampo A�(x) debe 
onsiderarse 
omo 
onstituido por una parte 
l�asi
a y otra 
u�anti
a.La primera da la dependen
ia de la energ��a mole
ular 
on los 
ampos el�e
tri
os y magn�eti
os externos,mientras las segunda produ
e los efe
tos de 
rea
i�on-aniquila
i�on de part��
ulas virtuales.



4.3. QED PARA ESTADOS LIGADOS 514.3.1 F�ormula del 
orrimiento de nivelesEl prin
ipal inter�es en el problema de estado ligado es el 
�al
ulo de los 
orrimientos deniveles. Una 
ara
ter��sti
a de este problema que requiere alguna aten
i�on es el he
hoque el desarrollo perturbativo de la matriz S, que propor
iona el punto de partida paralas evalua
iones de 
orrimientos de niveles energ�eti
os, 
ontiene t�erminos in�nitos que
orresponden a estados intermedios degenerados 
on el estado en 
onsidera
i�on. Gell-Mann y Low [39℄ y Su
her [102℄ propor
ionaron una manera sistem�ati
a de regularizarlas etapas intermedias del desarrollo perturbativo de la matriz S para problemas 
onestados ligados. Su formula
i�on reemplaza el Hamiltoniano de intera

i�on HI(t) por otroamortiguado adiab�ati
amenteH�I(x) = Z d3xe��jx0jj�(x)A�(x): (4.66)Para sistemas 
on estados ligados, Gell-Mann y Low[39℄ y Su
her[102℄ demostraron que la
orre

i�on de la energ��a de un estado no perturbado j0i est�a dada por la llamada f�ormuladel 
orrimiento de energ��a�E0 = lim�!0;�!1 i��2 ��� h0jS�;� j0i
h0jS�;� j0i
 + 
onst: (4.67)donde S�;� es la matriz S de�nida seg�unS�;� = 1 + 1Xk=1 (�i�)kk! Z d4x1 : : : Z d4xkTfH�I(x1) : : :H�I(xk)g: (4.68)TfH�I(x1) : : :H�I(xk)g es el produ
to 
ronol�ogi
o (es de
ir, x01 < x02 < : : : < x0k) de losoperadores H�I(x1) : : :H�I(xk), y h: : :i
 representa diagramas 
one
tados que 
orrespondena valores medios en el estado j0i y se lo entender�a impl��
itamente de aqu�� en m�as.4.3.2 Teor��a de perturba
iones de la QEDLa teor��a de perturba
iones de la ele
trodin�ami
a 
u�anmti
a [75℄ se basa en la f�ormulade 
orrimientos de energ��a dada en la Se

i�on previa. Sin embargo, debemos ha
er una
onsidera
i�on adi
ional sobre la apli
a
i�on del teorema de Wi
k. En la QED de part��
ulaslibres, los 
ampos en las 
orrientes est�an normalmente ordenados y la regla 
orrespondientees omitir las 
ontra

iones entre operadores a igual tiempo. En la QED de estados ligados,las 
ontra

iones entre operadores a igual tiempo produ
en 
orre

iones de polariza
i�ondel va
��o que deben in
luirse. Este 
aso puede ser in
luido en el teorema de Wi
k ha
iendolas dos observa
iones siguientes. Primero, la 
orriente se puede simpli�
ar aprove
handola identidad TfAB 12(CD �DC) : : :g = TfABCD : : :g (4.69)v�alida para operadores fermi�oni
os. Segundo, el operador de ordenamiento 
ronol�ogi
o sede�ne para operadores a tiempos iguales medianteTfA(t)B(t)g = 12A(t)B(t)� 12B(t)A(t): (4.70)
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ontra

i�on para tiempos iguales por la de�ni
i�onAB|{z} = h0jTfABg j0i (4.71)que 
ondu
e a la expresi�on 
orre
ta para las 
orre

iones de polariza
i�on de va
��o.Desarrollando �E0 en poten
ias de �, la f�ormula de la energ��a se puede es
ribir, ent�erminos de las matri
es S de �ordenes uno a 
uatro, 
omo�E(1)0 = i�2 hS(1)i; (4.72)�E(2)0 = i�2 �2hS(2)i � hS(1)i2� ; (4.73)�E(3)0 = i�2 �3hS(3)i � 3hS(1)ihS(2)i+ hS(1)i3� ; (4.74)�E(4)0 = i�2 �4hS(4)i � 4hS(1)ihS(3)i � 2hS(2)i2 + 4hS(1)i2hS(2)i � hS(1)i4� : (4.75)Se ha demostrado [75℄ que, para poten
iales externos 
l�asi
os V y �atomos monoele
tr�oni
osen el estado a, las f�ormulas de 
orre

i�on de la energ��a de primero y segundo �ordenes seredu
e a las bien 
ono
idas expresiones de la teor��a de perturba
iones habitual�E(1)a = Vaa (4.76)�E(2)a = XEn 6=Ea Van 1Ea � EnVna: (4.77)Como apli
a
i�on de la f�ormula de ter
er orden, Blundell et al. [15℄ 
al
ularon 
orre

ionesde autoenerg��a en sistemas at�omi
os en presen
ia de un poten
ial externo. En esta tesis,se ha usado la expresi�on de la energ��a de 
uarto orden �E(4)0 para obtener 
orre

iones deautoenerg��a a los par�ametros de la RMN (Se

i�on 5.4). Los diagramas de Feynmam rep-resentados en las Figuras 1{3 son ne
esarias para el 
�al
ulo de �E(4)0 ; su 
�al
ulo expl��
itoes algo extenso y los detalles se en
uentran en el Art��
ulo 4.
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�Figure 1: Diagrama b�asi
o de Feynman de autoenerg��a.

1
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�Figure 2: Diagramas de Feyman lateral izquierdo (L), lateral dere
ho (R) andv�erti
e (V) para 
orre

iones de autoenerg��a 
orrespondientes al t�ermino S(3)�� .

1
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�Figure 3: Diagramas de Feynman de 
uarto orden v�erti
e-v�erti
e (VV), izquierda-v�erti
e (LV), v�erti
e-dere
ha (VR), izquierda-dere
ha (LR), izquierda-izquierda (LL) and dere
ha-dere
ha (RR) que 
ontribuyena 
orre

iones de autoenerg��a 
uadr�ati
as en el 
ampo externo 
orrespondientes al t�ermino S(4)�� .
1



56 CAP�ITULO 4. ELECTRODIN�AMICA CU�ANTICA4.4 QED multipolarEl formalismo desarrollado para la fundamenta
i�on basada en la QED de la teor��a deltensor de a
oplamiento entre espines nu
leares (Se

i�on 5.3) est�a estre
hamente inspiradoen la des
rip
i�on de la absor
i�on de un fot�on por mol�e
ulas en la QED multipolar [17℄.Daremos enton
es, en esta se

i�on, una idea b�asi
a de esta des
rip
i�on.La absor
i�on de un fot�on es el pro
eso de absor
i�on ordinario 
on fuentes de luz
onven
ionales. El Hamiltoniano de un 
onjunto de mol�e
ulas que intera
t�uan 
on un
ampo de radia
i�on est�a dado porH =Xi Hmol(i) +Hrad +Hint(i); (4.78)donde Hmol(i) es el Hamiltoniano de la i-�esima mol�e
ula, que se supone 
ono
ido, y 
uyafun
i�on de onda se puede 
al
ular. Hrad es el Hamiltoniano de radia
i�on y Hint(i) es elt�ermino de intea

i�on para el a
oplamiento de la i-�esima mol�e
ula 
on el 
ampo. Dentrode la aproxima
i�on dipolar el�e
tri
a,Hint(i) = ���10 �(i)�d?(Ri); (4.79)donde d?(Ri) es el ve
tor de desplazamiento el�e
tri
o expresado en t�erminos de los oper-adores de Fo
k en el desarrollo en modos (
omparar 
on la E
. 4.24)d?(r) = iXk�  �h
k�02V !1=2 �ek(�)
k(�)eik � r � �ek(�)
yk(�)e�ik � r� : (4.80)En el estado ini
ial todas las mol�e
ulas est�an en el estado fundamental, de tal maneraque el estado ini
ial del sistema |mol�e
ulas y radia
i�on| se puede representar 
omo lafun
i�on de onda produ
to jini
iali = jn(k�)i 
 NYi=1 j 0(i)i ; (4.81)donde los n 
uantos de radia
i�on est�an en el �uni
o modo (k�). La energ��a de los fotonesin
identes est�a sujeta a la 
ondi
i�on de 
onserva
i�on de la energ��a.Em � E0 = �h
k; (4.82)donde Em y E0 denotan las energ��as de los estados ex
itados �nal  m y el estado funda-mental ini
ial  0, respe
tivamente. La amplitud de probabilidad para el 
aso en que lai-�esima mol�e
ula est�a ex
itada esMfi(i) = h m(i); (n� 1)(k�)j � ��10 �(i)�d?(Ri) jn(k�); 0(i)i : (4.83)Argumentos similares a los utilizados en el 
aso de absor
i�on de un fot�on 
ondu
en a loselementos de matriz para pro
esos de dos fotonesHfi =XI hf j � ��10 � � d? jIi hIj � ��10 � � d? jiiEiI ; (4.84)
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orre sobre un 
onjunto 
ompleto de estados intermedios I.Estas f�ormulas semejan expresiones de la teor��a de peturba
iones de segundo ordenque dependen bilinealmente de los momentos dipolares �. Se podr��a pensar enton
es, enes
ribir una expresi�on para la energ��a basada en teor��a de peturba
iones de segundo ordenpara la intera

i�on entree dos momentos dipolares magn�eti
os (en lugar de el�e
tri
os) 
omoes el 
aso de la expresi�on fenomenol�ogi
a para la energ��a de intera

i�on entre dos espinesnu
leares. Sin embargo, el tratamiento no puede ser tan dire
to dado que la teor��a depeturba
iones independiente del tiempo no es apli
able a estos pro
esos no esta
ionarios.La teor��a de respuesta, que ha demostrado ser equivalente a la teor��a de perturba
ionesesta
ionaria 
uando la perturba
i�on no depende del tiempo, es la generaliza
i�on dire
tade la de�ni
i�on de propiedades mole
ulares para perturba
iones dependientes del tiempo.Enton
es, una alternativa es generalizar la teor��a de respuesta para in
luir la des
rip
i�onde los grados de libertad mole
ulares 
omo los de la radia
i�on; en la Se

i�on IV del Art��
ulo3 se demuestra la forma de 
onstruir tal generaliza
i�on.4.5 QED y los par�ametros de la RMNLos efe
tos relativistas est�an empezando a
tualmente a ser in
luidos rutinariamente en
�al
ulos de propiedades mole
ulares magn�eti
as en mol�e
ulas que 
ontienen �atomos pesa-dos. Dado que las medi
iones experimentales de estas propiedades tienen una 
re
ientepre
isi�on, es importante 
onsiderar las modi�
a
iones a la teor��a debido a la in
lusi�on dela ele
trodin�ami
a 
u�anti
a. Por ejemplo, se ha demostrado que 
ontribu
iones de QEDde estados ligados al fa
tor g de ele
trones ns de valen
ia en �atomos de metales al
alinoses tan grande 
omo un 10 % para Rb y menos para los otros �atomos de la serie [61℄.Tambi�en demostraron que las 
orre

iones radiativas en �atomos pesados y superpesadospueden al
anzar hasta 0.5% de la energ��a de ioniza
i�on [60℄. Desde un punto de vista de lateor��a de 
ampos, el a
oplamiento entre espines nu
leares, siendo una intera

i�on de a

i�ona distan
ia, debe ser s�olo una intera

i�on efe
tiva, dedu
ible a partir de argumentos m�asfundamentales. Es deseable enton
es, tanto por 
oheren
ia l�ogi
a 
omo por la busquedade posibles nuevos efe
tos, tener en 
uenta la naturaleza 
u�anti
a de la radia
i�on. Estoshan sido los objetivos de los Art��
ulos 3 y 4 de esta tesis.
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Relativistic correction of the generalized oscillator strength sum rules

Rodolfo H. Romero and Gustavo A. Aucar*
Facultad de Ciencias Exactas, Universidad Nacional del Nordeste, Av. Libertad 5300, (3400) Corrientes, Argentina

~Received 29 April 1997!

A complete and accurate scheme to calculate relativistic corrections to the generalized oscillator strength
sum rules is presented. We discuss the relations between ours and previous schemes used to solve this old
problem. A calculation of the relativistic correction to the sum ruleS2 , up to the order (v/c)2, is given. Our
method could also be used to calculate relativistic corrections of molecular properties.
@S1050-2947~98!09702-9#

PACS number~s!: 31.15.2p, 31.30.Jv, 31.70.2f

Since the discovery of the relativistic equation for the
electron by Dirac, in 1928, there was a wide interest in de-
termining how nonrelativistic calculation of atomic and mo-
lecular properties are modified by effects of relativity. Such
corrections are particularly important when the molecular
system we are dealing with contains heavy atoms, the elec-
trons of which have velocities that cannot be disregarded
compared with the speed of light. In this work we present a
calculation of relativistic corrections for the nonrelativistic
sum rules, based on a formulation recently published in Ref.
@1#. Previous works@2–5# have led to different results that
leave undetermined both the magnitude and the sign of the
correction. Some of those results cannot even recover the
well-known nonrelativistic results@3#. The general scheme
we are presenting here overcomes those problems and can be
reduced to previous calculations by considering only some of
the terms contributing to the total correction. We consider
that our calculation gives the complete solution to this prob-
lem, up to terms of the order (v/c)2.

The main difficulty that appears when generalizing any
magnitude from the nonrelativistic to the relativistic regime
is related to the increase of the number of components in the
wave functions from one in the Schro¨dinger equation, to four
in the Dirac one, and the introduction of negative energy
solutions, which have no counterpart in the nonrelativistic
spectrum. Knowledge of the corrections needed to introduce
in the nonrelativistic expressions of the sum rules would be
useful, for example, for probing basis set completeness@6# in
accurateab initio molecular properties and electronic struc-
ture relativistic calculations. On the other hand, some of
these sum rules are related@7# and used to calculate@8# mo-
lecular properties such as polarizabilities, hyperpolarizabili-
ties, etc.

Thekth sum ruleSk can be defined in terms of the dipole
(d) oscillator strength, or the generalized ones (g), as@9#

Sk
~d,g !

5~2m/\2! (
mÞ0

~Em2E0!kz^0uO ~d,g !um& z2, ~1!

where O (d)
5r for the dipole sum rule, andO (g)

5exp(iq•r)/q for the generalized one, each term of the sum

being the corresponding oscillator strength. They describe,
within the first Born approximation, the interaction of radia-
tion with material targets,\q being the momentum trans-
ferred in the transition from the stateu0& with energyE0 to
the stateum&, with energyEm . We consider here that the
momentum transferq is of the same~or less! order of mag-
nitude as the momentum of the atomic electrons. For the
sake of brevity, we shall indicate the dipole and generalized
sum rules through theirq dependence, i.e.,Sk andSk(q) will
stand forSk

(d) and Sk
(g) , respectively. As is well known, in

theoptical limit, i.e., when the momentum transferq is equal
to zero,Sk(q) equalsSk .

Some of the previous calculations@2–4# have dealt with
obtaining relativistic corrections forS1 , the so-called
Thomas-Reiche-Kuhn~TRK! sum rule. In the nonrelativistic
regimeS1(q)5Z ~Bethe sum rule!, Z being the number of
electrons in the system. Because of itsq independenceS1

5Z also. These calculations have led to a negative relativis-
tic correction coming from the inclusion of themass velocity
term (2p4/8m3c2) as a kinetic correction added to the
Schrödinger Hamiltonian. The addition of other terms of the
same order, coming from squaring the Dirac Hamiltonian
and keeping terms through the order (v/c)4, such as the
spin-orbit Hamiltonian, does not lead to any correction be-
cause of the linearp dependence of those terms, canceling
out their contributions@2#. However, these calculations use a
complete set of solutions of the Schro¨dinger equation; so, we
can state that, in this case, the correction toS1 comes from
correcting, in Eq.~1!, the energiesE i , but not the eigenstates
ui&, as we will show explicitly when we discuss the termS1

LL

of our results.
On the other hand, complete relativistic calculations for

one-electron systems@3#, that is, using all the solutions of the
Dirac Hamiltonian, do not lead to useful results because
positive and negative energy spectra enter in a symmetric
way. For example,S1 becomes identically zero, andS2 is a
constant proportional toc2, which tends to infinity in the
nonrelativistic limitc→`. Closely related to these difficul-
ties lies the very existence of the negative energy continuum.
Nevertheless, within the typical range of energies involved in
atomic and molecular physics, the leading corrections of the
calculated properties come from the finite value of the veloc-
ity of light; those coming from quantum electrodynamics

*Author to whom correspondence should be addressed. Electronic
address: gaa@unne.edu.ar
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~QED! ~i.e., electron self-energy, vacuum polarization, retar-
dation effects, and transitions with intermediate states be-
longing to the negative continuum! are much less in magni-
tude. So, we could use eigenfunctions and eigenvalues of the
Dirac equation, but restricted to those of bound and positive
continuum states~no pair approximation!. Doing this in the
configuration representation involves the construction of the
projector on positive energy states, whose representation is
not explicitly known in the general case of many-electron
atoms.

In the following we will sketch the procedure used to
obtain the relativistic corrections forSk

(d,g) in Eq. ~1!. This
will be done by following the general scheme of Ref.@1#,
which applies the no-pair approximation. We shall use the
second quantization formalism with normal order enforced.

The four-component relativistic stationary wave functions
of an electron are obtained from the eigenvalue equation

~H2E i!ui&5~ca•p1bmc2
1V2E i!ui&50, ~2!

whereH is the Dirac Hamiltonian,ak and b are the usual
Dirac matrices which, in the standard representation, are ex-
pressed in terms of the Pauli matricessk as

ak
5S 0

sk
sk

0 D , b5S 1
0

0
21D , ~3!

where 1 and 0 stand for unity and null 232 matrices.
As is well known, the upper and lower spinor of the four-

components ofui&5u iS
iL

&, behave distinctly asc→`. The
large ~upper! componentuiL& approaches the Schro¨dinger
eigensolutions, while the small~lower! oneuiS& goes to zero
in the nonrelativistic limitc→`. Furthermore, large and
small components are related, as deduced from the Dirac
equation~2!, through

uis&5K~p !s•puiL&,

K~p !5$mc@11A11~p/mc !2#%21. ~4!

However, when treating many-electron systems this decou-
pling cannot be performed due to the interaction between
electrons. The Hartree-Fock approximation reduces the
many-electron problem down to a one-electron case, in
which the solutions are obtained self-consistently. We use
the no-pair version of the Dirac-Fock Hamiltonian and its
ground state as the reference stateu0&, which is acted upon
by creation and annihilation operators in order to produce the
eigenstatesun&. All the operators are considered second-
quantized ones and normal ordering is enforced@1#, thus
ensuring that only positive energy states are included in the
calculations. The Dirac-Fock Hamiltonian looks very much
like the Dirac one, except that it contains two more terms
due to the Coulomb and exchange interactions, which can be
included inV(r) as an effective one-electron potential. Con-
sequently, it is possible to argue in terms of the Dirac Hamil-
tonian, but keeping in mind that every result holds valid for
many-electron systems within the self-consistent field~SCF!
approximation. Under these assumptions, we get a similar

expression to Eq.~19! of Ref. @1#, although generalized to
sum rules other than the Bethe sum rule,

~\2/2m !Sk~q!5(
a,m

~«m2«a!kz^auO1um& z2

5Sk
LL~q!1Sk

LS~q!1Sk
SL~q!1Sk

SS~q!,

~5a!

Sk
XY~q!5(

a,m
~«m2«a!k^aXuO1umX&^mY uOuaY&

~X,Y5L,S !. ~5b!

The «’s stand for the Dirac-Fock one-electron orbital ener-
gies and the matrix elements are also taken between one-
electron Dirac-Fock states. Here, we have used the usual
notation that greek and latin subscripts denote occupied and
vacant orbitals, respectively. Equations~5! are completely
relativistic and we have used the property that the operatorO
is even, i.e., it does not mix large and small components, so
that we get the four terms of Eqs.~5!. It is easy now to
express the matrix elements in terms of the large components
only, by eliminating the small components through Eq.~4!.
The result will remain equivalent to Eqs.~5! as long as no
approximation forK(p) is made. As the ratio between small
and large components, given by Eq.~4!, is of orderv/c, by
expandingK(p) in terms of the dimensionless parameter
(p/mc) we can get the desired relativistic corrections with
respect to their nonrelativistic values, up to any order in
(v/c). However, in the sumsSk

XY(q) also the relativistic ei-
genvalues«’s are involved, for which there is no (p/mc)
expansion around the corresponding nonrelativistic energy
eigenvalues. We can overcome this problem by introducing
the energies into the matrix elements of Eqs.~5! using the
relations

« iui
L&5~V1mc2!uiL&1cs•puiS&,

« iui
S&5cs•puiL&1~V2mc2!uiS&, ~6!

as derived from Eq.~2!.
Introducing Eq.~6! into Eqs.~5! and applying the elimi-

nation of small components from Eq.~4! we get, forSk(q),
the following equivalent expressions:

~\2q2/2m !Sk~q!5Sk
LL~q!1Sk

LS~q!1Sk
SL~q!1Sk

SS~q!, ~7!

with

S1
LL~q!5(

a,m
^aLuA1@V1cK~p !p2#umL&^mLuAuaL&

2^aLuA1umL&^mLuA@V1cK~p !p2#uaL&, ~8a!

S1
LS~q!1S1

SL~q!5(
a,m

c^mLuAuaL&^aLu@K~p !,V1#umL&

1c.c., ~8b!
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S1

SS~q!5(
a,m

c^aLu@K~p !,V1#umL&^mLuK~p !V1K~p !uaL&,

~8c!

whereV5(s•p)A(s•p), A5exp(iq•r), c.c. stands for the
complex conjugate term, and@ , # denotes the usual commu-
tator.

By expandingK(p) in powers of (p/mc) and, approxi-
mating it by

K~p !'~2mc !21~12p2/4m2c2!, ~9!

Eqs.~8! turn into

S1
LL~q!5S1

NR~q!1(
a,m

~^auA1um&^muAHmvua&

2^auA1Hmvum&^muAua& !, ~10a!

S1
LS~q!1S1

SL~q!52(
a,m

^muAua&

8m3c2 ^auA1~\2q2
22\q•p!

3~p2
2\q•p2i\s•q3p!um&1c.c.,

~10b!

whereHmv stands for the mass velocity term. Every matrix
element is calculated in terms of large components only.
S1

SS(q) does not contribute through the order (v/c)2, since
their terms are, at least, of order (v/c)4. The resulting cor-
rection, then, becomes

DS1~q!5S1
LL~q!1S1

LS~q!1S1
SL~q!2S1

NR~q!

5(
a,m

H ^auA1um&^muAHmvua&

2^auA1Hmvum&^muAua&

2
^muAua&

8m3c2 ^auA1~\2q2
22\q•p!

3~p2
2\q•p2i\s•q3p!um&J 1c.c. ~11!

We would like to compare now the result of our scheme
with previous ones, obtained within the dipole approxima-
tion and for one-electron systems. It should be noted that in
deriving Eqs.~8! we have only assumed that exp(iq•r) com-
mutes withV(r). So, Eqs.~8! remain valid for the corre-
sponding dipole sum rule after replacing

q2S1~q!→S1 in the left-hand side,

A→r, A1
→r,

V→~s•p!r~s•p! in the right-hand side. ~12!

Furthermore, for the one-electron case thea summation re-
stricts itself to just one term, namely, that corresponding to
the unique occupied orbital. On the other hand, them sum-
mation running over the rest of the~unoccupied! orbitals can
be expressed through the closure relation as

(
m

um&^mu512ua&^au. ~13!

Inserting Eq.~13! into Eqs. ~8! and applying the replace-
ments~12!, we get

S1
LL

5c^aur•@K~p !p2,r#ua& ~14a!

and

S1
LS

1S1
SL

5c^au@r;@~s•p!r~s•p!,K~p !##ua&1c.c.,
~14b!

which reduces, by using the approximation~9! for K(p), to

S1
NR

2S1
LL

5

5\2

2m2c2 ^au p2/2m ua&5S1
LS

1S1
SL . ~15!

Hence,S1
LL

1S1
LS

1S1
SL

5S1
NR , andDS150.

For the dipoleS2 sum rule, the inclusion of both the nega-
tive and the positive energy branches of the spectrum leads
to the resultS253c2 @3#, which diverges asc approaches
infinity. However, by proceeding along similar steps to those
outlined in obtaining Eqs.~8! one gets, for the one-electron
case,

S2
LL~q!52^au@A,K~p !p2#@K~p !p2,A1#ua&

1c2^au@K~p !p2,A#ua&^au@K~p !p2,A1#ua&,

~16a!

S2
LS~q!1S2

SL~q!5c2^au@K~p !,V#@K~p !p2,A1#

ua&2c2^au@K~p !,V#ua&

3^au@K~p !p2,A1#ua&

1c.c., ~16b!

which reduces, by doing the replacements~12!, to

S2
LL

52^au@r,HSch1Hmv#
2ua&

1c2u^au@r,HSch1Hmv#ua&u2, ~17a!

S2
LS

1S2
SL

5^au@r,HSch1Hmv#F ~s•p!r~s•p!,2
p2

8m3c2G ua&

2^au@r,HSch1Hmv#ua&

3^auF ~s•p!r~s•p!,2
p2

8m3c2G ua&1c.c.,

~17b!

From Eqs.~17!, one finally gets

DS25S2
LL

1S2
LS

1S2
SL

2S2
NR

52

\2

2m4c2 ^aup4ua&. ~18!

Next, we shall show that in the case of the dipole sum rule
S1 , previous calculations found in the literature can be
reached taking only a part of Eqs.~14!; i.e., they give an
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incomplete correction. It is interesting to point out that Eq.
~15! leads to an unexpected result in view of prior ones: the
corresponding dipole sum ruleS1 reduces, in the one-
electron case, to its nonrelativistic expressionS1

NR , due to
the exact cancellation between the termsS1

LS
1S1

SL with that
coming fromS1

LL . Hence, through the order (v/c)2, there is
no correction to the TRK sum rule.

This cancellation explains why this correction calculated
by using two different procedures@1,2#, but through the same
order, gives the same results in absolute values but opposite
in sign.S1

LL comes from introducing corrections in the ener-
gies although considering no corrections in the wave func-
tions, as can be seen from Eq.~14a!; this term leads, in the
one-electron case, to

S1
LL

5^aur•@HSch1Hmv ,r#ua&, ~19!

ua& being the unique occupied orbital. Calculations per-
formed by Levinger, Rustgi, and Okamoto@2# are based on
Eq. ~19!. For S1

LS and S1
SL we have the reciprocal situation

because they are defined@Eqs.~8b!, ~8c!# in terms of matrix
elements containing small components, which after its elimi-
nation give a relativistic correction to the Schro¨dinger wave
functions. These terms are supposed to give the correction in
Ref. @1#, being exactly minusS1

LL . Both terms are of the
same order of magnitude, so they must be included in order
to account for the total correction through the desired order,
giving a vanishing total correction.

In the one-electron case, Eq.~11! should be compared
with Eqs.~15!–~24! in the work by Leung, Rustgi, and Long
@5#. In that work, the Hamiltonian resulting from applying a
Foldy-Wouthuysen~FW! transformation@10# on the Dirac
equation is used, although only the mass velocity term con-
tributes to the correction looked for, likewise in our calcula-
tion. Nevertheless, the Bethe sum rule is calculated as an
expectation value in the ground state given by the two-

component FW wave functioncFW, which is related to the
large component of the Dirac ground-state wave function
through cFW

5(11p2/8m2c2)cL. After elimination of the
small components, the matrix elements arising from the
p2cL term become different from those arising from the
p2(s•p)cL term @see Eq.~4!#. So, Leunget al.’s and our
results cannot be reduced to one another because they use
different ways of accounting for the relativistic corrections of
the wave functions.

On the other hand, for the dipole sum ruleS2 , we obtain
a nonvanishing relativistic correction. It should be empha-
sized that, also in this case, that correction arises from the
mass velocity correction to both the energy eigenvalues and
the wave functions. For successive sum rules, i.e., fork.2, a
recursive formula can be found. Using that result and those
obtained forS0 , S1 , and S2 , it appears from the present
calculations that there would be no corrections@up to order
(v/c)2# for odd sum rules, while there would be nonvanish-
ing corrections for the even sum rules. It should also be
noted that the TRK sum rule has a value proportional to the
number of electrons in the system, which is a relativistic
invariant; then, if it were to hold that meaning in the relativ-
istic regime, its value must remain unchanged as it was
shown through the orderv2/c2. In the case ofS0 and S2 ,
these nonrelativistic sum rules are proportional to magni-
tudes that are not invariant under Lorentz transformations. In
connection with this, we are currently working to make more
clear this point.

As was shown, our method is quite general and could be
used to calculate relativistic corrections to many other
atomic and molecular properties. The solution presented here
in order to calculate relativistic corrections of the nonrelativ-
istic sum rulesSk appears to overcome this old problem in a
complete and general way, up to order (v/c)2.
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Reply to ‘‘Comment on ‘Relativistic correction of the generalized oscillator strength sum rules’ ’’

R. H. Romero and G. A. Aucar
Facultad de Ciencias Exactas y Naturales y Agrimensura, Universidad Nacional del Nordeste, Avenida Libertad 5500,

(3400) Corrientes, Argentina
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We have recently calculated corrections to theS1 and S2 generalized oscillator strength sum rules@Phys.
Rev. A 57, 2212 ~1998!#. In a recent Comment, Cohen and Leung have pointed out the need of taking into
account the normalization of the large component of Dirac wave functions. We agree on that and, although this
will change the final results presented in the original paper, it is shown that, by including the normalization for
the large components in a general way, the method of analysis remains valid and general.
@S1050-2947~99!07105-X#

PACS number~s!: 31.30.Jv, 11.55.Hx

In their Comment@1# on our paper@2#, Cohen and Leung
make the objection that our use of the closure relation
(nunL&^nLu512uxL&^xLu for large components of Dirac
eigenstates is wrong. The summation which runs over both
occupiedux& and vacantun& states is equal to unity only for
normalized large components. The authors also claim that,
‘‘We have not found a way to do this calculation explicitly
@to correct the closure relation# in the general case.’’ We
agree that this lack of normalization does change some parts
of the calculation involving theS1

LL term @the others remain
unchanged because of their order (v/c)2# and, hence, the
final results of@2#. However, we would like to point out
that the method of calculation remains both rigorous and
general and that the normalization of large components can
be addressed in a quite general way.

As is well known, there exist several methods for obtain-
ing semirelativistic, up-to-order (v/c)2 approximations to
the Dirac equation. One of them, the elimination of small
components, is the one used in@2#. Another possibility is to
use Hamiltonians obtained from the Dirac Hamiltonian, in
which the odd terms~those connecting large and small com-
ponents! are removed by applying unitary transformations,
e.g., the Foldy-Wouthuysen transformation. This is the ap-
proach used by Cohen and Leung in a recent paper@3#. All of
these approaches are equivalent up to order (v/c)2, but not
all of them are suitable for generalization to calculate higher-
order corrections. Given this equivalence, it is interesting to
investigate possible discrepancies between results obtained
through different approaches.

The normalization of large components can be introduced
through an operatorN defined@4# by introducing the normal-

ized two-component spinoru ĩ &5NuiL&, where N5@1
1(s•p)K2(s•p)#1/2

511p2/8m2c2
1O(a4). Then, a cor-

rected closure relation for large components can be recov-
ered:

(
n

uiL&^iLu5(
n

N21u ĩ &^ ĩ uN21
5N22

512p2/4m2c2

1O~a4!, ~1!

where the sum runs over both occupied and vacant large
componentsuiL&. Hence the sum over the vacant states used
in @2# can be replaced by

(
n

unL&^nLu512p2/4m2c2
2uxL&^xLu1O~a4!, ~2!

x denoting the only occupied orbital. Finally, the expectation
values of the various operators have to be calculated using
the non-normalized wave function,

uxL&5N21ux̃&5~12p2/8m2c2!ux̃&. ~3!

Inserting these replacements into our formulas for the one-
electron case makes our results coincide with Cohen and
Leung’s @1#, and the correction for the sum rules becomes

DS152

5

3mc2 K xU p2

2mUx L . ~4!

This work has been supported by CONICET~Argentina!.
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QED approach to the nuclear spin-spin coupling tensor

Rodolfo H. Romero and Gustavo A. Aucar
Facultad de Ciencias Exactas y Naturales y Agrimensura, Universidad Nacional del Nordeste, Av. Libertad 5500,

(3400) Corrientes, Argentina
~Received 8 November 2001; published 8 May 2002!

A quantum electrodynamical approach for the calculation of the nuclear spin-spin coupling tensor of
nuclear-magnetic-resonance spectroscopy is given. Quantization of radiation fields within the molecule is
considered and expressions for the magnetic field in the neighborhood of a nucleus are calculated. Using a
generalization of time-dependent response theory, an effective spin-spin interaction is obtained from the cou-
pling of nuclear magnetic moments to a virtual quantized magnetic field. The energy-dependent operators
obtained reduce to usual classical-field expressions at suitable limits.

DOI: 10.1103/PhysRevA.65.053411 PACS number~s!: 33.25.1k, 12.20.Ds, 33.15.2e

I. INTRODUCTION

During the last few years there has been an ever increas-
ing interest in the study of relativistic effects on molecular
properties for molecules containing heavy atoms. It is also
expected that the next level of theory, including quantum
electrodynamics~QED! effects, be relevant as the precision
of the calculations increases. Some efforts in order to include
those effects and evaluate their magnitude in various proper-
ties have been done in atoms and more recently in molecules
@1–4#.

The nuclear-magnetic-resonance~NMR! spectroscopic
parameters, i.e., the nuclear spin-spin coupling and the
nuclear magnetic shielding, are good candidates for studying
the effects of relativity on molecular properties. They depend
strongly on the behavior of electrons close to the nuclei,
where relativity has profound influence especially when at-
oms of the fourth row of the Periodic Table or below are
considered. Someab initio methods and calculations of
NMR parameters that include relativistic effects on different
grounds have been published recently@5–10#. The calcula-
tion of NMR parameters from full four-component relativis-
tic methods@5,11# and also through the usual nonrelativistic
response theory has shown that the experimental trends can
be reproduced for shieldings in halogen halides@6,7,9# and
methyl halides@9# only when relativistic effects are included.

Ramsey formulated, in 1953, the first theory for the cal-
culation of indirect nuclear-spin couplings@12#. He proposed
that the electron-coupled or indirect nuclear spin-spin inter-
action arises from the magnetic interaction between the nu-
clei and the molecular electrons. Pyykko¨ derived in 1977 a
relativistic analog to Ramsey’s theory, using a relativistic
hyperfine Hamiltonian andj-j intermediate coupling@13#.
All terms of Ramsey’s nonrelativistic theory are combined
into a single term in the relativistic theory of coupling con-
stants. Following the same scheme, Aucar and Oddershede
formulated the fully relativistic polarization propagator
method for the calculation of response properties. It uses
four-component wave functions, Dirac-like operators and in-
cludes both positive- and negative-energy electronic states
arising in a one-particle Dirac-Hartree-Fock scheme. The fi-
nal expressions have the correct analytic nonrelativistic limit.

From a field-theoretical point of view, the nuclear spin-

spin coupling, being anaction-at-a-distance interaction,
must be an effective one, derivable from more fundamental
arguments. So, it would be desirable, both for logical coher-
ence and also for searching for possible new effects, to take
also into account the quantal features of radiation. The pur-
pose of this paper is twofold. On one hand, to present a
formalism where the radiation is taken explicitly as a part of
the quantum system; and, on the other hand, to show that the
classical-field formalism can be recovered at a suitable limit.

Equations of motion for the operators in the combined
photon-electron Fock space are derived in Sec. II. In Sec. III
the magnetic field perturbed by the presence of electrons in
the neighborhood of a nucleusN is calculated. In Sec. IV a
generalization of time-dependent response theory including
the field as a part of the dynamical system is developed. This
extension is used in Sec. V for calculating response functions
involving two magnetic nucleiN and M. In Sec. VI the re-
sulting effective nucleus-nucleus interaction is compared to
the usual classical-field theory. Finally, in Sec. VII some con-
cluding remarks are given.

II. OPERATOR EQUATIONS OF MOTION

The total Hamiltonian for bounded electrons in a mol-
ecule interacting with quantized electromagnetic fields is

H5HDF1HR1H I , ~1!

whereHDF is the electronic Hamiltonian at the Dirac-Fock
~DF! level of approximation,HR is the free radiation Hamil-
tonian, andH I5H I

A
1H I

N
1H I

M accounts for the interaction
of the radiation with the electrons, and the nucleiN andM,
respectively. Using second quantization and Coulomb gauge,
we can write

HR5(
k

\vak
†ak , ~2!

HDF5(
i

e ib i
†b i , ~3!

H I
A
5ecE C†~x !g"A~x !C~x !d3x, ~4!
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H I

K
52mK•B~RK!, ~K5M ,N !, ~5!

wherev5ck is the photon frequency in the mode (k,l), e i

is the orbital energy of the DF statef i andb i
† andb i are the

corresponding creation and annihilation operators.C
5( ib if i stands for the fermion field operator andA is the
second quantized transverse three-dimensional vector poten-
tial

A~r!5(
kl

S \

2«0ckV D 1/2

e(l)~akle ik"r
1akl

† e2ik"r!, ~6!

wheree(l)(k) is the unit polarization vector transverse to the
wave vectork and V is a normalization volume. Hereafter,
the mode dependence of the photon creation and annihilation
operators will be implicit. With this choice of gauge, all
charge interactions within the molecule definingHDF are in-
stantaneous.

It is convenient to transform to the interaction picture,
where the Hamiltonian can be written asH5H01H I

A . In
this representation, the operators evolve with time according
to Heisenberg-like equations of motions depending on the
interaction HamiltonianH I

A . Photon and fermion Fock op-
erators becomea(t)5a(t)e2ivt, bn(t)5bne2ient and
their Hermitian conjugate relations fora† andbn

† .
The electron-radiation interaction Hamiltonian becomes

now

H I
A
5ec(

i j
(
kl

S \

2«0ckV D 1/2

e"~ae2ivtu(1)i j

1a†e ivtu(2)i j!b i
†b je

iv i jt, ~7!

where the vectors u(6)i j have components ur
(6)i j

[^iuare
6ik"ru j&, ar is the rth Dirac matrix (r51,2,3). The

operator equations of motion

i\ȧ5@a,H I
A#

5ec(
i j

S \

2«0vV D 1/2

e"u(2)i je i(v1v i j)tb i
†~ t !b j~ t !,

~8!

i\ḃ j5@b j ,H I
A#

5ec(
n

(
kl

S \

2«0vV D 1/2

bne•~au(1) jne2i(v2v jn)t

1a†u(2) jne i(v1v jn)t! ~9!

can be integrated to give

a~ t !5a~0!2iec(
i j

S 1

2«0\vV D 1/2

erur
(2)i j

3E
0

t

e i(v1v i j)t8b i
†~ t8!b j~ t8!dt8, ~10!

b j~ t !5b j~0!2iec(
n

(
kl

S 1

2«0\vV D 1/2

erE
0

t

dt8bn~ t8!

3@a~ t8!ur
(1) jne2i(v2v jn)t8

1a†~ t8!ur
(2) jne i(v1v jn)t8#. ~11!

These coupled equations can be solved by successive itera-
tions to get a solution in terms of powers of the electron
charge. Substituting the unperturbed operatorsa(0) and
b j(0) into the right-hand side~rhs! of Eqs.~10! and~11! we
get the first-order corrections

a (1)~ t !52ec(
i j

S 1

2«0\vV D 1/2

3erur
(2)i je

i(v1v i j)t
21

v1v i j
b i

†~0!b j~0!, ~12!

b j
(1)~ t !5ec(

l
(
kl

S \

2«0\vV D 1/2

b l~0!

3Fa~0!erur
(1) j le

2i(v2v j l)t
21

v2v j l

2a†~0!erur
(2) j le

i(v1v j l)t
21

v1v j l
G . ~13!

On the other hand, theO(e2) correctiona (2) to the photon
operator follows from approximating, in the rhs of Eq.~10!,
b i

†(t)b j(t) by its first-order approximationb i
†(1)b j(0)

1b i
†(0)b j

(1) , with b i
†(1) andb j

(1) given by Eq.~13! and its
Hermitian conjugate. Then,

a (2)~ t !5(
i j l

(
k8l8

S e2c

2e0\V D S 1

kk8
D 1/2

b i
†~0!b l~0!H a8~0!F ~erur

(2)i j!~es8u8s
(1) j l!

v82v j l
S e2i(v82v2v il)t

21

v82v2v il

1

e i(v1v i j)t
21

v1v i j
D

2

~es8u8s
(1)i j!~erur

(2) j l!

v82v i j
S e2i(v82v2v il)t

21

v82v2v il

1

e i(v1v j l)t
21

v1v j l
D G1a8

†~0!F ~erur
(2)i j!~es8u8s

(2) j l!

v81v j l
S e i(v81v1v il)t

21

v81v1v il

2

e i(v1v i j)t
21

v1v i j
D 2

~es8u8s
(2)i j!~erur

(2) j l!

v81v i j
S e i(v81v1v il)t

21

v81v1v il

2

e i(v1v j l)t
21

v1v j l
D G J . ~14!
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III. MAGNETIC FIELD IN THE NEIGHBORHOOD

OF A NUCLEUS

From the expressions derived in Sec. II the contribution of
orderO(e l) to the magnetic field at the nuclear positionRN
can be calculated as

Bp
(l)~RN ,t !5i(

kl
S \

2«0vV D 1/2

«mnpkmen~a (l)e i(k"RN2vt)

2a (l)†e2i(k"RN2vt)!, ~15!

the lowest-order approximation being the unperturbed field

Bp
(0)~RN ,t !5i(

kl
S \

2«0vV D 1/2

«mnpkmen@a~0!e i(k"RN2vt)

2a†~0!e2i(k"RN2vt)#. ~16!

A. First- and second-order corrections

Inserting Eq.~12! into Eq. ~15! and summing over the
polarization directions, we get

Bp
(1)~RN ,t !5i(

k
(
i j

S e

2e0kV D «mnpkmb i
†~0!b j~0!

3S un
(1)i j~N !

e iv i jt2e ivt

v2v i j

2un
(2)i j~N !

e iv i jt2e2ivt

v1v i j
D , ~17!

whereun
6i j(N)[^iuane6ik"rNu j&, andrN5r2RN is the elec-

tron position relative to the nucleusN. As usual, summation
over the wave vectork is made by replacingV21(k
→(2p)23*d3k with d3k5k2dkdV. Integration over the an-
gular variables gives

Bp
(1)~RN ,t !5

e

8p2ie0c
(
i j

«mnp¹m
Nb i

†~0!b j~0!

3K iU an

rN
E

0

`

dk~e ikrN2e2ikrN!S e ick i jt2e2ickt

k1k i j

1

e ick i jt2e ickt

k2k i j
DU j L , ~18!

where the derivatives¹m
N are taken with respect to the

nuclear coordinatesRN . Finally, evaluating the integrals in
the complexk plane, we get

Bp
(1)~RN ,t !

5

m0

4p
ec(

i j
«mnpK iU“m

N S e2ik i j(rN2ct)

rN
DanU j L b i

†~0!b j~0!,

~19!

if t.rN /c, and 0 if t,rN /c, reflecting the causal nature of
fields.

Inserting Eq.~14! into Eq. ~15!, and summing again over
the polarization directions, transforming the sum over the
wave vector into an integral and integrating the angular vari-
ables, we get the correction to the field up to ordere2

Bp
(2)~RN ,t !5(

i j l
(

kk8l8

S 1

2e0\v8V
D 1/2

e2

8p2ie0

«mnp“mb i
†~0!b j~0!H a8~0!F er8u8r

(1)i j

v82v i j
K jUI (1)~k82k il ,k j l!

an

rN
Ul L

2 K iUI (1)~k82k il ,k i j!
an

rN
U j L er8u8r

(1) j l

v81v j l
G1a8

†~0!F K iUI (2)~2k82k il ,2k i j!
an

rN
U j L er8u8r

(2) j l

v81v j l

2

er8u8r
(2)i j

v81v i j
K jUI (2)~2k82k il ,2k j l!

an

rN
Ul L G J ~20!

for times t.rN /c, where

I (6)~q8,q9!5E
2`

`

dk~e ikrN2e2ikrN!S e2icq8t
2e6ickt

k6q8

2

e6icq9t
2e6ickt

k2q9
D , ~21!

while Bp
(2)(RN)50 if t,rN /c.

IV. RESPONSE THEORY

We shall evaluate now the effect of the presence of
nucleusM on the interaction of nucleusN with the perturbed
magnetic field obtained in Sec. III.

The perturbative expansion of the magnetic field obtained
in Sec. III gives rise to a corresponding expansion of the
B-dependent HamiltoniansH I

M and H I
N in powers of the

electron charge

H I
K

5H I
K(0)

1H I
K(1)

1H I
K(2)

1••• ~K5M ,N !. ~22!

These expansions include@up to O(e2)# the effect of the

QED APPROACH TO THE NUCLEAR SPIN-SPIN . . . PHYSICAL REVIEW A 65 053411

053411-3



5.3. ART�ICULO 3: PHYS. REV. A 65, 053411 (2002) 73
electron-radiation interaction. Let us write the state of the
electron-field system in the presence of the nucleusM as
J(t). It satisfies the Schro¨dinger-like equation of motion

i\
dJ

dt
5~H01H I

M !J~ t !. ~23!

The expectation value of the HamiltonianH I
N , at time t,

becomes then

^J~ t !uH I
N~ t !uJ~ t !&5^J~ t !uH I

N(0)~ t !1H I
N(1)~ t !1H I

N(2)~ t !

1•••uJ~ t !& . ~24!

In order to determine the influence of the perturbation pro-
duced by the nucleusM on this expectation value, we solve
Eq. ~23! expanding the stateJ in terms of the complete set
of states ofHDF andHR

$F0C0 ,FklC0 ,F0Ca
r ,FklCa

r , . . . % , ~25!

where F0 is the state of the photon vacuum state,Fkl

5akl
† F0 represents one-photon states in the (kl) mode, etc.

On the other hand,C0 is the Dirac-Fock ground state of
energyE0, andCa

r
5br

†baC0 are single-excited~with respect
to C0) Slater determinants,Cab

rs
5bs

†bbCa
r are doubly ex-

cited Slater determinants, etc.
Hence, the stateJ becomes

J~ t !5F0C01(
kl

ckl~ t !FklC01(
ar

ca
r ~ t !F0Ca

r

1(
kl

(
ar

ca;kl
r ~ t !FklCa

r

1 (
kl,k8l8

cklk8l8
~ t !FklFk8l8

C0

1 (
abrs

cab
rs ~ t !F0Cab

rs
1•••, ~26!

where the coefficients of this expansion satisfy the equations
of motion

i\ ċkl~ t !5^FklC0uH I
MuF0C0&

1 (
k8l8

ck8l8
~ t !^FklC0uH I

MuFk8l8
C0&

1(
ar

ca
r ~ t !^FklC0uH I

MuF0Ca
r &1•••

5^FklC0uH I
M (0)

1H I
M (2)uF0C0&

1ckl~ t !^C0uH I
M (1)uC0&

1(
ar

ca
r ~ t !^FklC0uH I

M (2)uF0Ca
r &1•••, ~27!

i\ ċa
r ~ t !5^F0Ca

r uH I
MuF0C0&

1(
kl

ckl~ t !^F0Ca
r uH I

MuFklC0&

1(
ar

ca
r ~ t !^F0Ca

r uH I
MuF0Ca

r &1•••,

5^F0Ca
r uH I

M (1)uF0C0&

1(
kl

ckl~ t !^F0Ca
r uH I

M (2)uFklC0&

1(
ar

ca
r ~ t !^F0Ca

r uH I
M (1)uF0Ca

r &1•••, ~28!

i\ ċa;kl
r ~ t !5^FklCa

r uH I
MuF0C0&

1(
kl

ckl~ t !^FklCa
r uH I

MuFklC0&

1(
ar

ca
r ~ t !^FklCa

r uH I
MuF0Ca

r &1•••,

5^FklCa
r uH I

M (2)uF0C0&

1(
kl

ckl~ t !^FklCa
r uH I

M (1)uFklC0&

1(
ar

ca
r ~ t !^FklCa

r uH I
M (0)

1H I
M (2)uF0Ca

r &

1•••. ~29!

It should be noted that these coupled equations have to fulfill
the initial conditions ckl(2`)50, ca

r (2`)50, ca;kl
r

(2`)50, so thatJ(2`)5C0F0, and can be solved itera-
tively considering an expansion of the coefficientsckl , ca

r ,
andca;kl

r in powers ofe.
From the order of the HamiltonianH I

M it can be seen that
ckl is at leastO(e0), while ca

r andca;kl
r are at leastO(e1).

Furthermore, the iterative solutions of the equations~27!–
~29! depend linearly, quadratically, cubicly, etc. onH I

M . Re-
stricting ourselves to linear terms, we get the solutions

ckl
(0)~ t !52

i

\
E

2`

t

^FklC0uH I
M (0)~ t8!uF0C0&dt8,

ca
r(1)~ t !52

i

\
E

2`

t

^F0Ca
r uH I

M (1)~ t8!uF0C0&dt8,

ca;kl
r(2) ~ t !52

i

\
E

2`

t

^FklCa
r uH I

M (2)~ t8!uF0C0&dt8,

ckl
(2)~ t !52

i

\
E

2`

t

^FklC0uH I
M (2)~ t8!uF0C0&dt8. ~30!
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Hence,

d^H I
N&5^J~ t !uH I

N~ t !uJ~ t !&2^F0C0uH I
N~ t !uC0F0&2

i

\ (
kl

E
2`

t

^F0C0uH I
N(0)~ t !1H I

N(2)~ t !uFklC0&^FklC0uH I
M (0)~ t8!

1H I
M (2)~ t8!uF0C0&dt82

i

\ (
ar

E
2`

t

^F0C0uH I
N(1)~ t !uCa

r F0&^F0Ca
r uH I

M (1)~ t8!uC0F0&dt8

2

i

\ (
kl

(
ar

E
2`

t

^F0C0uH I
N(2)~ t !uFklCa

r &^FklCa
r uH I

M (2)~ t8!uF0C0&dt81c.c.1•••,

5^^H I
N(0)~ t !1H I

N(2)~ t !;H I
M (0)~ t8!1H I

M (2)~ t8!&&1^^H I
N(1)~ t !;H I

M (1)~ t8!&&1^^H I
N(2)~ t !;H I

M (2)~ t8!&&1c.c.1•••,
~31!

where c.c. and . . . denote, respectively, complex conjugate
and nonbilinear terms inH I

M and H I
N . Due to the orthogo-

nality of the set of states~25! not every possible combination
of the matrix elements of the perturbations occurs. It should
also be noted that the expectation value ofH I

N at the timet
depends on matrix elements ofH I

M at every timet8, with
t8<t, i.e., it is a time correlation function. Equation~31!
gives formally the expression of the~linear! response of the
nuclear spinN to the perturbation of nuclear spinM. It dif-
fers from the usual linear-response theory in the fact that the
field degrees of freedom are included. As is well known,
response theory is equivalent to perturbation theory when the
perturbations become static, i.e., time independent, and rep-
resents a straightforward generalization of the definition of
molecular properties for time-dependent perturbations@16#.

V. EFFECTIVE NUCLEAR SPIN-SPIN INTERACTION

The response theory outlined in the preceding section can
be used to obtain an effective nuclear spin-spin interaction.
Phenomenologically, in NMR spectroscopy, the energy shift
that is bilinear in the nuclear spinsIN and IM defines the
nuclear-spin coupling tensorDpq(N,M )1Jpq(N,M ) accord-
ing to

E (2)
5h@Jpq~N,M !1Dpq~N,M !#INpIMq , ~32!

whereDpq andJpq are named thedirect andindirect ~i.e.,via
the electrons! coupling tensor, respectively; the nuclear mag-
netic moment is related to the nuclear spin bymK
5gK\IK , (K5M ,N), gK being the magnetogyric ratio
of nucleusK.

Equation~31! allows us to define a quantum-field analog
Tpq to the coupling tensor by factoring out the nuclear spins

d^H I
N&5hTpqINpIMq , ~33!

with

Tpq5gNgM

h

~2p !2
^^Bp~RN ,t !;Bq~RM ,t8!&& . ~34!

Using the expressions forB5(aB(a) derived in Sec. III, the
various contributions to the tensorTpq5(abTpq

(a,b) can be
calculated as follows:

Tpq
(a,b)

5gNgM

h

~2p !2
^^Bp

(a)~RN ,t !;Bq
(b)~RM ,t8!&& .

~35!

A. e0-order term

The leading term inTpq is the lowest (e0)-order contri-
bution Tpq

(0,0) . This corresponds to the case of interaction of
the magnetic moments with the nonperturbed radiation field.
As can be seen from Eq.~31! and since no interactions with
the electrons occurs, this corresponds to transitions from the
unperturbed ground statesuF0C0& to the intermediate states
uFklC0&. So, Eq.~35! gives

Tpq
(0,0)

5gNgM

h

~2p !2

m0

4p F dpqRMN
2

23XMN,pXMN,q

RMN
5 G ,

~36!

whereXMN,i is the ith component of the vectorRMN5RM
2RN , andRMN5uRMNu.

B. e2-order terms

The possible quadratic contributions in the electron
charge areTpq

(1,1) and Tpq
(0,2)

1Tpq
(2,0) , which we grouped ac-

cording to the order of the fields involved. Note that the
operatorB(1) acts on the fermion states whileB(2) changes
both the fermion states and the photon number. As it was
noted previously in a nonrelativistic context, this is an opera-
tor having no classical analog@14#.

1. Tpq
„1,1…

The operatorB(1) only acts on the fermion Fock space.
Hence, the ground and intermediate states are, respectively,
uF0C0& and uF0Ca

r & @see Eq.~31!#. Inserting the operator
B(1) @Eq. ~19!#, and summing over the polarization directions
by use of the identity
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(
l

k3e(l)~a"e(l)!5k3a, ~37!

and transforming thek summation into an integral, we get

Tpq
(1,1)

5S m0

4p
ec D 2

(
ar

«mnp«rsqK aU“mS e2ikarrN

RN
DanUr L 1

ea2er
K rU“rS e ikarrM

RM
DasUa L . ~38!

2. Tpq
„0,2…

¿Tpq
„2,0…

The termTpq(B (0),B (2))[Tpq
(0,2)

1Tpq
(2,0) depends on the second-order field, which is an operator acting in the combined

fermion-photon space. However, it enters intoTpq(B (0),B (2)) with B (0) which does not change the fermion state. So, the
intermediate states are of the formuFklC0&, i.e., single occupation of photon modes and electrons in the DF ground state.
Then, after some manipulations, from Eq.~35! and for times~such thatct is greater than any of the distancesr1N , r2N , r1M ,
or r2M! relevant for spectroscopy, we get~see the Appendix for details!

Tpq~B (0),B (2)!5(
ja

S m0ec

4p D 2 1

ea2e j
e lmpersqH K a jU~ar

(1)“s
M !~a l

(2)“m
N !F12e2ik ja(r2N2ct)

r1Mr2N
u~r1M2r2N!

1

12e ik ja(r1M2ct)

r1Mr2N
u~r2N2r1M !GUn j L 1 K a jU~a l

(1)“m
N !~ar

(2)“s
M !F12e ik ja(r1N2ct)

r1Nr2M
u~r2M2r1N!

1

12e2ik ja(r2M2ct)

r1Nr2M
u~r1N2r2M !GU ja L J . ~39!

VI. COMPARISON TO CLASSICAL-FIELD THEORY

It is instructive to consider the relation between the quantum-field~Q! coupling tensorTpq defined in the preceding section
with the usual classical-field~C! one, namely, the tensorKpq of the NMR spectroscopy. Note thatQ expressions consist finally
in one-electron operators without references to the photon frequencies. However, their influence can be traced out through the
dependence on the energy differences in the exponents. As is usual; theC expressions are recovered as these differences
approach zero. Let us consider successively theTpq

(1,1) andTpq(B (0),B (2)) tensors.
Exponential functions of Eq.~38! show that the leading contributions to the tensorTpq

(1,1) are those havingkar!1 since
otherwise the exponentials turn to be rapidly oscillating and the matrix elements give vanishing contributions. Sincea andr
represent occupied and virtual states, respectively, and their energy differences must beuea2eru!2mc/\, the virtual statesr
are essentially positive-energy states. Then

Tpq
(1,1).S m0

4p
ec D 2

(
a

occ

(
r

(1)

«mnp«rsqK aU“mS 1

RN
DanUr L 1

ea2er
K rU“rS 1

RM
DasUa L 1c.c. ~40!

On the other hand, Eq.~39! shows that the most important contributions toTpq(B (0),B (2)) come from the low-lying
negative-energy states for whichk ja.2mc/\, so that the exponential functions oscillate rapidly and the numerators can be
replaced by unit. Then,

Tpq~B (0),B (2)!.(
a

occ

(
j

(2) S m0ec

4p D 2 1

ea2e j
e lmpersqH K a jU~ar

(1)¹s
M !~a l

(2)¹m
N !S 1

r1Mr2N
D Ua j L

1 K a jU~a l
(1)¹m

N !~ar
(2)¹s

M !S 1

r1Nr2M
D U ja L J

5(
ja

S m0ec

4p D 2 1

ea2e j
e lmpersqH K aU~ar¹s

M !
1

rM
U j L K jU~a l¹m

N !
1

rN
Ua L

1 K aU~a l¹m
N !

1

rN
U j L K jU~ar¹s

M !
1

rN
Ua L J . ~41!
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It should be noted that the matrix elements of Eqs.~40! and
~41! can be reduced to their nonrelativistic form by using the
approximate relation between the large~L! and small ~S!
two-components spinors of the four-component Dirac wave
functions

uc S&.
s"p

2mc
uc L&, ~42!

where

uc&5UcL

cS L
for positive-energy and

uc&5UcS

cLL
for negative-energy wave functions, and the standard repre-
sentation of the Dirac matricesa in terms of Pauli matrices
s

a5S 0 s

s 0 D ~43!

to give

K aU“mS 1

RN
DanUr L .

1

2mc K aLUH “mS 1

RN
Dsn ,s ip iJ UrLL

~44!

whenr is a positive-energy state and$A,B%5AB1BA rep-
resents the anticommutator betweenA andB; and

K aU“mS 1

RN
DanU j L . K aLU“mS 1

RN
DsnU jLL ~45!

when j is a negative-energy state.
It should also be pointed out that in Ramsey’s nonrelativ-

istic theory, paramagnetic terms~Fermi contact paramagnetic
spin-orbit, and spin-dipolar! arise from second-order
perturbation theory, while the single diamagnetic spin-orbit
term DSO is obtained from first-order perturbation theory.
However, in the relativistic domain, as discussed by
Sternheim@15# and Aucaret al. @10#, the operators are linear
in the nuclear spins; hence, there is no contribution
from first-order perturbation theory to the nuclear spin-spin
coupling. In this case, the coupling is an effect completely
accounted for second-order perturbation theory. The nonrel-

ativistic DSO term is an approximation to the part of
the ~second-order! expression including intermediate
negative-energy states. This contribution does not represent
a virtual pair creation, but only providesfull relaxation of
the reference electronic state to the effect of the perturbation.
In line with this, Eq. ~41! is the relativisticC expression
with negative-energy~of order 22mc2) states j, which
has been shown to give the nonrelativistic DSO term
@10,15#.

VII. CONCLUDING REMARKS

In this paper we have defined a quantum-field analogTpq

of the nuclear spin-spin coupling tensorKpq of NMR spec-
troscopy. From a field-theoretical point of view, this ap-
proach is both more consistent~because both the electrons
and the photons are considered as part of the dynamical sys-
tem! and general.

The magnetic field is described perturbatively as a power
series in the electron charge. The various successive terms
contain operators acting only on the photon Fock space, only
on the fermion Fock space, and on both; the later has no
classical counterpart. As a consequence, operators describing
the fermion-field interaction arise. These operators are elec-
tronic energy dependent and they are shown to reduce to
well-known relativistic operators when the energy differ-
ences~corresponding to the energy of the photons! approach
zero.

The influence of a magnetic nucleusM on another
magnetic nucleusN is accounted for through a straightfor-
ward generalization of time-dependent response theory in-
cluding the dynamical degrees of freedom of the magnetic
field.

An insight into the meaning of the different terms of
the power expansion ofTpq can be given when the energy
differences approach zero. At the lowest~zeroth! order
~i.e., without electron-field interaction!, the coupling tensor
T (0,0) gives the usualdirect coupling tensor. AtO(e2)
there are two types of terms, termT (1,1) depending twice
on the first-order fieldB (1) and T(B (0),B (2)) depending
on the product of zeroth- and second-order fields. These
quantum-field expressions reduce in the classical-field limit
~vanishing photon frequencies! to the relativistic expression
for the indirect coupling tensor, which, in due course, can be
split up in its paramagnetic and diamagnetic contributions
within the nonrelativistic regime. These contributions come
from the classical limit ofT (1,1) and T(B (0),B (2)), respec-
tively.
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APPENDIX: DERIVATION OF EQ. „39…

From Eq.~35! and with intermediate states of the formuFklC0& we have

Tpq~B (0),B (2)!5(
k8

(
ja

S e2

4pe0
D i

2e0\v8
2V

e lmpersqH u~ct2rN!F ^aukr8ase
ik8"rMu j&

v81v ja
K jU“ l

NS e ik8rN2e2ik ja(rN2ct)e iv8t

rN
DamUaL

2K aU“ l
NS e ik8rN2e ik ja(rN2ct)e iv8t

rN
amD U j L ^ j ukr8ase

ik8"rMua&

v82v ja
Gu~ct2rM !

3F ^auk l8ame2ik8"rNu j&

v82v ja
K jU“r

MS e ik8rM2e2ik ja(rM2ct)e2iv8t

rM
DasUaL

2K aU“r
MS e2ik8rM2e ik ja(rM2ct)e2iv8t

rM
asD U j L ^ j uk l8ame2ik8"rNua&

v81v ja
G J , ~A1!

wherea runs over the set of occupied orbitals and summation onj runs over the complete spectrum.
Integrating the angular variables ofk and writing the products of one-electron matrix elements as matrix elements of a

two-electron operator, we get

Tpq~B (0),B (2)!5(
ja

S m0ec

4p D 1

2pi\c
e lmpersqH u~ct2r1N!K a jU~a l

(1)¹m
N !

3~ar
(2)¹s

M !
1

r1Nr2M
E

2`

`

dq
~e iqrM2e2iqrM!~e iqrN2e ik jnrNe i(q2k ja)ct!

q~q2k ja! U jaL
2u~ct2r2N!K a jU~ar

(1)¹s
M !~a l

(2)¹m
N !

1

r1Mr2N
E

2`

`

dq
~e iqrM2e2iqrM!~e iqrN2e2ik jarNe i(q1k ja)ct!

q~q1k ja! U jaL
3u~ct2r2M !K a jU~a l

(1)“m
N !~ar

(2)“s
M !

1

r1Nr2M
E

2`

`

dq
~e iqrN2e2iqrN!~e2iqrM2e2ik jarMe2i(q2k ja)ct!

q~q2k ja! U jaL
2u~ct2r1M !K a jU~ar

(1)“s
M !~a l

(2)“m
N !

1

r1Mr2N
E

2`

`

dq
~e iqrN2e2iqrN!~e2iqrM2e ik jarMe2i(q1k ja)ct!

q~q1k ja! U jaL J .

~A2!

Evaluation of the integrals in the complexq plane gives

Tpq~B (0),B (2)!5(
ja

S m0ec

4p D 2 1

ea2e j
e lmpersqH u~ct2r2N!K a jU~ar

(1)“s
M !~a l

(2)“m
N !

12e2ik ja(r2N2ct)

r1Mr2N
u~r1M2r2N!U ja L

1u~ct2r1N!K a jU~a l
(1)“m

N !~ar
(2)“s

M !
12e ik ja(r1N2ct)

r1Nr2M
u~r2M2r1N!U ja L 1u~ct2r1M !

3 K a jU~ar
(1)¹s

M !~a l
(2)¹m

N !
12e ik ja(r1M2ct)

r1Mr2N
u~r2N2r1M !U ja L u~ct2r2M !

3 K a jU~a l
(1)“m

N !~ar
(2)“s

M !
12e2ik ja(r2M2ct)

r1Nr2M
u~r1N2r2M !U ja L J . ~A3!

Finally, for times such thatct is greater than any of the distancesr1N , r2N , r1M , or r2M , Eq. ~39! arises.
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@4# P. Pyykkö, K. G. Dyall, A. G. Csa´szár, G. Tarczay, O. L. Poly-

RODOLFO H. ROMERO AND GUSTAVO A. AUCAR PHYSICAL REVIEW A 65 053411

053411-8



78 CAP�ITULO 5. PUBLICACIONES
ansky, and J. Tennyson, Phys. Rev. A63, 024502~2001!.

@5# G. A. Aucar and J. Oddershede, Int. J. Quantum Chem.47, 425
~1993!.

@6# H. Fukui, T. Baba, and H. Inomata, J. Chem. Phys.105, 3175
~1996!.

@7# J. Vaara, K. Ruud, and O. Vahtras, J. Chem. Phys.111, 2900
~1999!.

@8# H. M. Quiney, H. Skaane, and I. P. Grant, Chem. Phys. Lett.
290, 473 ~1998!.

@9# L. Visscher, T. Enevoldsen, T. Saue, H. J. Jensen, and J. Odd-
ershede, J. Comput. Chem.20, 1262~1999!.

@10# G. A. Aucar, T. Saue, L. Visscher, and H. J. Jensen, J. Chem.
Phys.110, 6208~1999!.

@11# H. J. Aa. Jensen, K. G. Dyall, T. Saue, and K. Faegri, J. Chem.
Phys.104, 4083~1996!.

@12# N. M. Ramsey, Phys. Rev.91, 303 ~1953!.
@13# P. Pyykko, Chem. Phys.22, 289 ~1977!.
@14# E. A. Power and T. Thirunamachandran, Phys. Rev. A28, 2663

~1983!.
@15# M. M. Sternheim, Phys. Rev.128, 676 ~1962!.
@16# R. McWeeny,Methods of Molecular Quantum Mechanics, 2nd

ed. ~Academic Press, London, 1992!.

QED APPROACH TO THE NUCLEAR SPIN-SPIN . . . PHYSICAL REVIEW A 65 053411

053411-9



5.4. ART�ICULO 4: INT. J. MOL. SCI. 3, 914 (2002) 795.4 Art��
ulo 4: Int. J. Mol. S
i. 3, 914 (2002)



80 CAP�ITULO 5. PUBLICACIONES
Int. J. Mol. S
i. 2002 , 3, 914{930 Int. J. Mol. S
i.ISSN 1422-0067www.mdpi.org/ijms/Self-energy e�e
ts on Nu
lear Magneti
 Resonan
eparameters within Quantum Ele
trodynami
s per-turbation theoryRodolfo H. Romero and Gustavo A. Au
arFa
ultad de Cien
ias Exa
tas, Universidad Na
ional del Nordeste, Avenida Libertad 5500 (3400)Corrientes, Argentina. Tel. +54 3783 473931 Fax. +54 3783 473930E-mail: rhromero�exa.unne.edu.ar; gaa�re
.unne.edu.arRe
eived: 22 Mar
h 2002 / A

epted: 20 May 2002 / Published: 31 August 2002

Abstra
t: A theory for the 
al
ulation of self-energy 
orre
tions to the nu
lear mag-neti
 parameters is given in this paper. It is based on the S-matrix formulation ofbound-state quantum ele
trodynami
s (QED). Expli
it expressions for the variousterms of the S-matrix are given. The interpretation of the self-energy, one- and two-vertex terms and some perspe
tive for possible future developments are dis
ussed.Keywords: NMR parameters; Quantum Ele
trodynami
s; S-matrix theory; Self-energy 
orre
tion; Dira
-Fo
k perturbation theory.



2002 by MDPI. Reprodu
tion for non
ommer
ial purposes permitted.



5.4. ART�ICULO 4: INT. J. MOL. SCI. 3, 914 (2002) 81
Int. J. Mol. Sci. 2002, 3 915

1 Introduction

Relativistic effects are at the moment starting to be included routinely in calculations of magnetic

molecular properties on molecular systems that contain heavy atoms. That is because we are

aware of that they are very important in order to predict experimental results.

The usual treatment of molecular properties by theoretical methods is based on classical elec-

trodynamic theory, i.e without resorting to quantized fields. The reason is that most of the

relevant terms are included in the perturbed Hamiltonian just using classical fields. Given that

the experimental results for magnetic molecular properties have an increasing precision that is in

average less than a few percent of its total value it would be important to relax the limitation

of using classical fields in our calculations in order to include additional corrections. This is also

important from a formal point of view.

Then the next step for precise calculation of molecular properties is related with QED effects.

There were some preliminary studies for atomic systems by different groups. Labzowsky, Goidenko

and Pyykko found that the bound-state QED contributions to the g-factor of valence ns electrons

in alkali metal atoms is as large as 10 % for Rb and less for the other atoms of that series.1They

also showed that the radiative corrections for the heavy and superheavy atoms can rise up to 0.5%

of the ionization energy.2 They included QED derived potentials on usual perturbation theory to

calculate energy corrections.

Our aim in this paper is to go an step forward trying to describe in some detail a formalism

necessary to use when one wants to include QED effects on molecular magnetic properties; even

though we have recently worked on the NMR-J spectroscopic parameter by using a different

methodology.3 The new scheme presented here can be applied to both spectroscopic parameters

mentioned above and is more systematic than the previous one.

In order to include QED effects in calculation of atomic or molecular properties it is possible to

work with different formalisms. The formulation of QED we choose to work with is the adiabatic

S-matrix approach of Gell-Mann, Low4 and Sucher5 which was first applied to the bound-state

QED by Labzowsky6 and later on by Mohr.7 This formalism was applied very recently to atomic

and highly ionized systems.8,9 In our previous work on this field we worked out QED corrections

to the NMR-J spectroscopic parameter but without inclusion of radiative corrections which are

now treated properly from the outset.

In the next section we give a summary of quantum electrodynamics perturbation theory based

on S-matrix formalism. Then we apply that general formalism to the calculation of self-energy

corrections to NMR properties. Depending on the external potential we choose (arising from the

nuclear magnetic moment or the external static magnetic field) we arrive to J or σ.
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2 Quantum electrodynamics perturbation theory

We briefly outline in this section the theory for the calculation of level shifts of bound state

electrons interacting with quantized radiation. A more comprehensive description can be found

elsewhere.7 Bound state quantum electrodynamics is a reformulation of standard QED for free-

particles as described in textbooks.10 It is assumed that Dirac equation with a given classical

potential V
[

cα · p + βmc2 + V
]

φi = εiφi (1)

can be solved. The factors α are the 4 × 4 Dirac matrices which, in the standard representation,

has the form

α =

(

0 σ

σ 0

)

, β =

(

1 0

0 −1

)

(2)

σ are the Pauli matrices, and 0 and 1 represent the null and unit 2× 2 matrices. It is convenient

to use the set of matrices γ0 = β and γ = βα in order to manifest explicitly the relativistic

covariance properties of the Dirac matrices.

The eigenfunctions φi are taken as the zeroth-order wave functions in terms of which the field

operators are built

ψ(x) =
∑

εi>0

aiφi(x) +
∑

εj<0

b†jφj, (3)

where ai (b†j) is the annihilation (creation) operator for an electron (a positron) in the state φi

(φj) of energy εi > 0 (εj < 0). The Fock operators satisfy the usual anti-commutation relations

[ai, a
†
j]+ = [bi, b

†
j]+ = δij, (4)

and zero otherwise.

The interaction between electrons and a quantized electromagnetic field is accounted for through

the interaction Hamiltonian

HI(x) =
∫

d3xjµ(x)Aµ(x), (5)

where jµ(x) = −eψ̄(x)γµψ(x) is the Dirac 4-current written in terms of the fermion fields and

the γ matrices γµ = (γ0,γ), Aµ is the electromagnetic 4-vector potential and x = (x0,x) is the

position 4-vector 1.

For the level shifts calculations, it is convenient to replace the interaction Hamiltonian by an

adiabatically damped one

Hǫ
I(x) =

∫

d3xe−ǫ|x0|jµ(x)Aµ(x). (6)

1Einstein’s convention that two repeated Greek indices indicates summation from 0 to 3 is used throughout this

paper.
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In that case, Gell-Mann, Low4 and Sucher5 have shown that the energy shift of an unperturbed

state |0〉 is given by

∆E0 = lim
ǫ→0,λ→1

iǫλ

2

∂
∂λ

〈0|Sǫ,λ |0〉c
〈0|Sǫ,λ |0〉c

+ const. (7)

where Sǫ,λ is the S-matrix defined as

Sǫ,λ = 1 +
∞∑

k=1

(−iλ)k

k!

∫

d4x1 . . .
∫

d4xkT{Hǫ
I(x1) . . . Hǫ

I(xk)}. (8)

T{Hǫ
I(x1) . . . Hǫ

I(xk)} is the time-ordered product (i.e., x0
1 < x0

2 < . . . < x0
k) of the operators

Hǫ
I(x1) . . . Hǫ

I(xk), and 〈. . .〉c represents connected diagrams corresponding to expectation values

on the state |0〉 and it will be implicitly understood in the following. Wick’s theorem11 allows

to express a T−product of any set of Fock operators A,B,C, . . . X, Y, Z in terms of their normal

ordered product and one, two, etc. contractions,

T{ABC . . . XY Z} = : ABC . . . XY Z : + : AB
︸︷︷︸

C . . . XY Z : + : ABC
︸ ︷︷ ︸

. . . XY Z : + . . .

+ : ABC . . . XY Z
︸ ︷︷ ︸

: + . . . (9)

i.e. product of Fock operators with the creation operators placed to the left of the annihilation

operators times photon and fermion propagators (represented by the underbraces) defined as

SF (x, y) = 〈T{ψ(x)ψ̄(y)}〉, (10)

DFµν(x, y) = 〈T{Aµ(x)Aν(y)}〉. (11)

The time dependence of the propagators can be made explicit if we write them as follows

SF (x, y) =
∫ dE

2πi
SF (x,y; E)e−iE(x0−y0), (12)

DFµν(x, y) = gµν

∫ dk0

2πi
DF (x,y; k0)e

−ik0(x0−y0). (13)

The fermion propagator SF (x,y; E) has the following spectral representation7

SF (x,y; E) =
∑

n

φn(x)φ̄n(y)

E − εn(1 − iδ)
, (14)

where δ is an infinitesimal positive quantity and n runs over the complete spectrum of eigenfunc-

tions. Expanding ∆E0 in power of λ, the energy formula can be written from first to fourth order

in the S-matrix as

∆E
(1)
0 =

iǫ

2
〈S(1)〉, (15)

∆E
(2)
0 =

iǫ

2

(

2〈S(2)〉 − 〈S(1)〉2
)

, (16)

∆E
(3)
0 =

iǫ

2

(

3〈S(3)〉 − 3〈S(1)〉〈S(2)〉 + 〈S(1)〉3
)

, (17)
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Figure 1: Basic self-energy Feynman diagram.

∆E
(4)
0 =

iǫ

2

(

4〈S(4)〉 − 4〈S(1)〉〈S(3)〉 − 2〈S(2)〉2 + 4〈S(1)〉2〈S(2)〉 − 〈S(1)〉4
)

. (18)

It has been shown7 that, for classical external potentials V and one-electron atoms in the state a,

the first and second order level shift formula reduces to the well known expressions from standard

perturbation theory

∆E(1)
a = Vaa (19)

∆E(2)
a =

∑

En �=Ea

Van

1

Ea − En

Vna. (20)

As an application of the third order formula, Blundell et al.8 calculated self-energy corrections in

atomic systems in the presence of an external potential. In the next section, we use the fourth

order energy expression ∆E
(4)
0 to obtain self-energy corrections to the NMR parameters.

3 Self-energy effects on NMR properties

In this section, the S-matrix theory outlined in the previous section is applied to obtain expres-

sions for the self-energy corrections to the NMR parameters J and σ. The self-energy correction

corresponds to the level shifts due to the interaction of an electron with itself via one photon

exchange (Fig. 1). For the problem we are tackling, we need to consider this type of diagrams in

addition to the interaction with two external potentials, namely, those coming from the interaction

of an electron with the magnetic moments µ of two different nuclei (in the case of the tensor J) or

the electron with a nucleus and the external magnetic field B (in the case of the nuclear magnetic

shielding σ).

Hence, we consider the electromagnetic 4-potential as the sum of a quantized potential Aµ plus

a classical one (ϕ, 0, 0, 0) and take the Dirac-Fock ground state |DF 〉 as the unperturbed state

|0〉. Then, the interaction Hamiltonian splits in HI = HA
I + HB

I , where

HA
I = e

∫

d3xψ̄(x)γµAµψ(x), (21)

HB
I =

∫

d3xψ̄(x)V (x)ψ(x), (22)
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and V (x) = eγ0ϕ(x) = γ0U(x). In order to discuss simultaneously both J and σ we assume

V = VN + VB, where

VN(r) = −eγ · µN ×
rN

r3
N

(23)

VB(r) = −eγ·

B × r

2
, (24)

such that the proper potential should be taken for the property of interest.

Since we are interested in properties quadratic in the external potential V , the ∆E
(4)
0 expression

can be written as

∆E
(4)
0 = 2iǫ

(

〈S(4)〉 − 〈S(2a)〉〈S(2b)〉 + 〈S(1)〉2〈S(2a)〉 − 〈S(1)〉〈S(3)〉
)

, (25)

where

〈S
(1)
ǫλ 〉 = −iλ

∫

d4xe−ǫ|x0|〈T{(: ψ̄V ψ :)x}〉 (26)

〈S
(2a)
ǫλ 〉 = −

λ2e2

2

∫

d4x
∫

d4ye−ǫ|x0|e−ǫ|y0|

×〈T{(: ψ̄γµAµψ :)x(: ψ̄γνAνψ :)y}〉 (27)

〈S
(2b)
ǫλ 〉 = −

λ2

2

∫

d4x
∫

d4ye−ǫ|x0|e−ǫ|y0|

×〈T{(: ψ̄V ψ :)x(: ψ̄V ψ :)y}〉 (28)

〈S
(3)
ǫλ 〉 =

iλ3e2

3

∫

d4x
∫

d4y
∫

d4ze−ǫ|x0|e−ǫ|y0|e−ǫ|z0|

×〈T{(: ψ̄γµAµψ :)x(: ψ̄γνAνψ :)y(: ψ̄V ψ :)z}〉 (29)

〈S
(4)
ǫλ 〉 =

λ4e2

4

∫

d4w
∫

d4x
∫

d4y
∫

d4ze−ǫ|w0|e−ǫ|x0|e−ǫ|y0|e−ǫ|z0|

×〈T{(: ψ̄V ψ :)w(: ψ̄γµAµψ :)x(: ψ̄γνAνψ :)y(: ψ̄V ψ :)z}〉 (30)

Note that S(2a) and S(2b) represent the terms of the second order S-matrix containing only quan-

tized and classical potentials, respectively. It should be also stressed that even when we are treating

a many-electron system, the use of the approximation of independent particles and, hence, the

lack of dynamical correlation in the wave functions, allows us to use all the formal machinery

devised for one-electron calculations.

Let us consider separately the different contributions to the S-matrix.
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3.1 First order

As an illustration of the use of the level shift formulas, let us consider in detail the calculations

of the first few orders of the S-matrix. To first order, writing explicitly the time dependence, and

taking into account that the state |0〉 has no positrons, we get

〈S
(1)
ǫλ 〉 = −iλ

∑

ij

∫

d3xφ̄i(x)V (x)φj(x)

×
∫

dx0e−ǫ|x0|ei(εi−εj)x
0

〈: a†
iaj :〉

= −iλ
∑

ij

Uij

2ǫ

ǫ2 + (εi − εj)2
〈: a†

iaj :〉 (31)

For the Dirac-Fock state |0〉, 〈: a†
iaj :〉 = δij, where i must be an occupied state, say, α. Then,

〈S
(1)
ǫλ 〉 = −

2iλ

ǫ

occ∑

α

Uαα, (32)

that is, ∆E
(1)
0 =

∑occ
α Uαα, which is a generalization of the one-electron case.

3.2 Second order

In this section we shall consider in some detail the calculation of the terms S
(2a)
ǫλ and S

(2b)
ǫλ , because

their treatment involves some general procedures to be applied in the more complicate higher order

terms.

3.2.1 Term S
(2a)
ǫλ

Application of the Wick theorem to the product T{HA
Iǫ(x)HA

Iǫ(y)} gives one- and two-electron

operators. The one-electron term 2γµDF (x, y)SF (x, y)γµ : ψ̄(x)ψ(y) : is related to the self-energy

of the DF-occupied states and is the only term to be included in S
(2a)
ǫλ . The two-electron term is

not relevant for the calculations involved here since it gives a contribution related to one-photon

exchange interaction between two-electrons, namely, the Coulomb-Breit interaction.

As in the first order case, the expectation value 〈: ψ̄(x)ψ(y) :〉 becomes a summation over occupied

states α. Integration over time variable x0 gives

∫

dx0e−ǫ|x0|e−i(k0+E−εα)x0

= ∆ǫ(k0 + E − εα) (33)

and a similar result for the integration over y0, where

∆ǫ(k0 + E − εα) =
2ǫ

ǫ2 + (k0 + E − εα)2
(34)
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is a function such that

∆ǫ(E)

{

= 2/ǫ = O(ǫ−1), E = 0,

≃ 2ǫ/E2 = O(ǫ), E �= 0.
(35)

Recalling that at the end of the calculations we take ǫ → 0, the roots u = 0 of the argument

of ∆ǫ(u) determine the most relevant energy regions for the integrals over E. So, for S
(2a)
ǫλ , the

energy denominator emphasize the region E = εα − k0 and we can approximate the integral over

E by evaluating the propagator S(x,y; E) at that energy value. Hereafter, this will be a general

strategy for the evaluation of those integrals. Hence,

〈S
(2a)
ǫλ 〉 = λ2

occ∑

α

∫ dE

2πi

[

2ǫ

ǫ2 + (k0 + E − εα)2

]2

Σαα(εα), (36)

where the self-energy insertion Σmn(ε) is defined by

Σmn(ε) = −e2
∫

d3x
∫

d3y
∫ dk0

2πi
φ̄m(x)γµDF (x,y; k0)SF (x,y; ε − k0)γµφn(y). (37)

that is,

〈S
(2a)
ǫλ 〉 =

λ2

iǫ

occ∑

α

Σαα(εα) (38)

3.2.2 Term S
(2b)
ǫλ

The time-ordered product T{HB
Iǫ(x)HB

Iǫ(y)} has also contributions from one- and two-electron

operators

2
∑

ij

φ̄i(x)V (x)SF (x, y)V (y)φj(x)a†
iaj

+
∑

ijkl

φ̄i(x)V (x)φj(x)φ̄k(y)V (y)φl(y)a†
ia

†
kalaj. (39)

Inserting Eq. (39) into the expression (28) for S
(2b)
ǫλ , the integration over the time variables

gives

∆ǫ(E + k0 − εi)∆ǫ(E + k0 − εj) (40)

for the first (one-electron) term; while

∆ǫ(k0 + εj − εi)∆ǫ(k0 + εk − εl) (41)

for the two-electron one. Furthermore, for the DF ground state, 〈a†
iaj〉 = δij and 〈a†

ia
†
kalaj〉 =

δijδkl − δilδkj, j and l being occupied orbitals, say, α and β. Hence, the ∆ǫ−functions emphasize,
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Figure 2: Feynman diagrams side left (L), side right (R), and vertex (V) for self-energy correction

corresponding to the S
(3)
ǫλ term.

respectively, the regions E = εα − k0 and k0 = εα − εβ of the integrals over E and k0. Then, S
(2b)
ǫλ

gives

S
(2b)
ǫλ = 2λ2ǫ2

∑

α �=β

UαβUβα

[ǫ2 + (εα − εβ)2]2
+ λ2

∑

αl

UαlUlα

∫ dE

2πi

1

E − εl(1 − iδ)

[

2ǫ

ǫ2 + (E − εα)2

]2

,

(42)

where we have replaced the fermion propagator by its spectral representation, Eq. (14). This is a

common technique used throughout this paper, and we use it repeatedly in the following sections,

for the calculation of higher order terms. It should be noted that the first term of the previous

Eq. is of order O(ǫ2) because α �= β. Therefore, it does not contribute to the energy shift and,

hereafter, it will be we disregarded.

Finally,

〈S(2b)〉 = −2
λ2

ǫ2

∑

αlα

UαlαUlαα

+λ2
∑

αl′α

Uαl′α
Ul′αα

[

sg(εl′α
)

(εα − εl)
2 +

1

iǫ

1

εα − εl′α

]

. (43)

where lα (l′α) represents states degenerate (non-degenerate) with α.

3.3 Third order

Third order S-matrix, Eq. (29) produces one- and two-electron operators. The former comes from

the diagrams depicted in Fig. 2, while the later are product of S(1) times S(2a), i.e., a diagram

with two electron lines, one of them interacting with the external field and the other having a

self-energy graph (Fig. 1).

Diagrams of Fig. 2 have been previously considered8 in the calculation of self-energy corrections

in atomic systems in the presence of an external potential. They were named left-side (L), right-
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side (R) and vertex (V) terms. Following the same lines as the calculation of first and second

order terms, we get expressions which represent many-electron generalizations of those from Ref.8

〈S
(3)
L 〉 = iλ3e2

occ∑

α

∫

d3x
∫

d3y
∫

d3z
∫ dk0

2πi

∫ dE1

2πi

∫ dE2

2πi

×φ̄α(x)V (z)SF (z,x; E1)γ
µDF (x,y; k0)

×SF (x,y; E2)γµφα(y)∆ǫ(E2 + k0 − E1)

×∆ǫ(E2 + k0 − εα)∆ǫ(E1 − εα) (44)

〈S
(3)
R 〉 = iλ3e2

occ∑

α

∫

d3x
∫

d3y
∫

d3z
∫ dk0

2πi

∫ dE1

2πi

∫ dE2

2πi

×φ̄α(x)γµDF (x,y; k0)SF (x,y; E1)γµ

×SF (y,z; E2)V (z)φα(z)∆ǫ(E2 − εα)

×∆ǫ(E1 + k0 − E2)∆ǫ(E1 + k0 − εα) (45)

〈S
(3)
V 〉 = iλ3e2

occ∑

α

∫

d3x
∫

d3y
∫

d3z
∫ dk0

2πi

∫ dE1

2πi

∫ dE2

2πi

×φ̄α(x)γµDF (x,y; k0)SF (x,y; E1)V (z)

×SF (z,y; E2)γµφα(y)∆ǫ(E1 + k0 − εα)

×∆ǫ(E2 + k0 − εα)∆ǫ(E1 − E2). (46)

The ∆ǫ-functions favor E1 = εα and E2 = εα in S
(3)
L and S

(3)
R , respectively. So, if we proceed,

as in the previous lower orders calculations, to replace the fermion propagators by its spectral

representations, the whole expression diverges. However, S
(3)
V does not suffer of this problem

because the arguments of the ∆ǫ-functions does not vanish at any energy eigenvalue εi. Then, a

special treatment must be given to the side terms, while S
(3)
V can be handled as before to give

〈S
(3)
V 〉 =

2iλ3

3ǫ

occ∑

α

Λαα(εα), (47)

where the vertex insertion Λnm(ε) is defined by

Λnm(ε) = −e2
∫

d3x
∫

d3y
∫

d3z
∫ dk0

2πi
φ̄m(x)γµDF (x,y; k0)SF (x,z; ε

−k0)V (z)SF (z,y; ε − k0)γµφn(y). (48)

Inserting those terms of the spectral representation of the fermion propagators, Eq. (14), which

are non degenerate with the state α, the calculations follows the same steps of the vertex term
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and we get

〈S
(3a)
L 〉 =

2iλ3

3ǫ

occ∑

α

∑

εl �=εα

Uαl

1

εα − εl

Σlα(εα).

(49)

A similar expression for the right term is

〈S
(3a)
R 〉 =

2iλ3

3ǫ

occ∑

α

∑

εl �=εα

Σαl(εα)
1

εα − εl

Ulα

(50)

To handle those terms of Eq. (14) corresponding to states degenerates with α, we expand the

second propagator in power series around E = εα − k0 to first order; for example, in the left side

term

SF (x,y; E2) ≃ SF (x,y; εα − k0)

+ (E2 − εα + k0) × S ′
F (x,y; εα − k0),

(51)

where

S ′
F (x,y; εα − k0)

= −
∫

d3wSF (x,w; εα − k0)γ
0SF (w,y; εα − k0). (52)

The first term of Eq. (51), combined with the part of the spectral representation of the propagator

(14) containing states α′ degenerate with α (εα′ = εα) divergent at E = εα − k0, gives

〈S
(3b)
L 〉 = −

iλ3

ǫ2

occ∑

α

∑

α′

Uαα′Σα′α (53)

〈S
(3b)
R 〉 = −

iλ3

ǫ2

occ∑

α

∑

α′

Σαα′Uα′α (54)

Finally, the last term of the expansion (51), together with those from the representation (14)

corresponding to states α′, give rise to the so-called derivative terms7

〈S
(3c)
L 〉 =

iλ3e2

3ǫ

occ∑

α

∑

α′

Uαα′

∫

d3w
∫

d3x
∫

d3y
∫ dk0

2πi

×DF (x,y; k0)φ̄α′(x)γµSF (x,w; εα − k0)γ
0

×SF (w,y; εα − k0)γµφα(y), (55)
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and

〈S
(3c)
R 〉 =

iλ3e2

3ǫ

occ∑

α

∑

α′

∫

d3w
∫

d3x
∫

d3y
∫ dk0

2πi

×DF (x,y; k0)φ̄α(x)γµSF (x,w; εα − k0)γ
0

×SF (w,y; εα − k0)γµφα′(y)Uα′α (56)

It is worth to mention the symmetry between both side terms.

3.4 Fourth order

Following the same procedure as before, we get the following contributions to S(4)

S(4) = S
(4)
V V + S

(4)
LV + S

(4)
V R + S

(4)
LR + S

(4)
LL + S

(4)
RR, (57)

corresponding to the Feynman diagrams of Fig. 3, where

〈S
(4)
i 〉 = λ4e2

∑

α

∫

d4w
∫

d4x
∫

d4y
∫

d4z

×e−ǫ|w0|e−ǫ|x0|e−ǫ|y0|e−ǫ|z0|Mi, (58)

and Mi (i = V V, LV, V R,LR,LL,RR) is defined as follows

MV V = φ̄α(x)γµDF (x, y)SF (x,w)V (w)SF (w, z)V (z)SF (z, y)γµφα(y).

MLV = φ̄α(w)V (w)SF (w, x)γµDF (x, y)SF (x, z)V (z)SF (z, y)γµφα(y)

MV R = φ̄α(x)γµDF (x, y)SF (x,w)V (w)SF (w, y)γµSF (y, z)V (z)φα(z)

MLR = φ̄α(w)V (w)SF (w, x)γµDF (x, y)SF (x, y)γµSF (y, z)V (z)φα(z)

MLL = φ̄α(w)V (w)SF (w, z)V (z)SF (z, x)γµDF (x, y)SF (x, y)γµφα(y)

MRR = φ̄α(x)γµDF (x, y)SF (x, y)γµSF (y, w)V (w)SF (w, z)V (z)φα(z) (59)

The subscripts (L), (R) and (V) have the same meaning as those from third order terms S(3).

Integration over time variables gives products of ∆ǫ-functions emphasizing the energy regions

detailed in Table 1. As it is shown there, the relevant point for the energy landscape in the V V

term correspond to the value εα − k0 which is not a pole for any of the propagators. Hence,

the term S
(4)
V V becomes fairly convergent. The contributions S

(4)
LV and S

(4)
V R, however, contain one

fermion propagator diverging at the relevant point εα. Finally, the contributions S
(4)
LR, S

(4)
LL and

S
(4)
RR have two divergent propagators at the occupied orbital energies. Then, the term S

(4)
V V can be
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Figure 3: Fourth order Feynman diagrams vertex-vertex (VV), left-vertex (LV), vertex-right (VR),

left-right (LR), left-left (LL) and right-right (RR) contributing to self-energy correction quadratic

in the external field corresponding to the S
(4)
ǫλ term.

Table 1: Energy regions emphasized by the ∆ǫ-functions after integration over time variables in

the contributions to S(4). See text after Eq. (58)

Term Leading energy regions

V V E1 = E2 = E3 = εα − k0

LV E2 = E3 = εα − k0, E1 = εα

V R E1 = E2 = εα − k0, E3 = εα

LR E2 = εα − k0, E1 = E3 = εα

LL E3 = εα − k0, E1 = E2 = εα

RR E1 = εα − k0, E2 = E3 = εα
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calculated after some long but straightforward manipulations, to give

〈S
(4)
V V 〉 =

ie2λ4

2ǫ

∑

α

∫

d3w
∫

d3x
∫

d3y
∫

d3z
∫ dk0

2πi

× φ̄α(x)γµDF (x,y; k0)SF (x,w; εα − k0)V (w)

× SF (w,z; εα − k0)V (z)SF (z,y; εα − k0)γµφα(y) (60)

The other contributions, however, require the use of the power expansion (51) for the propaga-

tors converging at εα, while separating the states degenerate with α in the spectral representation

(14) for those propagators diverging at εα.

So, we have a term arising from the states l non-degenerate with α

〈S
(4)
LV 〉non−deg = −

iλ4

2ǫ

occ∑

α

∑

εl �=εα

Uαl

1

εα − εl

Λlα(εα), (61)

plus a term derived from states α′ degenerate with α,

〈S
(4)
LV 〉deg = −

2λ4

3ǫ2

occ∑

α

∑

εα=εα′

Uαα′Λα′α(εα), (62)

with the non divergent (at εα) propagators evaluated at εα −k0 in both cases. On the other hand,

taking the derivative term (51) from one propagator and evaluating the other at εα − k0 it gives

〈S
(4)
LV 〉deriv = −

iλ4e2

3ǫ

∑

αα′

∫

d3w
∫

d3x
∫

d3y
∫

d3z
∫ dk0

2πi
Uαα′

× φ̄α′(x)γµDF (x,y; k0)
[

SF (x,w; εα − k0)γ
0

× SF (w,z; εα − k0)V (z)SF (z,y; εα − k0)

+ SF (x,z; εα − k0)V (z)SF (z,w; εα − k0)γ
0

× SF (w,y; εα − k0)γµ] φα(y). (63)

Finally, there is also a term arising from the derivative term in both propagators. However, that

term becomes of the order O(ǫ0), so it does not give any level shift and can be disregarded. The

S
(4)
V R contribution can be split similarly, too.

In the treatment of the terms S
(4)
LR, S

(4)
LL and S

(4)
RR, we separate the degenerate states α′ and α′′

from the spectral representation of the two propagators which diverge at εα, and expand the other

one according to (51). We shall not give here the details of the resulting terms which are rather
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involved; but, as an illustration, we can consider, for example, those parts of the propagators

depending on the states l and n having energies εl �= εα �= εn. Then,

〈S
(4)
LL〉non−deg =

λ4

2iǫ

∑

α

∑

l,n

Uαl

1

εα − εl

Uln

1

εα − εn

Σnα(εα),

(64)

and similar terms for 〈S
(4)
LR〉non−deg and 〈S

(4)
RR〉non−deg.

4 Discussion

We derived in the previous section the various terms of the S−matrix contributing to the energy

shifts given by Eq. (25). It should be noted that some of them (e.g., 〈S
(4)
V V 〉, 〈S

(4)
LV 〉non−deg or

〈S
(4)
LL〉non−deg) are of order O(1/ǫ), what gives ǫ−independent energies. Others, however, have a

ǫ−dependence faster than O(1/ǫ); e.g., 〈S
(4)
LV 〉deg. These terms diverge as ǫ approaches zero. The

same happens with those terms of Eq. (25) containing products, like 〈S(1)〉〈S(3)〉. In fact, those

terms cancel out the ǫ−divergences from the ones coming from 〈S(4)(1/ǫn)〉 such that n > 1.

Hence, finally, we are left with energy expressions which does not diverge at the limit ǫ → 0.

In order to gain insight about the final expressions, let us discuss the energy contributions from

the terms 〈S
(4)
V V 〉, 〈S

(4)
LV 〉non−deg and 〈S

(4)
LL〉non−deg. The level shift formula Eq. (25) gives

∆EV V = −e2
occ∑

α

∫

d3w
∫

d3x
∫

d3y
∫

d3z
∫ dk0

2πi

× φ̄α(x)γµDF (x,y; k0)SF (x,w; εα − k0)V (w)

× SF (w,z; εα − k0)V (z)SF (z,y; εα − k0)γµφα(y) (65)

∆ELV =
occ∑

α

∑

εl �=εα

Uαl

1

εα − εl

Λlα(εα), (66)

and

∆ELL =
occ∑

α

∑

l,n

Uαl

1

εα − εl

Uln

1

εα − εn

Σnα(εα). (67)

The last two formulas are relatively simple and easy to interpret. ∆ELV can be thought as a

second order perturbation theory, written in terms of orbital energies and one-electron matrix

elements, between the perturbation U and the self-energy corrected perturbation Λ. However, Λ

can not be given in a closed form and it is only defined through its matrix elements already defined

in Eq. (48). From its definition, we see that Λlα contains the external potential V = γ0U such
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that the whole expression ∆ELV becomes quadratic in U , as we expected. Furthermore Λlα has

contributions from the complete spectrum of photon frequencies k0.

On the other hand, the energy ∆ELL shows explicitly its quadratic dependence on V , and

it has a form resembling third order perturbation theory with the self-energy insertion Σnα as

an additional perturbation. Both ∆ELV and ∆ELL are feasible to be implemented in currently

existing computational codes.

Finally, the two-vertex contribution ∆EV V cannot be written as a perturbation theory-like

expression, showing its intrinsic QED origin. Terms like this cannot be derived from standard

perturbative methods, and illustrate the usefulness of the theory presented in this work.

5 Concluding Remarks and Perspectives

We have given in this paper a theory for the inclusion of self-energy corrections to the nuclear

magnetic parameters J and σ. It is based on the S−matrix formulation of bound-states quantum

electrodynamics. Explicit expressions were given for first up to fourth order S−matrix terms.

Divergent terms at the limit ǫ → 0 cancel out each other and ǫ−independent energy contributions

are obtained. The resulting expressions have standard perturbation theory forms with new QED-

derived perturbation operators added.

Some work remains to be done to get formulas computationally implementable in widely used

relativistic electronic structure computational codes. Particularly, a regularization scheme must

be applied in order to render our final formulas ultraviolet and infrared convergent. In previous

works, dimensional regularization have proven to be effective. It should also be noted that we have

not considered here other QED radiative effects like vacuum polarization, which are expected to

be of the same order than those included in this work.
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Fully relativistic calculation of nuclear magnetic shieldings and indirect
nuclear spin–-spin couplings in group-15 and -16 hydrides
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Fully relativistic calculations of the isotropic and anisotropic parts of both indirect nuclear spin–spin
couplings1J(X-H) and2J(H-H) and nuclear magnetic shieldingss(X) ands(H) for the group-15
and -16 hydrides are presented. Relativistic calculations were performed with Dirac–Fock wave
functions and the random phase approximation method. Results are compared to its nonrelativistic
counterpart. Paramagnetic and diamagnetic contributions to the nuclear magnetic shielding
constants are also reported. We found very large relativistic corrections to both properties in the
sixth-row hydrides (BiH3 and PoH2). Our calculations of the relativistic corrections to the isotropic
part of s at the heavy nucleusX show that it is roughly proportional toZ3.2 in both series of
molecules. Paramagnetic termsp is more sensitive to the effects of relativity than the diamagnetic
one sd, even though both have a behavior proportional to third power of the nuclear chargeZ.
© 2002 American Institute of Physics. @DOI: 10.1063/1.1510731#

I. INTRODUCTION

The strong influence of relativity on the electronic den-
sity distribution in molecules containing heavy atoms is a
well-established effect.1 This becomes more notorious for
properties depending on the electronic density near the
nucleus like the indirect nuclear spin–spin coupling and
nuclear magnetic shielding.2,3 Recently, a number of compu-
tational codes for the fully relativistic calculation of both
electronic structure and molecular properties have become
available.4–6 Computational requirements restrict, for the
time being, the realm of application of fully relativistic meth-
ods to molecules containing just a few heavy atoms.7–9 How-
ever, these calculations provide benchmarks theoretical val-
ues to be compared to those obtained from more approximate
theories.10–13

Indirect nuclear spin–spin couplings in the group-15 and
-16 hydrides have been studied theoretically by Pyykko¨ and
Wiesenfeld3 by using the relativistic extended Hu¨ckel
method~REX!. These calculations predicted correctly the or-
der of magnitude and the trends in the increasing value of the
couplings with the nuclear chargeZ of the heavy nucleus.
However, the estimates are too rough to be compared to pre-
cise experimental values. For the heaviest~Sb, Bi, Po! hy-
drides there are not even experimental values. REX calcula-
tions also indicate that the anisotropic part of the coupling
tensor is more sensitive to the relativistic effects than the
isotropic couplings. One aim of this work is to verify
whether this statement holds in calculations using more ac-
curate methods. Aucaret al.7 have calculated one- and two-
bond couplings in the series XH2 (X5O,S,Se,Te) using four-
component Dirac–Fock~DF! wave functions and the
relativistic polarization propagator within the random phase
approximation~RPA!. In that work, the experimental trend is

qualitatively reproduced and the differences can be attributed
to the lack of enough electron correlation in the wave func-
tion. So far, no fully relativistic calculations of nuclear mag-
netic shielding in that series have been carried out and that is
another aim of this paper. We want to verify whether relativ-
istic corrections to nuclear magnetic shieldings for both
heavy and hydrogen atoms are related to the nuclear charge
of the heavy atomZ. This was previously observed by Fukui
and Baba14 for the hydrogen halides. Comparing our results
between both series, i.e., XH2 (X5O,S,Se,Te,Po) and XH3
(X5N,P,As,Sb,Bi), and also with previous calculations in
hydrogen halides,8 we show that the relativistic correction
increases nearly asZ3 in all series.

In this work, we use the DF-RPA method to analyze the
importance of relativistic effects on the nuclear magnetic
shielding both in hydrogen and the heavy atom. Relativistic
effects on the paramagnetic and diamagnetic contributions
are also studied.

In Sec. II the theory for the calculation of electronic
structure and magnetic properties is given. Section III con-
tains the computational details of the calculations. In Sec. IV
we report the results of our calculations of the NMR param-
eters. Finally, in Sec. V we give some concluding remarks.

II. THEORY

The Dirac–Fock method is the four-component relativ-
istic analog of the well-known nonrelativistic self-consistent-
field method for electronic structure calculations.

In the relativistic domain the interaction between elec-
trons and external magnetic fields is accounted for by intro-
ducing the perturbation Hamiltonian

H I5eca•A, ~1!a!Electronic mail: gaa@rec.unne.edu.ar
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wherea5(ax ,ay ,az) are the 434 Dirac matrices, which
can be written in terms of the 232 Pauli matrices
(sx ,sy ,sz) as

a5S 0 s

s 0 D ~2!

and A is the external vector potential. The indirect nuclear
spin–spin couplings and nuclear magnetic shielding are ac-
counted for by introducing the nuclear (AN) and external
potential (AB) vectors

AN5

m0

4p (
K

gK

IK3rK

rK
3 , ~3!

AB5
1
2 B3rG5

1
2 B3~r2RG!. ~4!

IK represents the nuclear spin of nucleusK and the gauge
origin is set at the pointRG .

The relativistic calculation of molecular properties can
be achieved using response functions or propagators.15 The
polarization propagator̂̂ P;Q&&v gives the response of the
molecule to an external perturbation. Then this response
function represents the first-order change in the expectation
value ~in the reference state! of the operatorP under the
action of a perturbationQ of frequencyv. The proper choice
of the operatorsP andQ allows us to express second-order
electric and magnetic properties as propagators. NMR pa-
rameters can be written in terms of response functions as8,15

J i j~K,L !

5S m0

4p
ec\ D 2 gKgL

h K K S aK3rK

rK
3 D

i

;S aL3rL

rL
3 D

j
L L

E50

,

~5!

s i j~K !5

m0

4p
e2c2K K S aK3rK

rK
3 D

i

;~a3rG! jL L
E50

. ~6!

III. COMPUTATIONAL DETAILS

Relativistic and nonrelativistic calculations of spin–spin
couplings and nuclear magnetic shieldings were performed at
the RPA level of approximation of the polarization propaga-
tor with Dirac–Fock and Hartree–Fock wave functions, re-
spectively, as implemented in theDIRAC ~Ref. 4! andDALTON

~Ref. 16! programs.
All the calculations were carried out at experimental mo-

lecular geometries~see Table I! with uncontracted basis set.
Shieldings were calculated with common gauge origin at the
heavy nucleus.

The same basis sets were used both in nonrelativistic
calculations and to generate the large component in relativ-
istic calculations. Small component basis sets were generated
from the large component ones by imposing the kinetic bal-
ance prescription. For most elements~except for Sb and Bi!
spin–spin couplings were calculated with~uncontracted!
Sadlej basis sets17 with four tight s functions added. Theses
functions were generated from the largests function expo-
nent of the Sadlej basis following aneven-tempered criterion.
Larges function exponents are needed to properly reproduce

the electronic density close to the nuclei2 and, hence, the
most important contribution in nonrelativistic calculations of
NMR couplings, namely, the Fermi contact term.

We made several calculations in NH3 and PH3 com-
pounds which show that adding more than fours functions
changes the coupling values in less than 1%; therefore, for
each calculation, the original basis set was extended by add-
ing four tight s functions with exponents generated as dis-
cussed above. For antimony a Faegri18 basis set plus tights
functions and four polarizationf functions were used. Thef
functions were obtained repeating those of the central block
of d functions from Faegri basis. The basis set for bismuth
was taken as the Faegri basis set plus tights functions.

We used the same basis sets for the nuclear magnetic
shielding calculations. However, calculations on NH3 and
PH3 show that this property is not very sensitive to the in-
fluence of tight functions.

The difference in the sensitivity of both parameters to
the description of the electron density at the nuclear positions
reflects the different underlying mechanisms in each prop-
erty.

IV. RESULTS AND DISCUSSION

A. Nuclear spin–spin couplings

Table II shows results of relativistic and nonrelativistic
calculations of nuclear spin couplings. Nonrelativistic isotro-
pic coupling constants between the hydrogens and central
atom increase monotonically~except for a slight decrease
from N to P! along the group.

The relativistic correction to1K(X–H) is negative~see
Table II!; as a consequence, the one-bond coupling of the
sixth-row hydrides becomes negative and large in absolute
value. This is qualitatively in agreement with previous re-
sults reported in the literature3,19 obtained through more ap-
proximate methods.

One-bond anisotropic values increase monotonically
both in relativistic and nonrelativistic calculations. However,
according to nonrelativistic calculations this growth is slower
than it is in relativistic calculations. Although the trend is the
same in both cases, relativity strongly enhances the effect.
This behavior was explained in Ref. 19 by means of semi-
empirical calculations in terms of contributions from local-
ized orbitals. The sign of the couplings was determined by

TABLE I. Molecular geometries used in the calculations.

Molecule Bond length~Å! Bond angle~deg!

NH3 1.012 106.70
PH3 1.420 93.80
AsH3 1.511 92.08
SbH3 1.704 91.60
BiH3 1.865 90.30
H2O 0.957 104.50
H2S 1.328 92.20
H2Se 1.460 90.57
H2Te 1.659 90.26
H2Po 1.747 90.52

7943J. Chem. Phys., Vol. 117, No. 17, 1 November 2002 NMR shieldings for group-15 and -16 hydrides
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two dominant contributions of opposite sign: namely, the
bond and lone pair ones.

Two-bond isotropic couplings2K(H-H) are negative and
relativistic calculations give values greater than their nonrel-
ativistic counterpart. However, the relativistic corrections to
2K(H–H) are rather small except for the sixth-row hydrides,
for which KR(H–H) is roughly twice larger than
KNR(H–H). The anisotropyDK(H–H) grows both in rela-
tivistic and nonrelativistic calculations, but the relativistic
effects enhance this growing so thatDK(H–H) becomes
positive for the SbH3 and BiH3 compounds.

B. Nuclear magnetic shieldings

Results of relativistic and nonrelativistic calculations of
isotropic (s iso) and anisotropic~Ds! contributions to the
nuclear magnetic shieldings in the hydrogen and heavy at-
oms are given in Table III. Total isotropic shieldings are split
up into paramagnetic (sp) and diamagnetic (sd) contribu-
tions as defined in Ref. 7. The results are shown in Table IV.
Nonrelativistic values are given within parentheses.

Table III shows that both relativistic~R! and nonrelativ-
istic ~NR! s iso(X) have a increasing trend as X becomes
heavier. AlsosR

iso(H) and sNR
iso(H) have a similar~decreas-

ing! behavior as one goes down along the group; i.e., rela-
tivistic effects change the magnitude of the isotropic shield-
ings, slightly for the lighter hydrides and more importantly in
the heavier ones, but they do not affect the general trend.
Figure 1 shows that the differenceusR

iso
2sNR

isou is propor-

tional to the logarithm ofZ. As we discuss below, the rela-
tivistic effects become important for the paramagnetic con-
tribution to the total isotropic value.

The anisotropic shieldingsDs(X) at the heavy atoms
along the series XH2 resemble the behavior already observed
by Visscheret al. in Ref. 8. We obtain a positive relativistic
correction toDs(X) monotonically increasing from about 3
ppm for Z516 to about 1800 ppm forZ584. Along the
group-15 hydrides, the relativistic correction is not mono-
tonic, although it becomes quite large forDs~Sb! and
Ds~Bi!, differing nearly by a factor of 4.

The anisotropic shielding on the hydrogen atom,
DsR(H), increases successively for As, Sb, and Bi, in the
group-15 hydrides, while it increases from Te to Po, in the
group-16 compounds.

Paramagnetic and diamagnetic contributions to the total
isotropic shieldings are very differently affected by relativity
~see Table IV!. Nonrelativistic calculations show that dia-
magnetic and paramagnetic contributions have opposite
signs and that the former is larger~roughly by a factor be-
tween 3 and 4! than the latter for all compounds studied. It
can be seen thatsd changes 5% in the fourth-row hydrides
and less in the lighter ones. As shown in Fig. 2, the logarithm
of the relativistic correction to both the diamagnetic and the

TABLE II. One- and two-bond isotropic (K iso) and anisotropic (DK) re-
duced nuclear spin–spin coupling constants inXH3 andXH2 compounds~in
units of 1019 N A22 m23). Nonrelativistic values are given within parenthe-
ses.

X K(X–H) K ~H–H!

XH3 K iso DK K iso DK

N 64.0697 217.5866 22.0354 22.9425
~63.9372! ~215.4887! ~22.0527! ~22.9929!

P 53.0200 42.0438 22.0428 20.9799
~52.7256! ~43.6717! ~22.0882! ~21.0479!

As 72.6698 142.9321 22.4315 20.7746
~84.1760! ~121.7447! ~22.5128! ~20.9481!

Sb 78.9184 365.4187 22.6760 0.5056
~143.5546! ~217.9652! ~22.6454! ~20.6859!

Bi 21367.8263 1867.2860 27.2912 8.0874
~188.9121! ~468.4040! ~23.3952! ~20.6720!

XH2

O 63.1410 10.7043 21.8486 24.1592
~63.6631! ~8.9765! ~21.8911! ~24.2538!

S 45.1375 43.1011 21.5827 1.9108
~45.5164! ~56.3157! ~21.7737! ~21.3687!

Se 25.2352 186.5969 22.0361 20.9669
~46.1454! ~165.2287! ~22.1307! ~21.1458!

Te 221.8626 342.4068 21.8990 1.8412
~86.0125! ~343.6714! ~21.9477! ~20.8409!

Po 21481.1291 868.5275 22.6678 2.0238
73.7021a 330.5918a ~21.6110!a ~1.8948!a

aCalculated relativistically with the speed of lightc scaled by 12. A factor of
this order was found to reproduce the nonrelativistic limitc→`. Larger
factors can give rise to numerical instabilities in the relativistic calculation.

TABLE III. Isotropic (s iso) and anisotropic~Ds! contributions to nuclear
magnetic shieldings in XH3 and XH2 compounds~in units of ppm!. Nonrel-
ativistic values are given within parentheses.

X s(X) s~H!

XH3 s iso Ds s iso Ds

Na 262.6417 14.2208 30.3269 17.7870
~263.2301! ~19.4157! ~31.8986! ~15.9392!

Pb 627.9895 30.0087 28.6462 12.2811
~594.0062! ~20.0691! ~29.7512! ~10.6021!

Asc 2398.5867 27.1190 28.6451 20.3242
~1995.0271! ~42.4023! ~29.5515! ~18.2967!

Sbd 5188.7370 305.3552 28.1719 26.0105
~3517.1330! ~8.5720! ~28.9133! ~22.8953!

Bie 15696.9850 1338.7372 15.4135 28.9372
~7107.2752! ~125.5671! ~27.5737! ~25.3874!

XH2

Of 326.7247 68.9305 29.1499 23.1236
~329.2893! ~56.3157! ~31.0213! ~20.2833!

Sg 783.4970 303.8530 30.7105 16.8462
~733.1708! ~307.1212! ~31.1767! ~16.2308!

Seh 2681.7619 659.6255 33.2876 16.2917
~2165.2028! ~689.3219! ~30.4243! ~21.4409!

Tei 5638.8112 1231.7090 39.8276 27.1350
~3675.9931! ~1583.5205! ~29.8316! ~24.8884!

Poj 17728.6631 4369.0834 42.4056 293.6657
~7051.5772! ~22546.9926! ~28.1430! ~30.4285!

aN: 14s, 6p, 4d.
bP: 17s, 10p, 4d.
cAs: 17s, 12p, 9d.
dSb: 20s, 18p, 11d, 4f .
eBi: 22s, 17p, 13d, 8f .
fO: 10s, 6p, 4d.
gS: 16s, 10p, 4d.
hSe: 23s, 16p, 12d, 3f , Ref. 7.
iTe: 27s, 21p, 15d, 4f , Ref. 7.
jTe: 27s, 21p, 15d, 4f , Ref. 7.
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paramagnetic components ofs(X) follows a trend roughly
proportional to logZ. A numerical fit of our results gives the
Z dependence shown in Table V.

It should be noted that, contrary to the results of Ref. 14
for the hydrogen halides, even thoughsNR

p is negative, the
positive relativistic corrections depend nearly asZ3 and are
as important to invert the nonrelativistic trend along the

group. Hence, for the heavier elements~Bi, Te, and Po!,
sp(X) becomes positive.

V. CONCLUSIONS

Nuclear spin–spin couplings and nuclear magnetic
shieldings for XH3 and XH2 compounds~X belonging to
group 15 and 16, respectively! were calculated both relativ-
istically and nonrelativistically. As expected, relativistic cal-
culations show large deviations from the nonrelativistic val-
ues as the X atom becomes heavier. This is particularly
dramatic for one-bond couplings1K(Bi–H) and 1K(Po–H)
of the heaviest hydrides becoming negative and large in ab-
solute value.

The relativistic effects on the heavy atoms iso for the
molecules studied increase roughly in proportion toZ3 as
observed previously in the hydrogen halides using both
perturbative14 and fully relativistic methods;8 this type of be-
havior along such a group of molecules having so dissimilar
point symmetries and valence structure could be an indica-
tion thats iso is mainly determined by relativistic effects on
the core as opposed to the valence electronic structure. On
the other hand, perturbative calculations from Ref. 8 show
that the so-calledmass correction ~MC! mechanism11

sMC
iso (X) accounts for most of the relativistic correction

to s iso(X) and that inclusion of the spin–orbit~SO! correc-
tion sSO

iso(X) improves the results, but is not important
for qualitative agreement with fully relativistic calculations.
A numerical fit of results from Ref. 8 gives a behavior
sMC

iso ;Z3.0 and sSO
iso;Z3.5. Hence theZ dependence of our

results sR
iso

2sNR
iso;Z3.2 indicates a weighted influence of

both mechanisms.

FIG. 1. Absolute values of relativistic corrections to diamagnetic and para-
magnetic contribution to the isotropic shielding at the heavy atom vs nuclear
chargeZ.

FIG. 2. Absolute values of relativistic corrections to the isotropic shielding
at the heavy atom vs nuclear chargeZ. XH results for hydrogen halides were
taken from Ref. 8.

TABLE IV. Isotropic (s iso
5sd

1sp), diamagnatic (sd), and paramagnetic
(sp) contributions to the heavy atom nuclear magnetic shielding,s(X), in
XH3 and XH2 compounds~in units of ppm!. Nonrelativistic values are given
within parentheses.

X s iso~X! sd(X) sp(X)

Na 262.6417 354.3673 291.7256
~263.2302! ~352.3283! ~289.0981!

Pb 627.9895 985.5573 2357.5678
~594.0060! ~980.8207! ~2386.8147!

Asc 2398.5867 2954.1732 2555.5865
~1995.0271! ~2891.0467! ~2896.0196!

Sbd 5188.737 5494.9877 2306.2507
~3517.1330! ~5239.7847! ~21722.6517!

Bie 15696.9850 11701.3317 3995.6533
~7107.2752! 10261.5361 ~23154.2609!

Of 326.7247 416.4620 289.7374
~329.3666! ~413.6267! ~284.2601!

Sg 783.4970 1070.5694 2287.0724
~733.0603! ~1064.2842! ~2331.2239!

Seh 2681.7619 3076.5851 2394.8232
~2165.2275! ~3011.0107! ~2845.7832!

Tei 5638.8112 5646.5898 27.7786
~3675.9931! ~5372.0195! ~21696.0264!

Poj 17728.6631 11740.9522 5987.7109
~7051.5772! ~10172.3890! ~23120.8119!

aN: 14s, 6p, 4d.
bP: 17s, 10p, 4d.
cAs: 17s, 12p, 9d.
dSb: 20s, 18p, 11d, 4f .
eBi: 22s, 17p, 13d, 8f .
fO: 10s, 6p, 4d.
gS: 16s, 10p, 4d.
hSe: 23s, 16p, 12d, 3f , Ref. 7.
iTe: 27s, 21p, 15d, 4f , Ref. 7.
jPo: 19s, 16p, 10d, 5f .

TABLE V. Numerical fit of relativistic correction for diamagnetic and para-
magnetic contributions to the heavy atom nuclear shielding as a function of
the nuclear chargeZ.

Series sR
d
2sNR

d
sR

p
2sNR

p

XH3 5.6431024Z3.33 4.7531023Z3.21

XH2 5.9631024Z3.32 5.9831023Z3.20
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The numerical results given in this paper are in agree-

ment with previous calculations~where available! for the
molecules studied and have close similarity with the behav-
ior already observed in other hydrides. The nuclear spin–
spin couplings and nuclear magnetic shieldings for the sixth-
row hydrides are predicted; to our knowledge, no
experimental values are available for them.

ACKNOWLEDGMENTS

This work has been supported by the Secretarı´a General
de Ciencia y Te´cnica ~UNNE! and the Argentine National
Council for Science and Technology~CONICET!.

1The Effects of the Relativity in Atoms, Molecules and the Solid State,
edited by S. Wilson, I. P. Grant, and B. L. Gyorffy~Plenum, New York,
1991!.

2T. Helgaker, M. Jaszun´ski, and K. Ruud, Chem. Rev.99, 293 ~1999!.
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Relativistic effects on the nuclear magnetic shielding tensor
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A new approach for calculating relativistic corrections to the nuclear magnetic shieldings is
presented. Starting from a full relativistic second order perturbation theory expression a
2-component formalism is constructed by transforming matrix elements using the elimination of
small component scheme and separating out the contributions from the no-virtual pair and the
virtual pair part of the second order corrections to the energy. In this way we avoid a strong
simplification used previously in the literature. We arrive at final expressions for the relativistic
corrections which are equivalent to those of Fukuiet al. @J. Chem Phys.105, 3175~1996!# and at
some other additional terms correcting both the paramagnetic and the diamagnetic part of the
nuclear magnetic shielding. Results for some relativistic corrections to the shieldings of the heavy
and light nuclei in HX and CH3X (X5Br,I) at both random phase~RPA! and second order
polarization propagator approach~SOPPA! levels are given. ©2003 American Institute of Physics.
@DOI: 10.1063/1.1525808#

I. INTRODUCTION

Relativistic effects on molecular properties were shown
to be relevant from the earliest time of molecular quantum
mechanics. In particular for properties which depend
strongly on the electronic density in regions close to the
nuclei, like nuclear magnetic resonance~NMR! parameters.
In the last few years an ever increasing number of new for-
malisms and calculations for the evaluation of relativistic
effects on molecular properties from four-, two- or one-
component response schemes or perturbation theory ap-
proaches have been published.1–10 It was shown that the in-
clusion of such effects in the calculation of some molecular
properties is mandatory when one wants to reproduce experi-
mental trends.4,10

Relativistic spin–orbit~SO! effects on magnetic molecu-
lar properties were thought to be the most important ones
until recent calculations of Visscheret al.4 Numerical results
for nuclear magnetic shieldings obtained by four-component
calculations and their counterpart from Rayleigh–
Schrödinger perturbation theory~RSPT! only match each
other for the shielding of heavy atoms X in HX compounds
when a new term different from SO is included. The so
called mass-correction~MC! term was proposed for the first
time by Fukuiet al.6 It was obtained within a formalism in
which the external magnetic field is explicitly included in the
Breit–Pauli Hamiltonian in order to get a gauge-invariant
scheme up to orderc24. The MC term is a second order
expression containing the Fermi contact~FC! and the kinetic

energy (p2) operators. Nakatsujiet al.7 had previously de-
rived explicit expressions for nuclear magnetic shieldings
within a finite perturbation theory~FPT! approach, where the
MC term did not appear. This last scheme is not gauge-
invariant.

In a four-component context all relativistic corrections
are included per se. A few years ago a full-relativistic scheme
developed to calculate magnetic molecular properties within
response theory was presented by Aucar and Oddershede.1

Their relativistic polarization propagator approach~RPPA!

was shown to be a natural extension of its nonrelativistic
counterpart. The nonrelativistic limit of a given molecular
property is reached by considering the corresponding limit of
the property matrix elements and the principal propagator
separately. They explicitly applied this procedure to the mag-
netic field interaction operator. The four-component calcula-
tions of Visscheret al.3,4 make use of this formalism within a
fixed gauge origin approach.

The gauge-invariant two-component theory of Fukui
et al.6 starts from a positive energy Hamiltonian which in-
cludes the magnetic interaction potential. The new MC con-
tribution to the nuclear magnetic shielding comes from Eq.
~5! in Ref. 6. However, the authors apply a justified simpli-
fication and neglect other operators arising from Eq.~5!, be-
ing the mass–velocity operator the most remarkable one.
Their N-electron wave function is built up as a Slater deter-
minant of one-electron unrestricted Hartree–Fock~UHF!

spin–orbitals obtained from that two-component positive en-
ergy Hamiltonian. In such a case one important point to clear
up is related to the above mentioned simplification in the
theory of Fukuiet al.6 Given that the MC term is by far the
largest one for relativistic corrections of shieldings on the

a!With a fellowship from Universidad de Buenos Aires.
b!Member of ‘‘Carrera del Investigador,’’ CONICET.
c!Author to whom correspondence should de addressed.
d!With a fellowship from CONICET.

JOURNAL OF CHEMICAL PHYSICS VOLUME 118, NUMBER 1 1 JANUARY 2003

10021-9606/2003/118(1)/1/16/$20.00 © 2003 American Institute of Physics

  PROOF COPY 314301JCP  



5.6. ART�ICULO 6: J. CHEM. PHYS. 118 (2003) 105

  PROOF COPY 314301JCP  

  PRO
O

F CO
PY 314301JCP  

heavy atom in compounds like HX, there could be some
other terms that were neglected though they could have im-
portant contributions.

The use of perturbative approaches allowing the calcu-
lation of relativistic effects employing the Schro¨dinger mo-
lecular spectrum is attractive because such approaches can be
implemented within any standard quantum chemistry com-
putational program. In the present work we are presenting a
two-component theory for shielding calculations starting
from a four-component RSPT formalism. A set of operators
entering the RSPT expressions in terms of the Schro¨dinger
molecular spectrum are derived by expanding such four-
component expression as a power series inc21. All formal
expressions are retained, without neglecting any terms in the
intermediate steps of our derivation. In doing so one of our
main goals has been to obtain formal expressions for opera-
tors previously neglected by other authors, regardless of the
actual difficulties which could arise in their numerical evalu-
ation. At the end we arrive to expressions that are similar to
those of Fukuiet al.6 though there are some other new terms.
There are also some differences between closely related
terms like the MC one which in our case has different con-
stant factors and it also has anisotropic contributions. How-
ever, the existence of a sum rule connecting the present MC
like operator and that one of Ref. 6 has been proven as part
of the present work.

This paper is organized as follows: In Sec. II A the rela-
tivistic RSPT expression of magnetic properties in Dirac–
Fock space is expanded as a power series in terms ofc21 in
order to obtain expressions which are correct up to order
c24. Consistently to this order, all quantities involved can be
calculated in terms of solutions of the molecular Breit–Pauli
Hamiltonian, which is briefly summarized in Sec. II B. Ex-
plicit expressions for the relativistic corrections to the mag-
netic shielding tensor are derived in Sec. II C. They consist
of RSPT~1!, RSPT~2!, and RSPT~3! corrections to the Schro¨-
dinger molecular energy. The existence of a sum rule con-
necting the present results to those of Fukuiet al.6 is explic-
itly shown in Sec. II D. Numerical results for the magnetic
shielding constants of the heavy and light nuclei in HX and
CH3X (X5Br,I) are presented in Sec. III. Concluding re-
marks are discussed in Sec. IV. Details of calculations are
given in Appendices A, B, and C.

II. THEORETICAL APPROACH

A. Magnetic properties within the RSPT„2…

Within the relativistic framework magnetic molecular
properties which are bilinear in the magnetic potentialV
5a•A ~in a.u.! such as the nuclear magnetic shielding tensor
can be obtained from second order corrections to the relativ-
istic molecular ground state energy. In the present work the
unperturbed system Hamiltonian considered is the Breit
Hamiltonian,11–15

HB
5hD

1VC
1VB, ~1!

wherehD stands for the one-body Dirac Hamiltonian for a
particle in the field of the~fixed! nuclei of the molecule, and
VC andVB stand for the Coulomb and Breit two-body inter-

action operators in Dirac–Fock space. Introducing a com-
plete set of eigenstates ofHB and subtracting the vacuum
polarization term,14,16 the second order correction to the en-
ergy, E (2), can be expressed as

E ~2!
5 (

nÞ0

^0uVun&^nuVu0&

E02En

2 (
nÞvac

^vacuVun&^nuVuvac&

Evac2En
. ~2!

In Eq. ~2!, states$un&% stand for all states in Dirac–Fock
space that can be connected tou0&(uvac& in the second term!
by the magnetic interaction operatorV. In the relativistic
framework, the spectrum of states$u0&,un&% must have fixed
chargeQ52eN for an N electron system in the nonrelativ-
istic limit. But they do not have fixed number of particles, as
both V and HB operators in principle contain pair creation
and destruction operators.uvac& stands for the vacuum state
in the QED picture.15

In what follows, the nonrelativistic limit and the lowest
order corrections in powers ofc21 to E (2) are given. To this
end, the sum in Eq.~2! is splitted up according to the behav-
ior of (E02En)21 in the nonrelativistic limit,

E ~2!
5Ea1Eb . ~3!

Ea collects those terms such that (E02En)21 does not van-
ish in that limit. Hereafter, the intermediate states inEa will
be referred to as$una&%. In the nonrelativistic limit, these
states correspond to the Schro¨dinger molecular spectrum.Eb

collects terms where states$unb&% are such that (E0

2En)21 does vanish in the nonrelativistic limit, i.e., they
contain at least one virtual electron–positron pair created on
u0&. The vacuum contribution is included inEb . Therefore,

Ea5 (
naÞ0

^0uVuna&^nauVu0&

E02Ena

, ~4!

Eb5(
nb

^0uVunb&^nbuVu0&

E02Enb

2(
nb

^vacuVunb&^nbuVuvac&

Evac2Enb

. ~5!

Expansion ofEa up to orderc22 yields the nonrelativistic
paramagnetic contribution to magnetic properties.1 In agree-
ment with Ref. 11, it will be shown that expansion ofEb up
to orderc22 yields the diamagnetic contribution. The lowest
order relativistic corrections to molecular magnetic proper-
ties arise to orderc24 in Ea and Eb . Consistently to this
order,Eb can be approximated by expanding (E02Enb

)21 as
follows:

~E02Enb
!21

52~2mc2
1Dnb0!21

>2

1

2mc2 S 21

E02Enb

2mc2 D , ~6!

whereDnb05Enb
2E022mc2 is of orderc0 or lower.

Taking Eq.~6! into account, the following expression of
Eb is valid up to orderc24:

2 J. Chem. Phys., Vol. 118, No. 1, 1 January 2003 Melo et al.

  PROOF COPY 314301JCP  



106 CAP�ITULO 5. PUBLICACIONES

  PROOF COPY 314301JCP  

  PRO
O

F CO
PY 314301JCP  

Eb52

1

2mc2 (
nb

H 2^0uVunb&^nbuVu0&

1

E02Enb

2mc2 ^0uVunb&^nbuVu0&J
1

1

2mc2 (
nb

H 2^vacuVunb&^nbuVuvac&

1

Evac2Enb

2mc2 ^vacuVunb&^nbuVuvac&J . ~7!

Considering that

~E02Enb
!^0uVunb&5^0u@HB,V#unb&, ~8!

Eq. ~7! can be expressed as

Eb52

1

2mc2 (
nb

H ^0u2V1

1

2mc2 @HB,V#unb&^nbuVu0&J
1

1

2mc2 (
nb

H ^vacu2V1

1

2mc2 @HB,V#unb&

3^nbuVuvac&J . ~9!

As a result, an expression ofE (2) consistent up to orderc24

is obtained from which relativistic corrections to magnetic
properties can be derived,

E ~2!
5 (

naÞ0

^0uVuna&^nauVu0&

E02Ena

2

1

2mc2

3(
nb

H ^0u2V1

1

2mc2 @HB,V#unb&^nbuVu0&J
1

1

2mc2 (
nb

H ^vacu2V1

1

2mc2 @HB,V#unb&

3^nbuVuvac&J . ~10!

The set of unperturbed relativistic molecular states
$una&,unb&% in Eq. ~10! is now considered. As mentioned
above, they correspond to eigenstates of the Breit Hamil-
tonianHB, in Dirac–Fock space. The complete space can be
spanned in terms of the set of one-particle states obtained as
solutions of the one-body Dirac-Hamiltonianh1

D for a par-
ticle in the Coulomb field of the~fixed! nuclei in the molecu-
lar system.13 Consistently with the QED picture, this proce-
dure defines the set of ‘‘electronic’’ and ‘‘positronic’’
bispinors needed to span the Dirac–Fock space. The bare
vacuumuvac& is defined as the state which does not contain
neither electrons nor positrons. In terms of such one-particle
states, molecular states$una&,unb&% do not have a fixed num-
ber of particles, due to the presence of virtual pair creation
and destruction operators in the Coulomb and Breit interac-
tion terms.

However, within perturbation theory in terms of thec21

parameter, the set of states$una&% consist ofN-particle states
plus small virtual pair creation contributions; and states

$unb&% areN62 andN64 particle states with corresponding
virtual pair corrections. In order to make clear this separation
and easier the matrix element calculations involved in Eq.
~10! we partition the second quantized form of theHB

Hamiltonian as13

HB
5H ~0!

1H ~6 !. ~11!

H (0) contains those terms ofHB which do not connect dif-
ferent particle number manifolds in Dirac–Fock space, i.e., it
is the particle number conserving part ofHB. The corre-
sponding spectrum consists of fixed particle number states.
In particular, for a molecule of chargeQ52eN, solving
H (0) within the N-particles manifold of Dirac–Fock space
constitutes the no-pair approximation to molecular states. By
construction, the one-body part,h1

D , which contains terms of
orderc2 is wholly included inH (0), since it has been diago-
nalized.H (6) gathers those terms of the Coulomb and Breit
two-body operators that create or destroy one and two
electron–positron pairs, i.e., connecting theN-particle mani-
fold with both theN62 andN64 particle manifolds of the
same chargeQ. Matrix elements therein are of orderc0 or
lower. As a consequence, the influence ofH (6) can be taken
into account by the application of perturbation theory with
c21 as perturbation parameter.

Taking into account the previous discussion, it is con-
cluded thatE (2) in Eq. ~10! can be evaluated as a double
perturbation series expansion in the magnetic interactionV
and H (6). Within this approach the ‘‘unperturbed’’ Hamil-
tonian is H (0), i.e., the particle number conserving part of
HB. The fixed particle number spectrum ofH (0) can be clas-
sified as follows. States of type$una&% areN-particles states
and they correspond to the no-pair approximation of the mo-
lecular spectrum. They are hereafter dubbed as$una

(0)&
[unN&%. Eigenstates ofH (0) of type $unb&% are N62 or N
64 particles states and they are hereafter referred to as
$unb

(0)&[unK&,K5N62,N64%. Considering operatorsV and
H (6), evaluation ofE (2) from Eq.~10!, can be separated into
two terms: ~1! a contribution obtained by considering the
no-pair approximation to the spectrum of molecular states
within the N-particle manifold of Dirac–Fock space; and~2!
a contribution originating in one and two pair-creation ef-
fects.

1. No-pair approximation

When the no-pair approximation of unperturbed states is
considered within theN-particle manifold of Dirac–Fock
space inE (2), only the first termEa in Eq. ~10! yields a
nonzero contribution. All quantities involved in it depend
only on both the positive energy spectrum of the one-body
relativistic Hamiltonianh1

D and on theN-particles states
$u0N&,unN&% which lead to the Schro¨dinger spectrum of states
in the nonrelativistic limit. SuchN-particle states contain
only ‘‘electronic’’ bispinors, and they can be obtained con-
sistently up to orderc22 applying perturbation theory to the
nonrelativistic Schro¨dinger molecular spectrum via the
Breit–Pauli Hamiltonian12 ~see Sec. II B for further details!.
Therefore, theEa contribution toE (2), Eq. ~10!, within the
no-pair approximation is
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Ea
NP

5 (
nÞ0

^0NuVunN&^nNuVu0N&

E0N
2EnN

. ~12!

Equation~12! is a suitable expression to obtain relativ-
istic corrections as a power series inc21 starting from the
Schrödinger spectrum of states. To this end, matrix elements
of the magnetic interaction involving ‘‘electronic’’ bispinors
must be re-expressed in terms of their ‘‘large’’ components.
The detailed calculation of these terms is presented in Sec.
II C and Appendix A.

2. One and two virtual pair creation contributions

One and two virtual pair contributions toE (2), Eq. ~10!,
are as follows: On the one hand, neglectingH (6), in Eb the
magnetic interaction operatorV connects the no-pair
N-particle ground state with the manifold ofN12 particles
states. This contribution is taken into account inEb

N12,

Eb
N12

52

1

2mc2 (
nN12

H ^0Nu2V

1

1

2mc2 @HB,V#unN12&^nN12uVu0N&J
1

1

2mc2 (
n2

H ^vacu2V1

1

2mc2

3@HB,V#un2&^n2uVuvac&J , ~13!

where the consistentuvac& state is the bare vacuumuvac& in
the Dirac–Fock space. The intermediate states in the first
~second! term of Eb

N12 are N12 ~2! particle states. There-
fore, the sums in Eq.~13! act as projectors onto the manifold
of the corresponding number of particles in each case. De-
fining the projection operatorPK onto theK-particle mani-
fold of the Dirac–Fock space as

PK5(
nK

unK&^nKu, ~14!

Eb
N12 can be expressed as

Eb
N12

52

1

2mc2 ^0Nu2V1

1

2mc2 @HB,V#PN12Vu0N&

1

1

2mc2 ^vacu2V1

1

2mc2 @HB,V#P2Vuvac&.

~15!

In Sec. II C 2 explicit expressions are derived for each term
in Eq. ~15! as a function of the Schro¨dinger spectrum of
states consistently up to orderc24.

On the other hand, virtual pair creation contributions are
also obtained when the effect ofH (6) is taken into account
into molecular states inEa andEb . These contributions can
be introduced considering the first-order correction given by
H (6) to the no-pair molecular states$unN&%. Following Ref.
13, the leading term of this correction in the expansion pa-
rameterc21 can be expressed as

Ena

~1!
5^nNuH ~6 !unN&50, ~16!

una
~1!&5(

m

um&^muH ~6 !unN&

En2Em

>2S 1

4mc2 PN141

1

2mc2 PN12DH ~6 !unN&. ~17!

The result in Eq.~17! is based on the following grounds.
SinceunN& is anN-electron state,H (6) connects it with states
um& which containN12 or N14 particles, i.e., one or two
electron–positron pairs created onunN&. The leading term in
the energy differences (En2Em) is 22mc2 in first place,
and 24mc2 secondly. Keeping only these leading terms in
the denominator the sum over intermediate statesum& acts as
a projector onto theN12 or N14 particle manifolds, re-
spectively, yielding the final result of Eq.~17!. It is worth
mentioning thatPN14H (6)unN& contains terms of orderc0

due to the Breit interaction operator, butPN12H (6)unN& is of
orderc21, or lower.

Replacing Eqs.~16! and ~17! in Eq. ~10!, and keeping
terms up to orderc24 the following corrections toE (2) due
to one and two virtual pair creation contributions originating
in H (6) are found:

Ea
VP

52

1

2mc2

3 (
nÞ0

^0NuH ~6 !PN12V1VPN12H ~6 !unN&^nNuVu0N&

E0N
2EnN

1
^0NuVunN&^nNuH ~6 !PN12V1VPN12H ~6 !u0N&

E0N
2EnN

,

~18a!

Eb
N14

5

1

8m2c4 ~^0NuH ~6 !PN14VPN12Vu0N&

1^0NuVPN12VPN14H ~6 !u0N& !

2

1

8m2c4 ~^vacuH ~6 !P4VP2Vuvac&

1^vacuVP2VP4H ~6 !uvac& !, ~18b!

where it must be understood that in Eq.~18! all intermediate
states correspond to fixed particle number states.

Taking into account results Eqs.~12!, ~13!, ~18a!, and
~18b!, the second-order energy correction has been splitted
up as

E ~2!
5Ea

NP
1Ea

VP
1Eb

N12
1Eb

N14. ~19!

B. Relationship between no-pair relativistic molecular
states and Schrödinger molecular states: The
Breit–Pauli Hamiltonian

In order to evaluate the different contributions toE (2) in
Eq. ~19! as a series expansion in powers ofc21 in terms of
the Schro¨dinger spectrum of states, the relationship between
relativistic molecular states$u0N&,unN&%, i.e., theN-particle
solutions toH (0), and the Schro¨dinger spectrum of states
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must be established. This connection is readily provided by
the Breit–Pauli Hamiltonian,12,17 which is briefly summa-
rized here.

The no-pair approximation to the Breit Hamiltonian of
Eq. ~20!,12,17

HB
5(

i51

N

h1
D~ i !1

1

2 (
iÞ j

N H 1

r i j
2

1

2r i j
Fa ia j

1

~a i•ri j!~a j•ri j!

r i j
2 G J ~20!

is obtained considering all possible configurationsuK4&
5ufK1

4 ¯fKN

4 & of N positive-energy four-component spinors

uf i
4& which are solutions of the one-body Dirac Hamiltonian

h1
D , i.e.,

h1
D

5cap1mc2b2(
A

ZA

ur2RAu
, ~21!

h1
Duf i

4&5~mc2
1E i!uf i

4&. ~22!

A given positive energy four-component spinor can be split
in its large~L! and small~S! components,

uf i
4&5F uf i

L&

uf i
S&

G , ~23!

uf i
S&5R i

21c•~sp !uf i
L&, ~24!

R i5~2mc2
2~VC2E i!!, ~25!

whereVC stands for the one-body potential in Eq.~21! ands
stand for the two-dimensional Pauli matrices. Consistently to
orderc24 R i

21 can be written as

R i
21'

1

2mc2 F11

VC2E i

2mc2 G . ~26!

Replacing Eq.~26! in Eq. ~24! an expression foruf i
S& which

is exact up to orderc23 is obtained,

uf i
S&'

1

2mc F11

VC2E i

2mc2 G~sp !uf i
L& ~27!

when the large component is exact up to orderc22.
The differential equation for the large componentuf i

L&
that arises from the Dirac Hamiltonian can be transformed
into an eigenvalue problem with unit metric consistently up
to orderc22 for a ‘‘normalized’’ spinoruf̃ i& with the follow-
ing Pauli Hamiltonian:17

HP
5hs

1D1 , ~28!

where

uf i
L&5X12

p2

8m2c2 Cuf̃ i&, ~29!

hS stands for the one-body Schro¨dinger–Hamiltonian andD1

is

D15

1

8m3c2 p4
1

1

8m2c2 ~¹2VC!1

1

4m2c2 s~¹VC3p !,

~30!

where the familiar mass–velocity~MV!, Darwin ~DW! and
spin–orbit ~SO! terms are readily recognized. In an analo-
gous way, the two-body interaction terms inHB between
configurations of positive energy bispinorsuK4& can be re-
expressed in terms of configurationsuK̃& of the correspond-
ing ‘‘normalized’’ spinorsuf̃ i&. Consistently up to orderc22,
this procedure leads to the Breit–Pauli Hamiltonian,HBP,

^L4uHBuK4&>^L̃uHBPuK̃&, ~31!

HBP
5HS

1D, ~32!

whereHS stands for theN-electron Schro¨dinger Hamiltonian
andD is given by

D5D11D2 , ~33!

with D1 being the generalization of Eq.~30! to theN-particle
state space andD2 is

D25

1

2m2c2 (
iÞ j 5 2

1

4

ri j
2 pipj1~ri j~ri j .pj!.pi!

ri j
3 2pd~ri j!1

S s i

2
1s jD .ri j3pi

ri j
3

2

p

3
~s i•s j!d~ri j!1

1

8

r i j
2 ~s is j!23~s iri j!~s jri j!

ri j
5

6 . ~34!

Different terms inD2 can be identified as follows. The first
term is the so-called orbit–orbit~OO! interaction, the second
one is the two-body Darwin term@DW~2!#, the third one
represents the two-body spin orbit@SO~2!# and spin–other
orbit ~SOO! interactions and the fourth and fifth terms stand
for the spin–spin interaction terms, both Fermi contact~FC-
SS! and dipole–dipole~SD-SS! interactions.

Therefore, the energy eigenvalues and configuration
coefficients $En ,unN&5(CnK

uK4&% corresponding to

N-particles eigenstates$unN&% of HB ~i.e., within the no-pair
approximation! can be obtained correctly up to orderc22

from the Breit–Pauli Hamiltonian. As a consequence, con-
sistently to this order, both the expectation values and the
RSPT expressions in Eqs.~12!, ~15!, and~18!, can be evalu-
ated employing theHBP spectrum of states. To this end, the
reduction of matrix elements of a given Dirac-type operator
W between configurations$uK4&% to those of a new operator
O(W) between the corresponding configurations of ‘‘nor-
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malized’’ spinors$uK̃&% must be carried out consistently to
the desired order,

^L4uWuK4&>^L̃uO~W !uK̃&. ~35!

Thus, hereafter use will be made of Eqs.~36! and ~37!,

^04uWu04&>^0̃uO~W !u0̃&, ~36!

(
nNÞ0

^0N
4 uWunN

4 &^nN
4 uWu0N

4 &

E02EnN

> (
ñÞ0

^0̃uO~W !uñ&^ñuO~W !u0̃&

E02E ñ
, ~37!

where the superscripts are written in order to emphasize that
the l.h.s. of Eqs.~36! and ~37! are evaluated in terms of
configurations$uK4&%, whereas those of the r.h.s. are evalu-
ated in terms of configurations$uK̃&%.

In the r.h.s. of Eqs.~36! and ~37! the unperturbed states
correspond to eigenstates of the Breit–Pauli Hamiltonian
HBP. The usefulness of such expressions comes from the fact
that relativistic effects inHBP are introduced via operators
D1 and D2 which can be thought of as perturbations to the
Schrödinger molecular Hamiltonian. The first order RSPT
corrections to the energy and molecular states yield results
that are correct up to orderc22,

E ñ5En
S
1^nSu~D11D2!unS&, ~38!

uñ&5unS&1 (
nÞn

^mSu~D11D2!unS&

En
S
2Em

S umS&, ~39!

where the superscript ‘‘S’’ identifies eigenstates of the Schro¨-
dinger molecular Hamiltonian,HS.

C. Relativistic corrections to the nuclear magnetic
shielding tensor

The nuclear magnetic shielding tensor for a nucleusM
can be obtained as18

sMi j5S ]2E

]mMi]Bj
D

mM50
B50

, ~40!

where E stands for the molecular electronic energy in the
presence of both the external uniform and the nuclear mag-
netic fields. In order to express relativistic corrections tosM

consistently up to orderc24 in terms of the Schro¨dinger
molecular spectrum, all quantities defined in Sec. II A, i.e.,
Ea

NP, Eq. ~12!, Ea
VP , Eq. ~18a!, Eb

N12, Eq. ~15!, andEb
N14,

Eq. ~18b!, must be re-expressed according to results in Sec.
II B, Eqs. ~36!–~39!. The corresponding expressions are ob-
tained in the present section. Contributions that arise from
Ea

NP and Ea
VP will be assigned to the paramagnetic term of

sM , whereas those originating inEb
N12 and Eb

N14 corre-
spond to the diamagnetic term.

1. Paramagnetic term
a. Contribution from no virtual pair excitations to the

paramagnetic term: In order to evaluateEa
NP of Eq. ~12!, the

reduction of matrix elements of the magnetic interaction op-
eratorV5a•A ~atomic units are used throughout! between

positive energy bispinor configurations to spinor configura-
tions is readily obtained if such reduction is carried out for
the positive-energy bispinors themselves according to the
discussion in Sec. II B@see Eq.~35!#, i.e.,

^f i
4ua•Auf j

4&5^f̃ iuO~a•A!uf̃ j&. ~41!

Details of the derivation are presented in Appendix A. The
resulting one-body operatorO can be split up into ac21

contribution (O1), and ac23 contribution (O3). For the spe-
cific calculation of the nuclear magnetic shielding tensor one
operator of this kind can be defined as a function of the
uniform magnetic fieldB and another one as a function of the
nuclear magnetic momentmM . These operators can still be
re-expressed according to their singlet or triplet character.
Explicit expressions are as follows. The first order singlet
and triplet operators associated to the uniform magnetic field
are

O1S~B !5

1

2mc
L.B, ~42a!

O1T~B !5

1

2mc
s.B, ~42b!

which represent the orbital and spin Zeeman interactions
which hereafter will be referred to with the acronyms ‘‘OZ’’
and ‘‘SZ,’’ respectively.

The first order singlet and triplet operators associated
with the nuclear magnetic moment are

O1S~mM !5

1

mc

mM .LM

rM
3 , ~43a!

O1T~mM !5

1

2mc
s.BM , ~43b!

where

BM5S 8p

3
d~rM !mM1

3~mM .rM !rM2rM
2 mM

rM
5 D . ~43c!

O1S(mM) is the paramagnetic spin–orbit interaction operator
~PSO! and O1T(mM) contains the Fermi contact~FC! and
spin-dipolar~SD! operators.

The singlet and triplet operators to the third order inc21

associated to the uniform magnetic fieldB are

O3S~B !52

1

8m3c3 $L.B,p2%, ~44a!

O3T~B !52

1

8m3c3 ~3~s.B !p2
2~s.p !~p.B !

24ms.¹VC3AB!, ~44b!

where the curly brackets stand for the anticommutator and
VC for the one-body Coulomb potential in the Pauli Hamil-
tonian.O3S(B) will be identified by the acronym OZ-K. The
first two terms inO3T(B) will be identified altogether by the
acronym SZ-K and the third term will be calledB-SO ~mag-
netic external field induced spin–orbit term!.

Singlet and triplet operators to the third order inc21

associated with the nuclear magnetic moment are
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O3S~mM !52

1

4m3c3 H mM .LM

rM
3 ,p2J , ~45a!

O3T~mM !52

1

8m3c3 S 3

2
p2~s.BM !1

1

2
~s.BM !p2

1is.@AM3p,p2#24ms.¹VC3AM D .

~45b!

O3S(mM) will be referred to as the PSO-K term. The first,
second, and third terms inO3T(mM) will be identified alto-
gether by the acronym SZ-BM-K and the last one byBM-SO
~nuclear magnetic field-induced spin–orbit term!.

Considering Eqs.~42!–~45! the expression ofEa
NP can be

evaluated first at the lowest possible order in the parameter
c21. In this case, the unperturbed molecular spectrum corre-
sponds to theHS spectrum and the perturbation operators are
O1(mM) and O1(B). For a system with a singlet ground
state it is found,

E ~para,NR!
5E~O1S~mM !,O1S~B !!, ~46!

where the shorthand notation for a second order RSPT ex-
pression of Eq.~47! has been introduced,

E~A,B !5 (
nÞ0

H ^0uA~N !un&^nuB~N !u0&

E02En

1
^0uB~N !un&^nuA~N !u0&

E02En
J , ~47!

where A(N) stands for the one-body operatorA in the
N-particle state space,

A~N !5(
i

A i . ~48!

Results of Eq.~46! yields the nonrelativistic paramagnetic
contribution tosM . Triplet operators do not contribute to
Eq. ~46! because for a singlet ground state Eq.~49! holds,

O1T~B !u0&50. ~49!

Two classes of relativistic corrections toEa
paraoriginating

in Ea
NP do appear up to orderc24. Within the first class of

terms, a third-order operatorO3 is included in a second-order
RSPT expression,

E ~para,2!
5E~O1S~mM !,O3S~B !!1E~O1T~mM !,O3T~B !!

1E~O3S~mM !,O1S~B !!. ~50!

We do not considerO3T(mN) due to the result of Eq.~49!.
The second class of terms are those in which anO1

operator enters twice and the unperturbed molecular spec-
trum contains relativistic corrections via operatorD5D1

1D2 defined in Sec. II B, Eq.~33!. These combinations yield
third order RSPT expressions. Introducing the short-hand no-
tation,

E~A,B,C !

5 (
nÞ0

^0uA~N !un&^nuB~N !2^B~N !&um&^muC~N !u0&

~E02En!~E02Em!

1
^0uB~N !un&^nuC~N !2^C~N !&um&^muA~N !u0&

~E02En!~E02Em!

1
^0uC~N !un&^nuA~N !2^A~N !&um&^muB~N !u0&

~E02En!~E02Em!
,

~51!

where^X(N)&5^0uX(N)u0&, the following terms are found
for a system with a singlet ground state~taking spin symme-
try into account!:

E ~para,3!
5E~O1S~mM !,O1S~B !,DS!

1E~O1T~mM !,O1S~B !,DT!

1E~O1T~mM !,O1T~B !,DT!, ~52!

where the operatorD has been separated into tensor compo-
nents of rank 0~singlet!, DS, 1 ~triplet!, DT, and 2~quintu-
plet!, DQ, in spin-space. The singletD1

S term corresponds
both to the Darwin~DW! and mass–velocity~MV ! operators
and the tripletD1

T term corresponds to the spin–orbit~SO!
term. The singlet terms inD2 are OO, DW~2!, and FC-SS
defined in Sec. II B. The triplet ones are the two-body SO~2!
and SOO terms and the quintuplet one is SD-SS. For a sys-
tem with a singlet ground state, there is no contribution from
the SD-SS operator in Eq.~52!, due to the result in Eq.~49!.
In Table I all possible contributions originating in Eqs.~50!
and ~52! are presented. The total contribution toE (2) which
comes fromEa

NP is thus

Ea
NP

5E ~para,NR!
1E ~para,2!

1E ~para,3!. ~53!

b. One and two virtual pair contributions to the para-
magnetic term: Turning the attention now to the operators in
Ea

VP , Eq. ~18a!, it is observed that due to the factor 1/2mc2

and to the fact that the magnetic interaction operatorV be-
tweenN particles states yields matrix elements of orderc21

or lower, only terms of orderc21 of the remainder operators
should be calculated. To this end, the corresponding reduc-
tion from bispinor configurations to the spinor configurations
representation of the operatorW defined in Eq.~54! must be
carried out,

W5PN~H ~6 !PN12V1VPN12H ~6 !!PN . ~54!

Considering the second quantized form of the operators
involved and both the Coulomb and Breit interaction terms
in H (6), the final form of the operator reduced to spinors
configurations according to Eq.~35! ~see Appendix C for
details!, O(W) is

O~W !52(
iÞ j

H O i
1,

1

r i j
J 2

1

mc (
iÞ j

F $p i ,OJ i jA j%

2S s j3
r i j

r i j
3 D .A iG , ~55!
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whereO i
1 stands for the first order magnetic operator defined

in Eqs. ~42! and ~43!, the curly brackets stand for the anti-
commutator; the two-body tensor operatorOJ i j is defined as

OJ i j52

1

2r i j
S IJ1

r i j .r i j
t

r i j
2 D , ~56!

where r i j
t is the transpose ofr i j . An operatorO(W), Eq.

~55!, can be defined for the uniform magnetic field,O(WB),
and another one for the nuclear magnetic momentO(WmM

).
In order to obtain contributions tosM correct to orderc24

originating inEa
VP , operatorsO(W) must be combined with

operatorsO1 @Eqs. ~42! and ~43!# in second order RSPT
expressions based on the Schro¨dinger molecular unperturbed
spectrum, i.e.,

Ea
VP

52

1

2mc2 $E~O~WB!,O1~mM !!

1E~O~WmM
!,O1~B !!%, ~57!

where the shorthand notation of Eq.~47! has been used.

2. Diamagnetic term

The contribution toE (2) which arises fromEb
N12, Eq.

~15!, is

Ediam
52

1

2mc2 ^0NuS 2V1

1

2mc2 ⌊HB,V ⌋ D PN12Vu0N&

1

1

2mc2 ^vacuS 2V1

1

2mc2 @HB,V# D P2Vuvac&.

~58!

The reduction of matrix elements in Eq.~58! from bi-
spinors configurations to spinor configurations according to
results in Sec. III B@Eqs. ~36!–~39!# is now considered. To
this end we define operatorX,

X52V1

1

2mc2 @HB,V#, ~59!

which can be separated into two terms. The first one involves
the one-body part ofHB and the second one the two-body
part,

X~1!52V1

1

2mc2 @hD,V#,

~60!

X~2!5

1

2mc2 @VC
1VB,V#.

VC,VB stand for the two-body Coulomb and Breit operators,
Eq. ~1!. The commutator⌊VC,V ⌋ vanishes and therefore only
the Breit interaction must be taken into account inX(2).

Let us first analyze the contributions toEb
N12 originating

from X(1), which is a one-body operator. The corresponding
term is dubbedEdiam ~1!,

Ediam~1!52

1

2mc2 ^0NuX~1!PN12Vu0N&

1

1

2mc2 ^vacuX~1!P2Vuvac&. ~61!

Due to the factor 1/2mc2 the expectation values in Eq.~61!
should be expanded up to orderc22. A more compact form
for Ediam(1) can be found considering the second quantized
form of the operators involved in it and also Eqs.~36!–~37!.
After rearrangement of terms~see Appendix B for details! it
is found,

Ediam~1!5

1

2mc2 ^0̃u(
i

A2~ i !u0̃&2

1

8m3c4

3^0̃u(
i

~$sp,sA%2
1~sA !p2~sA !

2~sp !A2~sp !1$p2,A2%1
1
2@A2,p2# !~ i !u0̃&.

~62!

In Eq. ~62! it is explicitly seen that, up to orderc22, only the
first term remains andu0̃& must be replaced by the Schro¨-
dinger molecular ground stateu0&. The nonrelativistic dia-

TABLE I. Relativistic corrections to the paramagnetic contribution of the nuclear magnetic shielding tensor
arising from Eqs.~50! and ~52!.

O(mN) O(B) D

Terma

sM
p (A,B) or

sM
p (A,B,C)

PSO OZ-K ¯ (PSO,OZ-K)
PSO-K OZ (PSO-K,OZ)
FC, SD SZ-K, B-SO (FC,SZ-K) (SD,SZ-K)

(FC,B-SO) (SD,B-SO)
PSO OZ DW, MV

DW~2!, OO, FC-SS
~PSO,OZ,DW! ~PSO,OZ,MV!

~PSO,OZ,DW~2!!

~PSO,OZ,OO!
~PSO,OZ,FC-SS!

FC,SD OZ SO
(5SO(1)1SO(2))

~FC,OZ,SO! ~SD,OZ,SO!
~FC,OZ,SOO! ~SD,OZ,SOO!

FC,SD SZ SO
(5SO(1)1SO(2))

~FC,SZ,SO! ~SD,SZ,SO!
~FC,SZ,SOO! ~SD,SZ,SOO!

aSee text for the definitions of the acronyms identifying the different involved operators.
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magnetic contribution to magnetic properties is thus ob-
tained, in accordance to Ref. 11. In order to obtain a result
which is exact up to orderc24, in the first termu0̃& must
include relativistic corrections via the operatorD, but, due to
the factor 1/8m3c4, the last expectation value must be calcu-
lated with the Schro¨dinger molecular ground state.

In order to simplify Eq.~62! it is useful to observe that

^0u(
i

@p i
2,A i

2#u0&5^0uF(
i

p i
2,(

j
A j

2G u0&

52m^0uFHSch,(
j

A j
2G u0&50, ~63!

and, therefore, collecting terms bilinear in the magnetic po-
tential of the external uniform fieldAB and of the nuclear
magnetic fieldAM , Eq. ~62! can be expressed as

Ediam~1!5

1

mc2 ^0̃u(
i

AB .AM~ i !u0̃&

2

1

8m3c4 ^0u(
i

W i1W i
1u0&, ~64!

where

W54~AMp !~ABp !12~sBM !~ABp !12~AMp !~sB !

1~sBM !~sB !1~sAM !~p2sAB!

2~sp !~AB .AM !~sp !12~AB .AM !p2. ~65!

Taking into account that

^0u(
i

W i1W i
1u0&52 Rê 0u(

i
W iu0& ~66!

for a molecule with a real singlet ground state only those
terms ofW which do not contain the Pauli matrices or imagi-
nary operators~in coordinates representation! can give non-
zero contributions. The overall result in this case, including
relativistic corrections tou0̃&, can be expressed as

Ediam~1!5

1

mc2 ^0uAB .AMu0&1ES 1

mc2 AB .AM ,DSD
2

1

4m3c4 ^0u(
i

W i8u0&,

~67!
W854~AMp !~ABp !1B.BM1AMp2AB

2p~AB .AM !p12~AB .AM !p2,

where the shorthand notation of Eq.~47! is used to indicate a
second-order RSPT contribution. After a few algebraic steps,
W8 can be re-expressed as

W85W181W28 ,

W185 (
i, j5x,y ,z

4AMiAB jp ip j12~AB .AM !p2, ~68!

W285
1
2AB .~¹3BM !.

If the gauge origin of the external uniform magnetic potential
is placed at the positionrM of the nucleusM, Eq. ~69! holds,

W2852p~mM .B !d~rM !. ~69!

The contribution toEb
N12 originating in X(2) is now

considered. It will be referred to asEdiam(2),

Ediam~2!5

21

2mc2 ~^0NuX~2!PN12Vu0N&

2^vacuX~2!P2uvac& !

5

21

~2mc2!2 ~^0Nu@VB,V#PN12Vu0N&

2^vacu@VB,V#P2Vuvac& !. ~70!

Consistently to orderc24, only the c0 contribution to the
expectation value in Eq.~70! must be calculated. For the
magnetic interaction operatorV only terms creating or de-
stroying one electron–positron pair are of orderc0. For the
Breit interaction operator, matrix elements of orderc0 are
those creating two electron–positron pairs, destroying two
such pairs or containing one creation and one destruction
electron–positron pair operator. Therefore, the contributions
of orderc0 to the expectation value for the ground stateu0N&
can be expressed as

^0Nu@VB,V#PN12Vu0N&5^0NuVBPN14VPN12Vu0N&

1^0NuVBPNVPN12Vu0N&

2^0NuVPN12VBPN12Vu0N&

2^0NuVPN22VBPN12Vu0N&.

~71!

A similar expression holds for the expectation value for the
uvac& state. Consistently to orderc0 the first term in Eq.~71!

is exactly cancelled byEb
N14 in Eq. ~18b! ~see Sec. II A!.

The second and fourth terms vanish because of the presence
in VB of positron destruction operators. Therefore, the unique
nonvanishing contribution originates in the third term,

Ediam~2!5

1

~2mc2!2 ~^0NuVPN12VBPN12Vu0N&

2^vacuVP2VBP2VBP2Vuvac& !. ~72!

Finally, the Breit interaction operator is expressed as

VB
5

1

2 (
iÞ j

a iOJ i ja j , ~73!

where OJ i j was defined in Eq.~56!. Reduction of Eq.~72!
from bispinor configurations to spinor configurations is bet-
ter carried out considering the second quantized form of the
operators involved in it. The final result is~see Appendix C
for details!

Ediam~2!5

1

~2mc2!2 ^0u(
iÞ j

A i .OJ i j .A j

1~s i3A i!.OJ i j .~s j3A j!u0&, ~74!

whereu0& is the Schro¨dinger molecular ground state. Consid-
ering the external uniform magnetic field contribution to the
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magnetic potential,AB , and the nuclear magnetic potential,
AM , and retaining only terms bilinear inB and mM it is
found that

Ediam~2!5

2

~2mc2!2 ^0u(
iÞ j

ABi .OJ i j .AM j

1~s i3ABi!.OJ i j .~s j3AM j!u0&. ~75!

Summing up, the total contribution originating inEb of
Eq. ~5! has been expressed as

Eb5Ediam~1!1Ediam~2!. ~76!

D. Sum rules and alternative expressions for E „para,2…

and Ediam„1…

In Sec. II C two operators were defined containing cor-
rections of orderc23 to matrix elements of the magnetic
interaction, i.e.,O3T(B) of Eq. ~44!, and O3T(mM) of Eq.
~45!. According to the discussion in Sec. II C@see Eq.~50!#,
only the first one yields relativistic corrections to the mag-
netic shielding tensor for a singlet ground state molecule in a
second order RSPT contribution, that is,

E~O1T~mM !,O3T~B !!. ~77!

An alternative expression for the contribution to the molecu-
lar energy originating inO3T(B) can be obtained by re-
expressing this operator in a different way. Applying the re-
sults of Appendix A, Eq.~A26!, to the triplet operator
O3T(B) associated with the uniform magnetic field within
the N-particle state space, Eq.~78! is obtained,

O3T~B !5O8
3T~B !1O9

3T~B !, ~78!

where

O8
3T~B !52

1

8m2c3 (
i

2~s i .B !p i
2
22ms i .~¹iVC

3ABi!1

1

8m2c3 (
iÞ j

F 1

r i j
,@sp,sAB#~ i !G ,

~79!

O9
3T~B !52

1

8m2c3 FHSch,(
i

@sp,sAB#~ i !G . ~80!

The potentialVC in Eq. ~79! stands for the one-body Cou-
lomb potential of the nuclei in the Schro¨dinger Hamiltonian.
The last term in Eq.~79! is now a two-body operator which
can be expressed as

1

8m2c3 (
iÞ j

F 1

r i j
,@sp,sAB#~ i !G

52

1

4m2c3 (
iÞ j

~s i3ABi!.
r i j

r i j
3 . ~81!

This expression corresponds to the ‘‘field induced’’ two-body
spin–orbit contribution of Refs. 6 and 9.

The contribution to the molecular energy due toO3T(B)
is now splitted up into

~1! a second order RSPT expression containing
O8

3T(B), i.e.,

E~O1T~mM !,O8
3T~B !! ~82!

and
~2! one contribution due toO9

3T(B) which can be re-
expressed as

E~O9
3T~B !,O1T~mM !!52

1

8m2c3(
n

^0u@HSch,( i@sp,sA#~ i !#un&^nuO1T~mM !u0&

E02En

2

1

8m2c3 (
n

^0uO1T~mM !un&^nu@HSch,(
i
@sp,sA#~ i !#u0&

E02En

5

1

8m2c3 ^0u2(
i

@sp,sAB#O1T~mM !~ i !1(
i

O1T~mM !@sp,sAB#~ i !u0&. ~83!

Inserting the explicit expression ofO1T(mM) of Eq. ~43! into
Eq. ~83! the final result is

E~O9
3T~B !,O1T~mM !!

5

1

16m3c4^0u(
i

@s.BM ,@sp,sA##~ i !u0&

5

1

8m3c4 ^0u(
i

~AB .~¹3BM !!~ i !u0&. ~84!

This means that it can be expressed as a first-order correction
to the molecular energy. It is worth noting that this contribu-
tion cancels exactly that originating in̂0uW28u0& in the dia-
magnetic component, Eqs.~68! and ~69!.

It is interesting to compare results in Sec. II C to those of
the present section. In the first case,O3T(B) enters in a
second-order RSPT expression and the diamagnetic term
contains the term̂0uW28u0& of Eq. ~68!, which is the same as
that of Eq.~84! with opposite sign. Both operators involved
are one-body operators. It has been explicitly shown that this
procedure is equivalent to consider operatorO8

3T(B) in a
second-order RSPT expression and to cancel the contribution
^0uW28u0& to the diamagnetic term. InO8

3T(B), Eq. ~79!, the
different operators involved have the same expressions as
those found in previous works. In Eq.~79! the MVEF-FC
contribution of Refs. 6 and 4, the field induced spin–orbit
term of Refs. 6 and 9, and the two-body field induced spin–
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orbit term of Refs. 6 and 9 are found. However, from the
computational point of view, the first way of carrying out the
calculations is preferred, since all these contributions~one-
and two-body! are readily taken into account in terms of
one-body operators.

III. RESULTS AND DISCUSSION

Among the different relativistic corrections to the
nuclear magnetic shielding tensor obtained in Sec. II C, the
one combining the SZ-K operator ofO3T(B) in Eq. ~44!

together with the FC operator and dubbedsM
p (FC,SZ-K) in

Table I is closely related to the term previously obtained by
Fukui et al.6 and quantitatively analyzed by Visscheret al.
and dubbed ‘‘MVEF-FC’’ in Ref. 4. The differences between
those terms are that operator SZ-K in Eq. ~44! carries differ-
ent constant factors and has an anisotropic contribution,
while the MVEF-FC term is isotropic. As it was explicitly
shown in Sec. II D the addition of contributions originating
in E(O1T(mM),O3T(B)) and ^W28& @see Eqs.~68! and ~69!#
is equivalent to the sum of the MVEF-FC, the ‘‘field in-
duced’’ one-body spin–orbit and the ‘‘field induced’’ two-
body spin–orbit contributions of Refs. 6 and 9~the ‘‘field
induced’’ spin–other orbit term is not included!. It is impor-
tant to emphasize here that, within the present approach, the
‘‘field induced’’ two-body spin–orbit contribution is obtained
from a calculation involving only one-body operators.

In the present section numerical results are presented.
They correspond to thesM

p (FC,SZ-K) contribution defined
in Table I, and to the contribution originated inW28 , which
will be referred to assM

d (W28). HX and CH3X (X5Br,I)
were taken as model compounds. Calculations were carried
out with theDALTON code19 for both the heavy and the light
nuclei in each compound.sM

p (FC,SZ-K) values were ob-

tained at the RPA and SOPPA levels for HX, and at the RPA
level for CH3X. sM

d (W28) values were calculated for the HF
and MP2 molecular ground state. Geometric structures were
taken from Ref. 20. The gauge origin was placed at the
nucleus position in each case and therefore Eq.~69! holds.
For HX the fully uncontracted sp-aug-ccpVTZ basis set of
Ref. 21 was used. It will be referred to hereafter as basis set
I. For CH3X, the same basis set was used, but only thes and
p-type atomic orbitals~AOs! were uncontracted, and it will
be referred to as basis set II.

Results are displayed in Table II. For the isotropic
nuclear magnetic shielding constant, thesM

p (FC,SZ-K) con-
tribution is exactly 4/3 times the MVEF-FC one in Ref. 4.
The corresponding values are included for comparison.
There is excellent agreement between those values and the
ones of the present work. In Table II it is seen that for the
heavy nuclei X5Br, I the contributionssM

p (FC,SZ-K) and
sM

d (W28) are large and have an opposite sign. It is also inter-
esting to observe that the corresponding values in HX and
CH3X are very similar, i.e., these contributions are only
slightly sensitive to the change in chemical environment
from HX to CH3X. The insensitivity of thesM

d (W28) term
can be explained taking into account that this term is propor-
tional to the electronic density at the nucleus site, Eq.~69!.
For the heavy nuclei this density is hardly affected by the
change in chemical environment. The observed insensitivity
of the sM

p (FC,SZ-K) term could be understood by the pres-
ence ofp2 in the SZ-K operator. The kinetic energy of the
inner-shell electrons is larger than that of the valence elec-
trons and therefore the main contribution tosM

p (FC,SZ-K)
could be due to the behavior of the inner shell electrons of
the heavy atom, which are almost insensitive to the change in
chemical environment. However a deeper study needs to be

TABLE II. Relativistic correctionssM
p (FC,SZ-K) @Eqs.~44! and~50!# andsM

d (W28) @Eq. ~68!# to the isotropic
nuclear magnetic shielding constant in HX and CH3X. Values in ppm.

Molecule Nucleus
Basis
seta

sM
p (FC,SZ-K) sM

d (W28)

RPA SOPPA HF MP2

HBr Br I 729.44 2131.25
II 729.24 729.06 2131.25 2131.25
b 724.24

CH3Br Br II 729.30 2131.25
HI I I 2554.71 2465.01

II 2554.22 2553.98 2465.01 2465.02
b 2558.8

CH3I I II 2554.30 2465.01
HBr H I 20.022 ¯c

II 20.020 20.016 ¯c

b
20.026 ¯c

HI H I 20.024 ¯c

II 20.024 20.017 ¯c

b
20.026 ¯c

CH3Br C II 3.24 20.54
CH3I C II 3.23 20.54
CH3Br H II ¯c ¯c

CH3I H I I ¯c ¯c

aBasis set I: fully uncontracted sp-aug-ccpVTZ basis set of Ref. 21. Basis set II: same basis set but onlys and
p-type AOs are fully uncontracted.

bThe MVEF-FC value of Ref. 4 is rescaled by a factor 4/3; see text for details.
cAbsolute value smaller than 0.01 ppm.
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carried out in order to obtain definite conclusions on the
origin of these relativistic effects.22

The contributionssM
p (FC,SZ-K) and sM

d (W28) to the
magnetic shielding constant of the H nuclei displayed in
Table II are negligibly small, for both the H directly bonded
to the heavy nucleus in HX and for the H nucleus two bonds
away in CH3X. However, for the C nucleus directly bonded
to the heavy atom in CH3X, the overall value of about 2.70
ppm (X5Br,I) is not negligible in comparison to the spin–
orbit contribution of about 12–14 ppm (X5Br) and 20–40
ppm (X5I).8,23

SOPPA values ofsM
p (FC,SZ-K) for the heavy and light

nuclei carried out with basis set II are also displayed in Table
II, as well as the MP2 values ofsM

d (W28). Comparing these
values with the respective RPA and HF ones, it is concluded
that correlation effects yield only very small contributions to
the calculatedsM

p (FC,SZ-K) and sM
d (W28) relativistic cor-

rections to the nuclear magnetic shielding constant in this
case.

IV. CONCLUDING REMARKS

Within the approach followed in this work in order to
obtain relativistic corrections to the nuclear magnetic shield-
ing tensor, different contributions consisting of first, second,
and third order RSPT expressions were found.

On the one hand, contributions originating in the Dar-
win, mass–velocity and spin–orbit corrections to the ground
state wave function are obtained in agreement with previous
works.23,25 It is interesting to point out that in previous cal-
culations of relativistic corrections to the nuclear magnetic
shielding tensor, the Darwin and mass–velocity scalar effects
were included within the ‘‘unperturbed’’ molecular
Hamiltonian.23,25 An alternative approach based on the ze-
roth order regular approximation~ZORA! was presented by
Wolff et al.24

On the other hand, in agreement with Ref. 6, further
contributions are found when the effect of the small compo-
nent of the electronic bispinors is included in the correspond-
ing large component in the presence of the magnetic poten-
tial. This is the case, for example, of the ‘‘field induced’’
spin–orbit contributions, also discussed previously by Vaara
et al.,9 and of the MVEF-FC term of Fukuiet al.6 which was
quantitatively analyzed by Visscheret al.4 However, addi-
tional contributions, not previously considered in the bibli-
ography, are obtained within the present approach. These are
the ones indicated as OZ-K and PSO-K in Table I and con-
tributionsW8 to the diamagnetic term, Eq.~68!. These novel
contributions need careful quantitative analysis and work
along this line is presently being carried out by our group. It
is also interesting to emphasize that within the present ap-
proach one and two virtual pair corrections to the unper-
turbed molecular states were included and the corresponding
contributions to the nuclear magnetic shielding tensor were
obtained. Explicit calculations of thesM

p (FC,SZ-K) and
sM

d (W28) contributions in HX and CH3X were carried out.
Even though the corresponding contributions to the absolute
value of the nuclear magnetic shielding constant of the heavy
nucleus are very large, they are almost insensitive to the

change of chemical environment from HX to CH3X. Elec-
tronic correlation effects were shown to be very small for
these relativistic corrections in all the cases analyzed in this
work.
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APPENDIX A: TRANSFORMATION OF MAGNETIC
INTERACTION MATRIX ELEMENTS FROM POSITIVE
ENERGY BISPINOR CONFIGURATIONS TO
SPINOR CONFIGURATIONS

For V5a•A (e511, in a.u.! a one body-operator, the
transformation of matrix elements from bispinor configura-
tions to spinor configurations is readily obtained if such re-
duction is carried out for the positive-energy bispinors them-
selves, considering results in Sec. II B Eqs.~21!–~29!. The
matrix elements of the magnetic interaction operator between
positive-energy bispinors are considered in such a way that
they are approximated by spinor matrix elements, i.e.,

^f i
4ua•Auf j

4&>^f̃ iuO~a•A!uf̃ j&. ~A1!

First, the elimination of the small component is carried out.
According to Eq.~27!,

^f i
4ua•Auf j

4&5^f i
Luc~s.p !R i

21~s.A !

1~s.A !R j
21~cs.p !uf j

L&. ~A2!

Secondly, the large component is written in terms of the
‘‘normalized’’ spinors of Eq.~29!. Expansion through order
c23 yields

^f i
4ua•Auf j

4&>O i j
1

1O i j
3 . ~A3!

The first term is of orderc21,

O i j
1

5^f̃ iuO
1uf̃ j&, ~A4!

where operatorO1 is defined as

O1
5

1

2mc
$sp,sA%. ~A5!

The curly brackets stand for the anticommutator. On the
other hand, the third-order contribution is

O i j
3

5^f̃ iu
1

2mc
~sp !S VC2E i

2mc2 D ~sA !1

1

2mc
~sA !

3S VC2E j

2mc2 D ~sp !2

1

8m2c2 $p2,O1%uf̃ j&. ~A6!

Taking into account thatO i j
3 is of orderc23, the zeroth order

relation,

~VC2E !uf̃&5

2p2

2m
uf̃& ~A7!

can be used to obtain
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~VC2E !~sp !uf̃&5~sp !S 2p2

2m D uf̃&2@~sp !,~VC2E i!#uf̃&

5S ~sp !S 2p2

2m D1is.¹VCD uf̃&. ~A8!

Applying Eq. ~A8!, O i j
3 can be re-expressed as

O i j
3

5

21

8m3c3 ^f̃ iu$~sp !p2,~sA !%12mi@s.¹VC ,~sA !#

1
1
2$p2,$sp,sA%%uf̃ j&

5

21

16m3c3 ^f̃ iu$p2,$sp,sA%%1@p2,@sp,sA##

28ms.~¹VC3A !uf̃ j&. ~A9!

It is observed that a new operatorO3 is defined in Eq.~A9!
from which the third-order matrix elements can be obtained.
It is convenient to splitO3 as follows:

O3
5A3A

1O3B
1O3C,

O3A
52

1

8m3c3 $p2,$sp,sA%%,

~A10!

O3B
52

1

16m3c3 @p2,@sp,sA##,

O3C
5

1

2m2c3 s.~¹VC3A !.

Within the Coulomb gauge, results in Eq.~A11! hold,

$sp,sA%52Ap1sBT ,
~A11!

@sp,sA#5sBT22is.~A3p !,

whereBT stands for the total magnetic field.
Taking Eq.~A11! into account it is seen thatO1 andO3A

have singlet and triplet components butO3B and O3C are
triplet operators, i.e.,

O1
5O1S

1O1T, ~A12!

O3
5O3S

1O3T, ~A13!

O1S
5

1

mc
Ap, ~A14!

O1T
5

1

2mc
s•BT , ~A15!

O3S
5O3AS

5

21

4m3c3 $p2,Ap%, ~A16!

O3T
5O3AT

1O3B
1O3C,

~A17!

O3AT
5

21

8m3c3 $p2,s.BT%.

The superscriptsS andT stand for singlet and triplet opera-
tors.

The magnetic potential to be considered in order to ob-
tain the nuclear magnetic shielding tensor is

A5AM1AB ,

AB5
1
2B3r, ~A18!

AM5

mM3rM

rM
3 .

Explicit expressions can be derived forO1 and O3 corre-
sponding to each of these fields. Inserting the corresponding
magnetic potentials in Eqs.~A14!–~A15! the first order op-
erators in Eqs.~42! and ~43! are obtained straightforwardly.
In order to obtain explicit expressions for the third order
operators associated to the uniform magnetic field, the con-
mutator inO3B is explicitly evaluated using Eq.~A11!,

@p2,@sp,sAB##52~s.B !p2
22~s.p !~p.B !. ~A19!

Therefore,

O3S~B !52

1

8m3c3 $B.L,p2%,

~A20!

O3T~B !52

1

8m3c3 ~3~s.B !p2
2~s.p !~p.B !

24ms.¹VC3AB!.

The third-order operators associated to the nuclear magnetic
field can be expressed as

O3S~mM !52

1

4m3c3 H mM .LM

rM
3 ,p2J ,

~A21!

O3T~mM !52

1

8m3c3 S 3

2
p2~s.BM !1

1

2
~s.BM !p2

1is.@AM3p,p2#24ms.¹VC3AM D .

As a final point, it is interesting to show that operator
O3B of Eq. ~A10!, can be worked out in a different way,

O3B
52

1

16m3c3 ⌊p2,@sp,sA# ⌋

52

1

8m2c3 @h2Vc ,@sp,sA##

52

1

8m2c3 @h,@sp,sA##1

1

8m2c3 @VC ,@sp,sA##,

~A22!

where h and VC stand for the one-body Hamiltonian and
potential from which the zeroth order normalized spin–
orbitals are obtained. The second term in Eq.~A22! can be
expressed as

1

8m2c3 @VC ,@sp,sA##52

1

4m2c3 s.~¹VC3A !

52
1
2O3C ~A23!

and included in the field induced spin–orbit term. When the
operator defined in the first term,
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O3B~h !52

1

8m2c3 @h,@sp,sA##, ~A24!

is extended to theN-particle state space, it can be expressed
as

O3B~h !52

1

8m2c3 F(
i

h~ i !,(
j

@sp,sA#~ j !G
52

1

8m2c3 FHSch
2U,(

j
@sp,sA#~ j !G

5O3B~HSch!2O3B~U !, ~A25!

whereU stands for the Coulomb interaction between elec-
trons in the many-electron Schro¨dinger equation. Therefore,

O3
5O8

3
1O9

3,

O8
3
5O3A

1
1
2O3C

2O3B~U !, ~A26!

O9
3
5O3B~H !52

1

8m2c3 FHSch,(
j

@sp,sA#~ j !G .
APPENDIX B: REDUCTION OF MATRIX ELEMENTS IN
EQ. „61… TO SPINOR CONFIGURATIONS

In order to evaluate the corresponding matrix elements
in Eq. ~61!, the set of creation and destruction operators
$ea

1 ,eb ;pa
1 ,pb% for electrons and positrons is introduced.

This set and the reference vacuum stateuvac& is obtained
from solutions of the one-body Dirac Hamiltonianh1

D for the
Coulomb field of the~fixed! nuclei in the molecular system.
Alternatively, they can be thought of as originating in the
Dirac–Hartree–Fock scheme. Following the QED picture,
one-body operators are defined introducing normal ordered
products of creation and destruction operators,16,22

Z5(
a,b

^eauZueb&ea
1eb1^eauZupb&ea

1pb
1

1^pauZueb&paeb2^pauZupb&pb
1pa . ~B1!

In Eq. ~61! the terms ofV that need be considered are those
creating an electron–positron pair when acting onu0N& ~and
on uvac& for the second term!. As a consequence, the only
terms of X(1) to be included are those destroying an
electron–positron pair. Therefore, Eq.~61! yields

Ediam~1!52

1

2mc2 (
a,b
m,n

^pauXueb&^emuVupn&

3~^0Nupaebem
1pn

1u0N&

2^vacupaebem
1pn

1uvac& !. ~B2!

Taking into account that

^0upaebem
1pn

1u0&2^vacupaebem
1pn

1uvac&

52^0Nuem
1ebu0N&da,n , ~B3!

it follows that

Ediam~1!5

1

2mc2 ^0NuM u0N&, ~B4!

beingM5VPpX(1)5V(12Pe)X(1) wherePp stands for a
projector onto ‘‘positronic’’ states andPe for a projector onto
‘‘electronic’’ states. OperatorM in Eq. ~B4! is a one-body
operator.

The projector onto ‘‘electronic’’ states can be expressed,
up to orderc22, as

Pe5(
e

ufe
4&^fe

4u

5F (
e

ufe
L&^fe

Lu (
e

ufe
L&^fe

Su

(
e

ufe
S&^fe

Lu (
e

ufe
S&^fe

Su
G

5F S 12

p2

4m2c2D sp

2mc

sp

2mc

p2

4m2c2

G . ~B5!

The operatorX(1) of Eq. ~60! is:

X~1!5

1

2mc
@sp,sA#1~b12!V

5F 1

2mc
@sp,sA# 3sA

sA
1

2mc
@sp,sA#

G . ~B6!

Taking into account results from Eqs.~B5! and~B6! the op-
eratorM in Eq. ~B4! can be split in terms of the following
components:

M LL5A2
2~sA !

p2

~2mc !2 ~sA !2

1

~2mc !2 ~sA !~sp !

3@~sp !,~sA !#,

M LS522~sA !S sp

2mc D ~sA !2A2S sp

2mc D ,

M SL52~sA !S sp

2mc D ~sA !, ~B7!

M SS52~sA !S sp

2mc D ~sA !2A2S sp

2mc D .

Due to the factor 1/2mc2 in Ediam(1), only terms of order up
to c22 are retained in Eq.~B7!.

Following the arguments in Sec. II B@see Eq.~35!# the
expectation value of the one-body operatorM for the mo-
lecular ground state is

^0Nu(
i

M iu0N&>^0̃u(
i

O i~M !u0̃&,

~B8!

O~M !5M LL2

1

8m2c2 $p2,M LL%1M LS

sp

2mc

1

sp

2mc
M SL1

sp

2mc
M SS

sp

2mc
,
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where it must be recalled thatu0N& stands for the no-pair
solution to the Breit Hamiltonian andu0̃& for the correspond-
ing solution to the Breit–Pauli Hamiltonian. Equation~B8!
can be re-expressed to yield Eq.~62!,

Ediam~1!5

1

2mc2 ^0Nu(
i

M iu0N&

>
1

2mc2 ^0̃u(
i

O i~M !u0̃&

5

1

2mc2 ^0̃u(
i

A i
2u0̃&

2

1

8m3c4 ^0̃u(
i

W iu0̃&, ~B9!

W5$sp,sA%2
1~sA !p2~sA !2~sp !A2~sp !1$p2,A2%

1
1
2@A2,p2#.

APPENDIX C: TRANSFORMATION OF MATRIX
ELEMENTS BETWEEN BISPINOR CONFIGURATIONS
TO SPINOR CONFIGURATIONS IN EQS. „54…
AND „72…

The c21 contribution to the operator shown in Eq.~54!
can be obtained as follows. The magnetic interaction opera-
tor connecting the N particles manifold to the
(N12)-particles manifold contains matrix elements of order
c0,

PN12VPN5(
m,n

^emuVupn&em
1pn

1 . ~C1!

In order to evaluate Eq.~54! consistently to orderc21, the
Coulomb and Breit two-body operators inH (6) connecting
theN12 particles manifold to theN particles manifold must
contain one pair destruction operator and one electron exci-
tation,

PNH ~6 !PN125 (
abgd

^paebuH ~6 !ueged&N~paeb
1edeg!,

~C2!

where the symmetry of indices has been employed to elimi-
nate a factor of12 and to write only one type of term in Eq.
~C2!. The product of operators shown in Eqs.~C1! and~C2!
acting on anN-particle state leads to products of creation and
destruction operators which, according to the QED picture
must be evaluated as follows:22

N~paeb
1edeg!em

1pn
1

5N~eb
1edegem

1!dan , ~C3!

where the normal ordered product of electronic operators en-
sures the correct elimination of contributions from the
vacuum state.16,22 The resulting operator can thus be ex-
pressed as

PNH ~6 !PN12VPN5 (
mbgd

Cmbgdem
1eb

1edeg , ~C4!

where

Cmbgd52(
a

^emuVupa&^paebuH ~6 !ueged&

52^CmebuH ~6 !ueged&,
~C5!uCm&5PpVuem&,

wherePp stands for the projector onto ‘‘positronic’’ states in
the one-particle state space. Following a similar procedure to
that carried out in Appendix B in order to transform matrix
elements in Eq.~C5! from bispinors configurations to spinors
configurations consistently to orderc21, the result in Eq.
~55! is obtained.

In order to reduce Eq.~72! from bispinors configurations
to spinors configurations consistently to orderc0, the Breit
operator within the (N12)-particles manifold must be con-
sidered. There is only onec0 contribution. It is the one con-
taining one pair creation and one pair destruction operator,
Eq. ~C6!,

PN12VBPN125(
m,n

^paebuVBuegpd&N~paeb
1pd

1eg!,

~C6!

where the symmetry of indices has been employed to elimi-
nate a factor of12 and to write only one type of term. In Eq.
~72! a product of three operators needs to be calculated. The
third operator is the magnetic interaction operator connecting
theN12 particles manifold to theN particles manifold. This
operator is just the adjoint of that in Eq.~C1!. The product of
creation and destruction operators involved in Eq.~72! is
thus

plesN~paeb
1pd

1eg!em
1pn

1
5N~eseb

1egem
1!dlddan ,

~C7!

and therefore, the resulting operator within theN particles
state space can be expressed as

PNVPN12VBPN12VPN

5 (
bgms

Cbmsg8 eb
1em

1eges ,

Cbmsg8 5(
a;l

^emuVupa&^paebuVBuegpl&^pluVues&

5^CmebuVBuegCs&,

uCm&5PpVuem&,

uCs&5PpVues&, ~C8!

wherePp stands for the projector onto ‘‘positronic’’ states in
the one-particle state space. Following a similar procedure to
that carried out in Appendix B in order to reduce matrix
elements in Eq.~C8! from bispinor configurations to spinor
configurations consistently to orderc0, the result in Eq.~74!
is obtained.
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F2 Relativistic mass-corrections to the heavy atom

3 nuclear magnetic shieldings. Analysis of contributions in

4 terms of localized orbitals
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9 Abstract

10 The relativistic mass correction contributions to the nuclear magnetic shielding r
MCðXÞ within the polarization

11 propagator approach both at the pure zeroth-order (PZOA) and at the random phase approximation (RPA) were

12 calculated for the heavy atoms X of a series of hydrides XHn ðn ¼ 1–3Þ. Inclusion of rMCðXÞ brings the nonrelativistic
13 nuclear magnetic shieldings to agreement with fully relativistic four-component calculations, as noted previously for the

14 hydrogen halides. The analysis in terms of contributions from localized orbitals shows that this contribution has an

15 inner core origin, while it remains unaffected by excitations involving bonding orbitals and lone pairs. For all the

16 compounds studied, rMCPZOAðXÞ differs from rMCRPAðXÞ in less than 5%, although at a much lower computational cost.
17 � 2002 Published by Elsevier Science B.V.

18

19 1. Introduction

20 The strong influence of relativity on the elec-

21 tronic density distribution in molecules containing

22 heavy atoms is, nowadays, a well established effect

23 [1]. It becomes more notorious for properties de-

24 pending on the electronic density near the nucleus

25 like the nuclear magnetic resonance (NMR) pa-

26 rameters, namely the nuclear magnetic shielding r

27 and the indirect nuclear spin–spin coupling J [2–4].

28However, their evaluation by fully relativistic four-

29component methods is, for the time being, com-

30putationally prohibitive except for few-atoms

31benchmark calculations.

32A number of less computationally demanding

33approaches have been used in the last few years [5–

3410]. While it is quite clear that relativistic correc-

35tions to the nuclear magnetic shielding of light

36nuclei are mainly due to spin–orbit effects induced

37by the heavy atoms [4,8,9], this is not the origin of

38the main relativistic correction to r at the heavy

39atom X itself. The mass-correction (MC) or mass

40velocity external field term, first derived in [5], has

41been shown to successfully account for most of the

42relativistic corrections to rðXÞ in both the hydro-
43gen and methyl halides [4,6,10].
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44 Recently, we reported fully relativistic (R) and

45 nonrelativistic (NR) calculations of the J and r

46 parameters for the hydrides of the groups 15 and

47 16 [11]. Our results, performed within the random

48 phase approximation (RPA) of the relativistic

49 (nonrelativistic) polarization propagator approach

50 [12] with Dirac–Fock (Hartree–Fock) wave func-

51 tions [13], together with those from [4], show a

52 power-law dependence jrRðXÞ � rNRðXÞj � Zn of

53 the relativistic correction to the nuclear shielding

54 on the nuclear charge Z with n ’ 3 at the heavy
55 atom X. This is similar to the findings of [6], but

56 for a series of molecules with a very different va-

57 lence structure. Then it is of interest to confirm

58 whether this behavior is related with a relativistic

59 contraction of the most inner core molecular or-

60 bitals or it depends on a different effect.

61 A fruitful technique first applied by Contreras

62 and co-workers [14] in the analysis of semiempir-

63 ical calculations of indirect nuclear spin–spin

64 couplings is the contributions from localized or-

65 bitals within the polarization propagator approach

66 (CLOPPA) method. This scheme was recently in-

67 cluded in a local version of the Dalton code [15]

68 for the analysis of those couplings at RPA level of

69 approach [16]. The CLOPPA scheme afford the

70 analysis of coupling constants in terms of localized

71 MOs which satisfy a given criterium to be con-

72 sidered localized. The explicit expressions for the

73 polarization propagators are rewritten consistently

74 in terms of localized MOs. We implemented those

75 expressions in another ab initio version of the

76 CLOPPA method in a code named MAGIC [17].

77 The purpose of this Letter is twofold. Firstly, to

78 show that the pure zeroth-order approximation

79 (PZOA) of the polarization propagator method

80 provides a good estimate of the relativistic mass

81 correction r
MCðXÞ; and secondly, to assess the

82 importance of the bonding and nonbonding (i.e.,

83 valence), and core molecular orbitals for the

84 r
MCðXÞ mechanism. Therefore, in this Letter we

85 compare results of second-order perturbative cal-

86 culations of the r
MC contribution to the nuclear

87 magnetic shieldings within both the PZOA and

88 RPA approximations. In both cases, an analysis in

89 terms of contributions from localized orbitals is

90 carried out. We found that, within each approxi-

91 mation, the most inner spherically symmetrical

92molecular orbitals accounts for nearly 89–99% of

93the total rMC.

942. Theory

95Fukui et al. [5], starting from a two-component

96positive energy Hamiltonian, derived relativistic

97corrections up to Oðc�2Þ which are gauge invari-
98ant. One of them is the mass velocity external field

99HMVEFðBÞ ¼
P

i V
MVEF
i Bi, which is proportional to

100the external magnetic field B. Using this term to-

101gether with the nuclear spin-dependent Fermi

102contact interaction HFCðINÞ ¼
P

j V
FC
j INj within

103second-order perturbation theory, a new contri-

104bution to the relativistic correction to the nuclear

105magnetic shielding up to order c�2 is obtained. The

106isotropic part of the relativistic correction due to

107this two operators can be expressed as the propa-

108gator [18]

r
MCðNÞ ¼

1

3
TrhhV MVEFl ; V FCm ðNÞii; ð1Þ

110where

V MVEFl ¼ �
1

8c2
slr

2
; ð2Þ

V FCm ðNÞ ¼
16p

3
dðrNÞsm; ð3Þ

113where s is the spin of the electron and rN is the

114position of the nucleus N. Within the RPA ap-

115proximation, Eq. (1) can be written in matrix form

116as

r
MCðNÞ ¼ X~bbMVEFPbFC; ð4Þ

118where X contains the product of constants in Eqs.

119(2) and (3), ~bbMVEF is the row matrix of the matrix

120elements hijV MVEFl jai and b
FC is the column of the

121matrix elements hjjV FCm jbi. The (triplet) principal
122polarization propagator P can be written, within

123the RPA approximation, as

P
RPA
ia;jb ¼ ðA� BÞ

�1
ia;jb; ð5Þ

125where A and B are the matrices defined by

Aia;jb ¼ ðea � eiÞdabdij � hajjibi; ð6Þ

Bia;jb ¼ habjjii: ð7Þ
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128 The indices i; jða; bÞ stand for occupied (virtual)
129 molecular orbitals, ei and ea are the corresponding

130 orbitals energies. Complete neglect of two-electron

131 integrals gives the PZOA of the propagator

P
PZOA
ia;jb ¼ ðea � eiÞ

�1
dabdij: ð8Þ

133 The set of subscripts ðia; jbÞ describing a pair of
134 excitations defines an interaction pathway [14,16].

135 In this work we considered the decomposition of

136 r
MC as a sum of interactions pathway contributions

r
MC ¼

Xocc

ij

r
MC
ij ; ð9Þ

r
MC
ij ¼ X

Xvirt

ab

~bbMVEFia Pia;jbb
FC
jb : ð10Þ

139 In order to gain some insight on the origin of these

140 contributions, a localization procedure was ap-

141 plied on the valence orbitals, while keeping those

142 from the core as the canonical ones [19]. This im-

143 plies to make a unitary transformation on both the

144 propagator and the matrix elements b which leaves

145 r
MC unchanged. The use of localized orbitals al-

146 lows an interpretation of the interaction pathways

147 as arising from chemical functions such as bonding

148 orbitals and lone pairs. This is closely analog to its

149 use in semiempirical calculations [14] and ab initio

150 calculations [16]. Nevertheless, we also tried a

151 different definition of the pathways by applying the

152 localization procedure only to all occupied mo-

153 lecular orbitals. We found that the requirement of

154 orthogonality between the orbitals during the

155 transformation gives a greater number of contri-

156 butions. The description in terms of contributions

157 from canonical orbitals (i.e., when no localization

158 transformation is applied) gives the minimal

159 number of contributions, but no meaning can be

160 attributed as due to a given molecular fragment.

161 Consequently, hereafter we shall base our analysis

162 in terms of core (canonical) and bonding and lone

163 pairs (valence) orbitals.

164 3. Results

165 All the calculations were performed with the

166 MAGICMAGIC program with Hartree–Fock wave func-

167tions and at the RPA and PZOA approximations of

168the polarization propagator. The same experimen-

169tal geometries of [11] were used in all the molecules

170with uncontracted sadlej basis set, except for the

171AsH3 compound where a Faegri basis set was used.

172Table 1 shows the calculations of rMCðXÞ for
173the XH (X ¼ F, Cl, Br), XH2 (X ¼ O, S, Se) and
174XH3 (X ¼ N, P, As) compounds within both
175PZOA and RPA (values given within parenthesis)

176aproximations.

177Localized orbitals were classified as bonding (b)

178and lone pairs (lp). Core orbitals can be recognized

179as nearly atomic s, p and d orbitals. As a conse-

180quence of the Fermi contact mechanism, only the

181core ns orbitals contribute to rMC. In Table 1 they

182are named as 1s, 2s and 3s and their diagonal

183contributions rns–ns are shown to be the main ori-

184gin of the effect. Bonding rb–b and lone pair rlp–lp
185contributions also turn out to be diagonal. In all

186cases off-diagonal terms gives very small contri-

187butions, i.e., less than 0.1 ppm.

188The column r
MC in Table 1 represents the total

189value of the MC correction, and rR–rNR is the

190difference between full relativistic calculation and

191its nonrelativistic countepart taken from [11].

192Comparison between PZOA and RPA calcula-

193tions shows a difference of roughly 5%. Fully rel-

194ativistic correction r
R
–r
NR differs from r

MC
RPA in

195about 10%, and from r
MC
PS in about 15% in agree-

196ment with results from [4].

197Analysis of contributions from localized molec-

198ular orbitals, shows that bonding and nonbonding

199(valence) contributions are less than 3% for the

200third and fourth row hydrides, while the remaining

20197% (actually, more than 99% for the fourth row

202hydrides) is distributed between the internal core

203orbitals. Even in the fourth row hydrides (BrH,

204SeH2 and AsH3) the 1s inner orbital gives the

205largest contribution amounting nearly 78% of the

206total value though its contribution is larger for that

207hydrides containing second and third row heavy

208elements. Actually Fig. 1 shows that this contri-

209bution follows a power-law dependence on the

210nuclear charge Z with an exponent of 3.0; the con-

211tributions from the other ns molecular orbitals

212gives a dependence of the total value as Z3:2. There

213are two upper points which correspond to PZOA

214values for IH and TeH2.
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215 4. Concluding remarks

216 In conclusion, we performed calculations of the

217 second-order relativistic correction to the nuclear

218magnetic shieldings r
MC for a number of mole-

219cules. The poorer approximation rPZOA turns out

220to give good estimates (within 5%) of rRPA, which

221in due course provides most of the fully relativistic

222values (within 10%). Given that the difference be-

223tween RPA and PZOA approximation is related

224with bielectronic integrals, our results shows also

225that the MC contribution to rRPA is not dependent

226on that integrals. This fact reinforce the conclusion

227that the MC is mainly a core effect.

228As already noted in fully relativistic calculations

229[11], the total value follows a power-law depen-

230dence �Z3:2. Analysis in terms of localized orbitals

231shows that rMC is mainly due to excitation of the

232inner core orbitals. Contributions from bonding

233and lone pairs are far less significant.
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Cap��tulo 6Dis
ussionEn este Cap��tulo se resumen y dis
uten los resultados m�as importantes 
ontenidos en el
ap��tulo previo, los detalles est�an 
ontenidos en los trabajos publli
ados. La dis
usi�onest�a organizada en dos se

iones. En la primera, in
luimos el trabajo tanto formal 
omo
omputa
ional a
er
a de efe
tos relativistas sobre diferentes magnitudes de inter�es en laf��si
a mole
ular, tales 
omo las reglas de suma dipolar y generalizada y los par�ametrosde la resonan
ia magn�eti
a nu
lear 
al
ulados tanto mediante m�etodos perturbativos 
o-mo de 
uatro 
omponentes. En la segunda se

i�on dis
utimos los resultados (formales)rela
ionados 
on efe
tos de QED.6.1 Efe
tos relativistasCorre

iones relativistas a las reglas de sumaLas 
antidades 
ono
idas 
omo las intensidades generalizadas del os
ilador fn(q) fueronintrodu
idas por Bethe [10℄. Las mismas tienen importantes apli
a
iones en 
olisionesinel�asti
as y fotoel�e
tri
as entre part��
ulas 
argadas y �atomos [49℄. Para un �atomo de
arga Z que efe
t�ua una transi
i�on desde un estado ini
ial j0i de energ��a E0 a un estado�nal j0i de energ��a En, la intensidad generalizada del os
ilador fn(q) est�a de�nida 
omofn(q) = ������hnj ZXj=1 eiq � rj j0i������2 (En � E0); (6.1)donde q es el impulso transferido al �atomo. En el l��mite de longitudes de onda de los
uantos transferidos mu
ho mayores que el tama~no del �atomo, fn(q) se redu
e a la habitualintensidad dipolar del os
iladorfn = ������hnj ZXj=1 rj j0i������2 (En � E0); (6.2)que satisfa
e la regla de suma de Thomas-Rei
he-Kuhn [11℄S1 =Xn fn = 3�h2Z2m : (6.3)127



128 CAP�ITULO 6. DISCUSSIONAqu��, el ��ndi
e de suma re
orre el espe
tro 
ompleto, tanto dis
reto 
omo 
ont��nuo. Lasfn(q) tambi�en satisfa
en una regla de suma similar, 
ono
ida 
omo la regla de suma deBethe [11℄ S1(q) =Xn fn(q) = Z�h2q22m : (6.4)El sub��ndi
e 1 en las E
s. (6.3) y (6.4) indi
a la existen
ia de otras reglas de suma deltipo Sk = Xn ������hnj ZXj=1 rj j0i������2 (En � E0)k; (6.5)Sk(q) = Xn ������hnj ZXj=1 eiq � rj j0i������2 (En � E0)k: (6.6)Todas estas sumas pueden ser 
al
uladas 
on fun
iones de onda y energ��as obtenidas apartir de Hamiltonianos relativistas y no relativistas. En sistemas monoele
tr�oni
os, variasde ellas han sido 
al
uladas anal��ti
amente en t�erminos de valores medios de diferentesoperadores [22, 11, 21℄. Valores SNRk no relativistas han sido �utiles para la 
onstru

i�onde pro
edimientos varia
ionales-perturbativos que involu
ran 
onjuntos de bases dis
retos[22℄.Sin embargo, en Qu��mi
a Cu�anti
a, las reglas de suma han hallado probablemente suapli
a
i�on m�as importante en la veri�
a
i�on de la 
alidad de 
onjuntos de bases dis
re-tos en 
�al
ulos at�omi
os y mole
ulares [46, 31℄ mediante la 
ontrasta
i�on de sus valoresanal��ti
os 
on sus aproxima
iones obtenidas num�eri
amente usando un desarrollo en unabase. La 
uesti�on de la 
ompletitud de una base es un tema 
entral en 
�al
ulos ab initio.Por lo tanto, es importante tener 
orre

iones relativistas exa
tas o aproximadas de lassumas no relativistas. Los 
orrimientos de niveles, as�� 
omo la apari
i�on de estados deenerg��a negativa modi�
an fuertemente los valores relativistas. Por ejemplo, el valor norelativista SNR1 = 3�h2Z=2m 
ambia a SR1 = 0.Varios autores han abordado la 
uesti�on de las 
orre

iones relativistas a las reglasde suma de las intensidades dipolar y generalizada del os
ilador [65, 30, 41, 64, 19℄. Sinembargo, todos estos 
�al
ulos 
onsideran sistemas monoele
tr�oni
os y su generaliza
i�on asistemas poliele
tr�oni
os no resulta obvia en absoluto. Tambi�en fue apli
ado un formalis-mo basado en el m�etodo de segunda 
uantiza
i�on dentro de la aproxima
i�on no-pair paraobtener una extensi�on relativista de la regla de suma de Bethe para sistemas poliele
-tr�oni
os [6℄. En el Art��
ulo 1, [93℄, usamos di
ho formalismo para 
al
ular 
orre

ionesrelativistas a las reglas de suma S1(q) y S2(q). Usando el produ
to normalmente ordena-do de operadores y la elimina
i�on de la 
omponente peque~na, 
ualquier suma Sk(q) paraun k arbitrario, fue es
rita 
omo�h22mSk(q) = SLLk (q) + SLSk (q) + SSLk (q) + SSSk (q); (6.7)



6.1. EFECTOS RELATIVISTAS 129dondeSXYk (q) = X�;m("m � "�)k ���D�X ���Ay ���mXE���2 ; A = exp(iq � r) (X; Y = L; S): (6.8)Aqu�� "m y "� representan energ��as monoele
tr�oni
as de orbitales virtuales y o
upados,respe
tivamente, y los elementos de matriz se 
al
ulan tambi�en entre estados monoele
-tr�oni
os de Dira
-Fo
k. El 
�al
ulo expl��
ito de los t�erminos de la E
. (6.7) demuestra que,al orden (v=
)2, SSS1 (q) no 
ontribuye; los otros t�erminos dan una 
orre

i�on�S1(q) = SR1 (q)� SNR1 (q)= X�;m h�jAy jmi hmjAHmv j�i � h�jAyHmv jmi hmj A j�i�hmjA j�i8m3
2 hajA(�h2q2 � 2�hq � p)(p2 � �hq � p� i�h� � q � p) jmi+ 
:
:(6.9)A los efe
tos de 
omparar nuestros resultados 
on otros previos, 
al
ulamos la 
orre

i�onrelativista a la regla de suma dipolar en un sistema monoele
tr�oni
o, es de
ir, 
on un�uni
o estado o
upado �. El resultado obtenido en el Art��
ulo 1 fue SR1 = SNR1 , es de
ir,�S1 = 0. Fue demostrado que este resultado es in
ompleto debido a la falta de nor-maliza
i�on de las 
omponentes grandes [20℄; esto fue 
orregido en el Art��
ulo 2 [94℄ y lain
lusi�on de la normaliza
i�on lleva a la 
oin
iden
ia 
on trabajos previos [65, 19℄.Como otro ejemplo de apli
a
i�on de nuestro formalismo, tambi�en 
al
ulamos la 
or-re

i�on relativista a S2(q) [93℄. La expresi�on general es m�as bien 
ompli
ada y se expresaen t�erminos de varios 
onmutadores entre k(p) = (2m
)�1(1 � p2=4m2
2) y uno de losoperadores 
 = (� � p)r(� � p) o A. Nuevamente, restringiendo nuestras expresiones ala regla de suma dipolar S2 para un sistema monoele
tr�oni
o, y evaluando expl��
itamentelos 
onmutadores obtenemos �S2 = � �h22m4
2 h�j p4 j�i : (6.10)Este resultado no puede 
ompararse dire
tamente al valor 
ompletamente relativistaSR2 = 3
2, que diverge en el l��mite no relativista, dado que en nuestro formalismo us-amos la aproxima
i�on no-pair para ex
luir todos los estados de energ��a negativa, y as��obtener un l��mite no relativista ade
uado �S2 ! 0 
uando 
 tiende a in�nito. Por lotanto, el m�etodo demostr�o ser de apli
a
i�on general para obtener resultados v�alidos en elr�egimen semirelativista.C�al
ulos de 
uatro 
omponentes y 
orre

iones relativistas a los par�ametrosde la RMNLos efe
tos relativistas sobre mu
has propiedades qu��mi
as son a
tualmente bien 
ono
i-dos [89℄. En parti
ular, la teor��a relativista de los par�ametros de los par�ametros de laRMN tiene alrededor de veinte a~nos [85, 88℄. Las primeras formula
iones de 
uatro 
om-ponentes usaban un m�etodo H�u
kel extendido parametrizado de forma relativista [86℄.



130 CAP�ITULO 6. DISCUSSIONSin embargo, dado que s�olo muy re
ientemente se dispuso de m�etodos ab initio de 
uatro
omponentes, otros m�etodos perturbativos m�as baratos fueron usados para estudiar estosefe
tos. Se demostr�o que la in
lusi�on de la intea

i�on esp��n-�orbita es importante parades
ribir los efe
tos relativistas sobre los apantallamientos magn�eti
os nu
leares. \Elefe
to relativistam�as 
onspi
uo y mejor 
ono
ido es el 
orrimiento de �atomo pesado" [89℄,indu
ido por un �atomo pesado sobre �atomos livianos ve
inos. Este efe
to fue interpre-tado originalmente en t�erminos de una transmisi�on esp��n-�orbita del a
oplamiento entreel me
anismo de 
onta
to de Fermi y la intera

i�on Zeeman- �Orbita. Por lo tanto, estas
orre

iones esp��n-�orbita ��SO se des
riben mediante teor��a de perturba
iones de ter
erorden [79, 106, 107℄. Este es el 
aso de ��SO(H) en los haluros de hidr�ogeno, que var��adesde 0.17 ppm en HF hasta 15.61 ppm en HI [36℄. El �ultimo valor puede 
ompararse 
on�NR(H) = 31:74 ppm, es de
ir, la 
orre

i�on esp��-�orbita representa aproximadamente lamitad del valor no relatinvista. Sin embargo, este no es el 
aso de las 
orre

iones esp��-�orbita a los apantallamientos de los �atomos pesados. La Tabla I muestra que la in
lus�onde ��SO no es su�
iente para dar 
uenta de las diferen
ias entre los 
�al
ulos relativistasy no relativistas [111℄.TABLE I. Constantes de apantallamiento magn�eti
o nu
lear no relativista, 
orre

i�on esp��n-�orbita y relativista de los hal�ogenos en los haluros de hidr�ogeno. Tomados de la Ref. [111℄.HX �NR(X) ��SO(X) �R(X)HF 414.3 0.3 423.3HCl 957.0 2.6 1020.1HBr 2634.2 33.2 3224.6HI 4541.4 141.7 6768.4Fukui et al. dedujeron un esquedma invariante de gauge hasta orden 
�4 in
luyendoel 
ampo magn�eti
o externo en el Hamiltoniano de Breit-Pauli [36℄. Como 
onse
uen
ia,surgen varios t�erminos nuevos; uno de ellos es el denominadod t�ermino mass velo
ity-external �eld o t�erminomass 
orre
tionHMC(B) = p2=8m3
2s �B. Este t�ermino dependelinealmente del 
ampo externoB y puede usarse 
on el Hamiltoniano de 
onta
to de Fermien teor��a de perturba
iones de segundo orden para obtener una 
orre

i�on relativista, �MC ,al apantallamiento magn�eti
o nu
lear. Los primeros 
�al
ulos de �MC fueron efe
tuadospor et al. [111℄ para los haluros de hidr�ogeno.La dedu

i�on de Fukui parte desde un Hamiltoniano de dos 
omponentes al 
ual se leapli
a la pres
rip
i�on de a
oplamiento m��nimo y se basa en la aproxima
i�on [36℄[�2 + i� � � � �℄2 ' 2e�h(B � �)�2: (6.11)Se puede elegir un punto de partida diferente; uno puede empezar a partir de una for-mula
i�on 
ompletamente relativista que in
luye el 
ampo externo {ha
iendo uso de lapres
rip
i�on de a
oplamiento m��nimo{ y luego de apli
ar teor��a de perturba
iones desegundo orden para el 
�al
ulo de 
orre

iones a la energ��a, se obtienen expresiones aproxi-madasd en t�erminos de espinores de dos 
omponentes. Esta es, en resumen, la formula
i�onseguida en el Art��
ulo 6 [73℄ (Se

i�on 5.6).



6.1. EFECTOS RELATIVISTAS 131Las 
ontribu
iones originales de esta tesis al estudio de los efe
tos relativiostas sobrelos par�ametros de la RMN se pueden resumir en los siguiente:� Desarrollo (en 
olabora
i�on) de un formalismo para el 
�al
ulo de las 
orre

iones rel-ativistas a los apantallamientos magn�eti
os nu
leares partiendo de una formula
i�onde 
uatro 
omponentes m�as general que los anteriores [73℄.� C�al
ulo de uno de los t�erminos que surgen del formalismo desarrollado: el t�ermino\mass 
oorre
tion" en hidruros que 
ontienen �atomos de los grupos 15, 16 and 17[43℄.� C�al
ulo de los a
oplamientos entre espines nu
leares y apantallamientos magn�eti
osnu
leares en hidruros de los grupos 15 y 16 usando un m�etodo de 
uatro 
omponentes[42℄.A 
ontinua
i�on se dis
uten estos t�opi
os en alg�un detalle men
ionando los prin
ipaleslogros al
anzados y 
�omo est�an rela
ionados entre s��.C�al
ulos 
on fun
iones de onda H�u
kel extendido relativista (REX) predijeron impor-tantes efe
tos relativistas sobre los a
oplamientos entre espines nu
leares en los hidrurosde los grupos 15 y 16 (entre otros 
ompuestos) [87℄. Aunque tales 
�al
ulos prede
��n
orre
tamente el orden de magnitud de las tenden
ias en los valores de los a
oplamien-tos en fun
i�on de la 
arga nu
lear del �atomo pesado, las estima
iones son po
o pre
isaspara ser 
omparadas 
on valores experimentales. Para los hidruros m�as pesados no ex-isten siquiera valores experimentales. Por otra parte, la formula
i�on del propagador depolariza
i�on relativista [5℄ ha sido re
ientemente implementado y su apli
a
i�on ha per-mitido el 
�al
ulo de 
uatro 
omponentes de polarizabilidades dipolares dependientes dela fre
uen
ia [110℄ y par�ametros de la RMN [7, 111, 34℄. Por lo tanto, el objetivo de los
�al
ulos de 
uatro 
omponentes presentados en esta tesis ha sido veri�
ar las tenden
iasesperadas en el 
omportamiento de los par�ametros J y � a medida que des
endemos a lolargo de un grupo de la tabla peri�odi
a. Como ilustra
i�on presentamos en la Tabla II una
ompara
i�on entre nuestros resultados, tomados del Art��
ulo 5, y los de 
�al
ulos REX [87℄.TABLA II. Compara
i�on entre 
onstantes de a
oplamiento redu
idas a unenla
e K(X-H) 
al
uladas 
on el m�etodo H�u
kel extendido relativista (REX)y 
on fun
iones fun
iones de onda de Dira
-Fo
k (DF) y aproxima
i�on RPA(random phase approximation) del propagador de polariza
i�on.Todos los val-ores est�an dados en 1019 N A�2 m�3.Mole
ule KREX KDF�RPA Mole
ule KREX KDF�RPAH2O 36.6 63.1 H3N 32 64.1H2S 28.5 45.1 H3P 30 53.0H2Se 2.6 25.2 H3As 36 72.7H2Ge -98.0 -21.9 H3Sb 5 78.9H2Po -1481.1 H3Bi -572 -1367.8



132 CAP�ITULO 6. DISCUSSIONUn an�alisis de las 
onstantes de a
oplamientos en t�erminos de orbitales lo
alizadosen 
�al
ulos semiemp��ri
os demostr�o que los pares libres sufren fuertes efe
tos relativistasy determinan el 
omportamiento de J [4℄. Estudiando los hidruros de los grupos 15 y16, que tienen diferentes n�umeros de pares libres, pudimos veri�
ar la validez de estetipo de efe
to en 
�al
ulos ab initio de 
uatro 
omponentes. Una 
ompara
i�on entre losa
oplamientos redu
idos KDF�RPA para los dos grupos de hidruros pare
e revelar quelos del grupo 16 que tienen dos pares libres disminuyen m�as r�apido que los del grupo 15que s�olo tienen un par libre. Sin embargo, esto o
urre tambi�en 
on los a
oplamientos
al
ulados en forma no relativista (Ver art��
ulo 5, Se

i�on 5.5). Aunque ambos 
asospresentan las mismas tenden
ias, la relatividad enfatiza fuertemente el efe
to. Nuestros
�al
ulos predi
en grandes efe
tos relativistas sobre los hidruros de la sexta �la, para los
uales los a
oplamientos a un enla
e resultan negativos y de gran valor absoluto.Los valores anisotr�opi
os a un enla
e aumentan mon�otonamente tanto en los 
�al
ulosrelativistas 
omo no relativistas. Los a
oplamientos isotr�opi
os a dos enla
es 2K(H-H)son negativos y los resultados relativistas son mayores que su 
ontraparte no relativista.Sin embargo, las 
orre

iones relativistas a 2K(H-H) son m�as bien peque~nas ex
epto paralos hidruros de la sexta �la para los 
uales 2KR(H-H) es aproximadamente el doble de2KNR(H-H).Tambi�en se 
al
ularon las 
ontribu
iones isotr�opi
as y anisotr�opi
as a los apantallamien-tos magn�eti
os nu
leares � por m�etodos relativistas y no relativistas para la misma seriede 
ompuestos (Ver Tabla III, Art��
ulo 5). Como se se~nal�o antes, las 
orre

iones rela-tivistas a los apantallamientos magn�eti
os del hidr�ogeno �(H) pueden ser evaluadas 
omoefe
to de la intera

i�on esp��n-�orbita mediante teor��a de perturba
iones de ter
er orden. En
onse
uen
ia, nuestro inter�es prin
ipal estuvo sobre las 
onstantes de apantallamiento delos �atomos pesados �(X). Hemos hallado que las 
orre

i�on relativista j�R(X)� �NR(X)jpara las mol�e
ulas estudiadas aumenta aproximadamente en propor
i�on al 
ubo de la
arga nu
lear del �atomo pesado Z. Esto 
on�rma una dependen
ia seg�un una ley de po-ten
ia respe
to de Z observada previamente en los haluros de hidr�ogeno usando m�etodosperturbativos [37℄ y 
ompletamente relativistas [111℄. Esta 
lase de 
omportamiento eneste grupo de mol�e
ulas que tienen diferentes grupos puntuales de simetr��a y estru
turaele
tr�oni
a de valen
ia es una indi
a
i�on de que �iso est�a determinado prin
ipalmente porla distribu
i�on ele
tr�oni
a del `
ore'. Esto ha sido 
on�rmado por los 
�al
ulos presentadosen el art��
ulo 7 (Se

i�on 5.7), donde abordamos el 
�al
ulo perturbativo del t�ermino `mass
orre
tion' mostrando que, para las mol�e
ulas estudiadas, el mismo da 
uenta de m�asde 90% de la 
orre

i�on relativista. Un an�alisis en t�erminos de 
aminos de intera

i�on,de�nidos por analog��a 
on los 
aminos de a
oplamiento para la des
omposi
i�on de J [29℄,muestra que los ele
trones de los orbitales at�omi
os s m�as internos del �atomo pesadodan la prin
ipal 
ontribu
i�on a esta 
orre

i�on. Un ajuste num�eri
o demuestra que esta
ontribu
i�on es responsable del 
omportamiento seg�un una ley de poten
ia (� Z3) de�(X).Se estudi�o tambi�en una aproxima
i�on de m�as bajo orden (pure-zeroth order approxi-mation) al propagador de polariza
i�on (P PZOA). La Tabla I del art��
ulo 7 muestra quelos resultados �PZOA(X) di�eren de los obtenidos 
on la aproxima
i�on RPA, �RPA(X),



6.2. EFECTOS DE QED 133en menos del 5%, aunque la aproxima
i�on PZOA redu
e enormemente los requerimientos
omputa
ionales.6.2 Efe
tos de QEDLos efe
tos debidos a la Ele
trodin�ami
a Cu�anti
a han sido estudiados hasta re
ientementeen �atomos altamente ionizados de po
os ele
trones [2, 3, 8, 9, 14, 24, 69℄. Se ha prestadoespe
ial aten
i�on a la evalua
i�on del 
orrimiento de Lamb en �atomos de po
os ele
trones[59, 51, 72, 90℄ y su medi
i�on [32℄. Re
ientemente, han empezado a apare
er algunasapli
a
iones a mol�e
ulas [91℄. Los Art��
ulos 3 y 4 de esta tesis representan las primerasapli
a
iones de QED al 
�al
ulo de los par�ametros de la RMN. En ellos, hemos exploradodos alternativas diferentes, aunque 
omplementarias; en el Art��
ulo 3 usamos una variantede la QED multipolar [80, 81, 82, 17℄ para propor
ionar una fundamenta
i�on a partir dela QED al tensor de a
oplamiento nu
lear esp��n-esp��n y s�olo se 
onsideran 
ontribu
ionesno radiativas; en el Art��
ulo 4, se 
onsidera una de las 
orre

iones radiativas, a saber, laauto-energ��a, usando la formula
i�on de la matriz S para estados ligados [62℄.Efe
tos no radiativosLos pro
esos no radiativos en QED se re�eren a aquellos que involu
ran inter
ambio defotones entre un par de ele
trones, en 
ontraposi
i�on a aquellos pro
esos (radiativos) enlos 
uales un ele
tr�on emite y re-absorbe un fot�on o un fot�on 
rea y luego aniquila un parele
tr�on-positr�on.En el Art��
ulo 3, se desarrolla una teor��a basada en la QED para el 
�al
ulo del ten-sor de a
oplamiento entre espines nu
leares. Los ele
trones son des
riptos en la aprox-ima
i�on de Dira
-Fo
k (DF) y los operadores de 
ampo 
orrespondientes se 
onstruyen
on autofun
iones monoele
tr�oni
as de DF tales que los 
oe�
ientes son los operadoresde aniquila
i�on (
rea
i�on) de ele
tr�on (positr�on). El 
ampo ele
tromagn�eti
o (no pertur-bado) A se des
ribe tambi�en en segunda 
uantiza
i�on 
omo un desarrollo en t�eminos deondas planas transversales 
on 
ondi
iones de 
ontorno dentro de una 
aja de volumenV . Ambos 
ampos intera
t�uan entre s�� a trav�es del Hamiltoniano de intera

i�on usualHAI = e
 R 	y(x)
 �A(x)	(x)d3x. Finalmente, los n�u
leos (
ara
terizados por sus mo-mentos dipolares �N) se a
oplan al 
ampo de radia
i�on a trav�es de la expresi�on 
l�asi
apara un momento magn�eti
o en un 
ampo magn�eti
o, es de
ir, HNI = ��N �B(RN ).En 
onse
uen
ia, emerge una nueva imagen del a
oplamiento entre espines nu
leares.Un esp��n nu
lear dado�N intera
t�ua 
on el 
ampo de radia
i�on a trav�es deHNI , este 
ampode radia
i�on puede tambi�en intera
tuar 
on otro momento nu
lear �M . Por lo tanto,surge una intera

i�on efe
tiva entre ambos nu
leos N y M, y 
orrespondientemente puedede�nirse un tensor de a
oplamiento efe
tivo T . En este punto se debe se~nalar una 
uesti�onimportante. El 
ampo de radia
i�on libre que media la intera

i�on entre los n�u
leos es el
ampo no perturbado, es de
ir, su aproxima
i�on de m�as bajo orden (aproxima
i�on de orden
ero). Una des
rip
i�on ade
uada del 
ampo requiere que 
onsideremos 
�omo es modi�
adodebido a su intera

i�on 
on los ele
trones a trav�es de HAI . Esa modi�
a
i�on es in
luidamediante una solu
i�on re
ursiva de la e
ua
i�on de movimiento de los operadores de Fo
k
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i�on de intera

i�on (Se

i�on II del Art��
ulo 3 [95℄). Como 
onse
uen
ia, el
ampo magn�eti
o, que depende linealmente de los operadores de Fo
k, tambi�en tiene undesarrollo en poten
ias de la 
arga ele
tr�oni
a e (Se

i�on III del Art��
ulo 3). Dado que enla representa
i�on de intera

i�on tanto los operadores 
omo las fun
iones de onda dependendel tiempo, se debe 
onsiderar la apli
a
i�on de una teor��a de respuesta dependiente deltiempo en lugar de la usual teor��a de perturba
iones independiente del tiempo. C�omose puede 
onstruir esta teor��a de respuesta in
luyendo los grados de libertad del 
ampoes el tema de la Se

i�on IV del Art��
ulo 3. Finalmente reuniendo todos los resultadosde las Se

iones I, II y III, la Se

i�on IV del Art��
ulo 3 da el desarrollo en poten
ias dela 
arga ele
tr�oni
a de la intera

i�on efe
tiva entre los espines nu
leares. La prin
ipal
on
lusi�on de este desarrollo es que 
ada t�ermino puede entenderse 
omo originado enun pro
eso espe
���
o. As��, el t�ermino de orden 
ero T (0;0) 
orresponde al inter
ambiodire
to de un fot�on entre los n�u
leos a
oplados. Las dos 
ontribu
iones de segundo ordenT (1;1) y T (2;0) 
orresponden, en el l��mite en que las fre
uen
ias de los fotones tienden a
ero, a las 
ontribu
iones relativistas paramagn�eti
as y diamagn�eti
as, respe
tivamente.Finalmente, el t�ermino de 
uarto orden T (2;2) 
orresponde a diagramas de Feynman quedan lugar a la intera

i�on de Breit.Efe
tos de autoenerg��aEntre las diferentes 
orre

iones radiativas, el Art��
ulo 4 trata una de ellas, la 
orre

i�onde autoenerg��a. Realmente, �esta es la m�as importante para el 
�al
ulo del 
orrimiento deLamb al m�as bajo orden. Aqu�� utilizamos una formula
i�on m�as usual de la QED (ent�erminos de la matriz S), diferente de la usada en el Art��
ulo 3.El punto de vista adoptado aqu�� es bus
ar los 
orrimiento de los niveles de energ��a deun ele
tr�on sujeto a intera

i�on 
on 
ampos de radia
i�on tanto 
u�anti
os 
omo 
l�asi
os,representados por los Hamiltonianos de intera

i�on HAI y HBI , respe
tivamente. Dadoque estamos interesados en 
orre

iones de autoenerg��a a los par�ametros de la RMN,el 
ampo 
u�anti
o |emitido y re-absibido por un ele
tr�on| propor
iona el diagramade loop 
orrespondiente; los 
ampos de radia
i�on 
l�asi
os son los poten
iales ve
torial delmomento dipolar magn�eti
o del n�u
leo �N y el 
ampo externoB. Por otra parte, dado quetanto J 
omo � dependen bilinealmente de los 
ampos 
l�asi
os, son ne
esarias 
orre

ionesde 
uarto orden a la energ��a �E(4) para dar 
uenta de los efe
tos radiativos en los queestamos interesados. Usando la f�ormula de Gell-Man-Low-Su
her para 
orrimientos deniveles de energ��a, �E(4) se es
ribe 
omo�E(4)0 = 2i� �hS(4)i � hS(2a)ihS(2b)i+ hS(1)i2hS(2a)i � hS(1)ihS(3)i� ; (6.12)donde S(1), S(2a), S(2b), S(3) y S(4) est�an de�nidos en la Se

i�on 3 del Art��
ulo 4 y est�anrepresntados por los diagramas de Feynman gra�
ados en las Figs. 1{3 (ver Ref. [96℄).Despu�es de un 
�al
ulo formal un po
o largo, podemos extraer las siguientes 
on
lu-siones. Formalmente, las f�ormulas �nales pueden ser es
ritas 
omo expresiones de teor��ade perturba
iones 
on los Hamiltonianos de perturba
i�on ade
uadamente de�nidos. Porejemplo, la 
ontribu
i�on v�erti
e-v�erti
e �EV V tiene la forma del valor medio de un op-erador de�nido por la E
. (65) del Art��
ulo 4. Este operador tiene una aparien
ia m�as
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ompli
ada debido a que est�a de�nido en t�erminos de una 
ombina
i�on 
omplejade propagadores fermi�oni
os y fot�oni
os. Sin embargo, las 
ontribu
iones �ELV y �ELL[E
s. (66) and (67) del Art��
ulo 4℄ se es
riben 
omo expresiones de teor��a de perturba-
iones de segundo y ter
er orden que involu
ran las bien 
ono
idas inser
iones de v�erti
ey autoenerg��a, respe
tivamente. La primera depende linealmente del 
ampo 
l�asi
o mien-tras la segunda es independiente de �el. Esta es la raz�on por la 
ual se requiere diferentes�ordenes de teor��a de perturba
iones para obtener 
orre

iones a la energ��a bilineales en el
ampo externo.Aunque hemos obtenido expresiones formales bien de�nidas, algunas 
ontribu
ionesaun sufren de divergen
ias infrarrojas y ultravioletas. Por lo tanto, es ne
esario un esque-ma de regulariza
i�on; una alternativa plausible a investigar es el m�etodo de regulariza
i�ondimensional [63℄.
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Cap��tulo 7Resumen y Con
lusionesAh�� estaban las 
ausas y los efe
tos y me bastaba ver esa Rueda para en-tenderlo todo, sin �n. <Oh di
ha de entender, mayor que la de imaginar o lade sentir! Vi el universo y vi los ��ntimos designios del universo.{Jorge Luis Borges[16℄A hundred years ago some of the great physi
ists in England and Con-tinental Europe predi
ted that physi
s was at an end.: : : : : : Looking at thepredi
tions of 100 years ago, it would be foolish to make predi
tions for thenext 100 years. {Hans A. Bethe [13℄En esta tesis hemos tratado efe
tos relativistas y de ele
trodin�ami
a 
u�anti
a sobrelos par�ametros de la resonan
ia magn�eti
a nu
lear tanto desde el punto de vista formal
omo 
omputa
ional. Tambi�en se ha 
onsiderado la generaliza
i�on del 
�al
ulo de lasreglas de suma en el dominio relativista y la 
uesti�on de 
omo obtener sus l��mites norelativistas. Se demostr�o que el m�etodo de elimina
i�on de peque~nas 
omponentes junto 
onla aproxima
i�on no-pair es una formula
i�on segura para obtener 
orre

iones relativistasa estas �utiles magnitudes.Se ha demostrado que es posible obtener operadores que produ
en 
ontribu
iones al
�al
ulo de propiedades magn�eti
as, no 
onsiderados previamente, a partir de una formu-la
i�on de Dira
-Fo
k de 
uatro 
omponentes, usando teor��a de perturba
iones de segundoorden de Rayleigh-S
hr�odinger y �nalmente, apli
ando el m�etodo de elimina
i�on de 
om-ponentes peque~nas, expresar las f�ormulas �nales en t�erminos de espinores de dos 
om-ponentes. Este formalismo es m�as general que otros �utilizados previamente dado que seha
en menos aproxima
iones. Entre las diferentes perturba
iones, una de ellas, la llamada
orre

i�on de masa o 
orre

i�on mass-velo
ity external-�eld al apantallamiento magn�eti
onu
lear � es el prin
ipal origen de las 
orre

iones relativistas a � sobre n�u
leos pesados.La adi
i�on de esta 
orre

i�on a los valores no relativistas lleva los 
�al
ulos a un buen a
uer-do 
on 
�al
ulos relativistas del mismo orden de 
orrela
i�on. Este a
uerdo ha sido ilustradotanto 
on 
�al
ulos de 
uatro 
omponentes |usando fun
iones de onda de Dira
-Fo
k yel propagador de polariza
i�on relativistas en la aproxima
i�on de fase aleatoria (RPA)|139



140 CAP�ITULO 7. RESUMEN Y CONCLUSIONES
omo 
on 
�al
ulos que usan teor��a de perturba
iones de segundo orden |
on fun
ionesde onda de Hartree-Fo
k y el propagador de polariza
i�on no relativista RPA.La 
exibilidad del 
onjunto de fun
iones de base en las regiones m�as internas, es de
ir,
er
a de los n�u
leos, es un tema fundamental. Todos los 
�al
ulos fueron realizados 
on
onjuntos de bases de tama~no medio (base de Sadlej o similar) y, aunque no hemos he
houn estudio exahustivo de bases, se veri�
�o su satura
i�on bajo la in
lusi�on de fun
i�onesmuy 
on
entradas (tight fun
tions).Hemos ilustrado el formalismo presentado en la Ref. [73℄ mediante el 
�al
ulo de las
orre

iones relativistas a los apantallamientos en los haluros de hidr�ogeno XH y los halurometanos CH3X (X = F, Cl, Br, I) tomados 
omo sistemas modelo. La 
orre

i�on 
al
uladadi�ere en un fa
tor 4/3 del termino mass 
orre
tion introdu
ido por Fukui. Sin embargo,la demostra
i�on de una regla de suma muestra que es equivalente a los t�erminos `mass
orre
tion' y `�eld-indu
ed spin-orbit' 
itados en la literatura. Despu�es de demostrar estaequivalen
ia, se en
uentra un buen a
uerdo 
on resultados previos reportados en la liter-atura. Las otras nuevas 
orre

iones requieren un po
o m�as de an�alisis 
uantitativo paraestimar su importan
ia en 
ompuestos modelo.Se ha demostrado mediante 
�al
ulos tanto 
ompletamente relativistas 
omo perturba-tivos que la prin
ipal in
uen
ia sobre el apantallamiento magn�eti
o nu
lear de los �atomospesados es la distribu
i�on ele
tr�oni
a en la regi�on m�as interna (regi�on del `
ore'). Estehe
ho propor
iona una �util herramienta 
omputa
ional para el 
�al
ulo de este efe
to pormedio de la aproxima
i�on de orden 
ero al propagador de polariza
i�on PZOA (pure zeroth-order approximation) que produ
e resultados del mismo orden de exa
titud que la aproxi-ma
i�on RPA en las mol�e
ulas estudiadas, aunque a un 
osto 
omputa
ional muy inferior.Tambi�en se ha investigado la in
lusi�on de los grados de libertad del 
ampo ele
tro-magn�eti
o 
uantizado en la des
rip
i�on de las intera

iones magn�eti
as intramole
ulares.Se exploraron dos diferentes formula
iones; en la primera se 
onsider�o efe
tos no radia-tivos usando una variante de la versi�on multipolar de la QED; en la segunda se apli
�o laversi�on m�as ampliamente usada de la QED de estados ligados, esto es, la formula
i�on dela matriz S, para 
al
ular 
orre

iones de autoenerg��a a los par�ametros de la RMN. Enambos 
asos, las f�ormulas �nales pueden interpretarse en t�erminos de varios me
anismosde intera

i�on entre n�u
leos, ele
trones y fotones inter
ambiados. Estas son las primerasapli
a
iones de la QED a propiedades magn�eti
as de inter�es espe
tros
�opi
o. El segundopro
edimiento pare
e ser el m�as sistem�ati
o y ampliamente apli
able.La in
ursi�on de los te�ori
os de la QED en el 
ampo de la f��si
a mole
ular est�a apenasempezando. Podemos 
on
luir que el futuro de las apli
a
iones de la QED a la f��si
amole
ular lu
e brillante.
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